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MY (t) = E(eY t) MaY (t) =MY (at)

MY+a(t) = eatMY (t) M∑n
i=1 Yi

(t) =
∏n
i=1MYi(t)

Y ∼ N(µ, σ2) means MY (t) = eµt+
1
2σ

2t2 Y ∼ χ2(ν) means MY (t) = (1− 2t)−ν/2

If W =W1 +W2 with W1 and W2 independent, W ∼ χ2(ν1 + ν2), W2 ∼ χ2(ν2) then W1 ∼ χ2(ν1)

Columns of A linearly dependent means there is a vector v 6= 0 with Av = 0.

Columns of A linearly independent means that Av = 0 implies v = 0.

A positive definite means v>Av > 0 for all vectors v 6= 0.

Σ = PΛP> Σ−1 = PΛ−1P>

Σ1/2 = PΛ1/2P> Σ−1/2 = PΛ−1/2P>

If limn→∞E(Tn) = θ and limn→∞ V ar(Tn) = 0, then Tn
P→ θ

Yn =
√
n(Yn − µ)

d→ Y ∼ N(0,Σ) So asymptotically, Yn ∼ N(µ, 1
nΣ)

V (Y) = E
{
(Y − µy)(Y − µy)>

}
C(Y,T) = E

{
(Y − µy)(T− µt)>

}
V (Y) = E{YY>} − µyµ>y V (AY) = AV (Y)A>

MY(t) = E(et
>Y) MAY(t) =MY(A>t)

Y1 and Y2 are independent if and only if M(Y1,Y2) (t1, t2) =MY1
(t1)MY2

(t2)

MY+c(t) = et
>cMY(t) Y ∼ Np(µ,Σ) means MY(t) = et

>µ+ 1
2 t>Σt

If Y ∼ Np(µ,Σ), then AY ∼ Nr(Aµ,AΣA>) and (Y − µ)>Σ−1(Y − µ) ∼ χ2(p)

L(µ,Σ) = |Σ|−n/2(2π)−np/2 exp−n2
{
tr(Σ̂Σ

−1
) + (y − µ)>Σ−1(y − µ)

}
, where Σ̂ = 1

n

∑n
i=1(yi − y)(yi − y)>

G2 = −2 log
(

maxθ∈Θ0
L(θ)

maxθ∈Θ L(θ)

)
Wn = (Lθ̂n − h)>

(
LV̂nL>

)−1
(Lθ̂n − h)

Yi = β0 + β1xi,1 + · · ·+ βp−1xi,p−1 + εi ε1, . . . , εn independent N(0, σ2)

Y = Xβ + ε ε ∼ Nn(0, σ2In)

β̂ = (X>X)−1X>Y ∼ Np
(
β, σ2(X>X)−1

)
Ŷ = Xβ̂ = HY, where H = X(X>X)−1X>

e = Y − Ŷ β̂ and e are independent under normality.

SSE
σ2 = e>e

σ2 ∼ χ2(n− p) MSE = SSE
n−p∑n

i=1(Yi − Y )2 =
∑n
i=1(Yi − Ŷi)2 +

∑n
i=1(Ŷi − Y )2 SST = SSE + SSR and R2 = SSR

SST



T = Z√
W/ν

∼ t(ν) F = W1/ν1

W2/ν2
∼ F (ν1, ν2)

T = a>β̂−a>β√
MSE a>(X>X)−1a

∼ t(n− p) T =
Yn+1−x>n+1β̂√

MSE (1+x>n+1(X
>X)−1xn+1)

∼ t(n− p)

F ∗ = SSRF−SSRR
rMSEF

=
(
n−p
r

) (
a

1−a

)
∼ F (r, n− p) F ∗ = (Lβ̂−h)>(L(X>X)−1C>)−1(Lβ̂−h)

rMSE ∼ F (r, n− p)

a =
R2
F−R

2
R

1−R2
R

= rF∗

n−p+rF∗ λ = (Lβ−h)>(L(X>X)−1L>)−1(Lβ−h)
σ2

Zi
ind∼ N(µi, 1)⇒

∑n
i=1 Z

2
i ∼ χ2

nc(n, λ =
∑n
i=1 µ

2
i ) λ =

∑p
k=1 nk(µk−µ.)

2

σ2 , where µ. =
∑p
k=1

nk
n µk

log
(

πi
1−πi

)
= β0 + β1xi,1 + . . .+ βp−1xi,p−1 πi =

eβ0+β1xi,1+...+βp−1xi,p−1

1+eβ0+β1xi,1+...+βp−1xi,p−1

> # Chi-squared critical values

> df = 1:6

> Critical_Value = qchisq(0.95,df)

> cbind(df,Critical_Value)

df Critical_Value

[1,] 1 3.841459

[2,] 2 5.991465

[3,] 3 7.814728

[4,] 4 9.487729

[5,] 5 11.070498

[6,] 6 12.591587
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