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Moment Structure Equations

Moments and Moment Structure Equations

Model D ~ Py

e Moments of a distribution are quantities such E(X),
E(Y?), Var(X), E(X?Y?), Cov(X,Y), and so on.

e Moment structure equations are a set of equations
expressing moments of the distribution of the data in terms
of the model parameters. m = g(0)

o If the moments involved are limited to variances and
covariances, the moment structure equations are called
covariance structure equations.



Moment Structure Equations

Important process

e Calculate the moments of the distribution (usually means,
variances and covariances) in terms of the model
parameters, obtaining a system of moment structure
equations. m = g(0)

@ Solve the moment structure equations for the parameters,
expressing the parameters in terms of the moments.
0=g"(m)

o Method of Moments: § = g 1(m)

o By SLLN and Continuous mapping, 030

@ So even if we’re not going to use the Method of Moments,
solving § = g~!(m) shows that consistent estimation is
possible.



Moment Structure Equations

Recall multivariate multiple regression

Y, =B+ 6 Xi+e€
where

Y; is an g X 1 random vector of observable response variables, so the
regression can be multivariate; there are ¢ response variables.

By is a ¢ x 1 vector of unknown constants, the intercepts for the ¢ regression
equations. There is one for each response variable.

X, is a p X 1 observable random vector; there are p explanatory variables.
X; has expected value p, and variance-covariance matrix ®, a p X p
symmetric and positive definite matrix of unknown constants.

B is a ¢ X p matrix of unknown constants. These are the regression
coefficients, with one row for each response variable and one column for each
explanatory variable.

€; is the error term of the latent regression. It is an ¢ X 1 multivariate
normal random vector with expected value zero and variance-covariance
matrix ¥, a ¢ X ¢ symmetric and positive definite matrix of unknown
constants. €; is independent of X;.

0 = (ﬂO?"l’xaéaﬁl)‘Il)



Moment Structure Equations

Data vectors are multivariate normal

o D; ~ N(p, %)

o Write u and ¥ as partitioned matrices.



Moment Structure Equations

Write p and 3 as partitioned matrices

and
. V(X, ‘ C(Xi,Y; by ‘ »
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Moment Structure Equations

Moment structure equations

Based on D; = (X |Y;)" with Y; = 8, + 8, X; + &

0= (/307 K, q)vﬁlv ‘Il)

m = (@, By, 211, X2, X22)
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Moment Structure Equations

Solve moment structure equations for the parameters
0 =g '(m)

Bo = Hy— 21T221_11 M

Ky = Hq

® = X

B = Eszxl_ll

T = 3 SL3Ep

e Just put hats on everything to get MOM estimates.

@ Same as the MLEs in this case by Invariance.
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Moment Structure Equations

But let’s admit it

In most applications, the explanatory
variables are measured with error.
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A first try

A first try at including measurement error in the

explanatory variable
Independently for i = 1,...,n, let

Yi = bo+biXi+e
Wi = v+ X;+e,

where

e X, is normally distributed with mean p, and variance
¢ >0

@ ¢; is normally distributed with mean zero and variance

P >0

@ ¢; is normally distributed with mean zero and variance
w >0

o X,,e;, ¢ are all independent.
Observable data are just the pairs (W;,Y;) fori=1,...,n.



A first try

Model implies that the (WW;,Y;) are independent

bivariate normal
Y =Bo+ 51X + €
Wi=v+X;+e;

W; o, 221 _ VA pg
E( Y; >_”_(M2>_<5o+51%)’

and variance covariance matrix

Wi\ _«w_ (. 1_|(¢tw (1o
V<n>‘2‘["”]‘< 81 /3%¢+w>'



A first try

Big problem revealed by the moment structure

equations

H1 = MgtV
pe = Bo+ Piia
011 = ¢+tw
o2 = o
o2 = Bio+1

0= (ﬂﬂvﬁl)ﬂxa¢’¢7va)

It is impossible to solve these five equations for the seven model
parameters.
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A first try

Impossible to solve the moment structure equations for

the parameters

o Even with perfect knowledge of the probability distribution
of the data (and for the multivariate normal, that means
knowing p and X, period), it would be impossible to know
the model parameters.

o All data can ever tell you is the approximate distribution
from which they come.

@ So how could we expect to successfully estimate 8 based on
sample data?



A numerical example

) = (i)
M2 Bo + Bihta
(0'11 012) (¢+w ﬁl?ﬁ
0922 B2p+
Ha Bo |V | B ¢ w | P
0, 0 010 1 21213
0, 0 0 (0] 2 1131

)

Both 6, and 65 imply a bivariate normal distribution with mean zero

|

and thus the same distribution of the sample data.

and covariance matrix

4 2
2 5

|
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Identifiability

Parameter Identifiability

o No matter how large the sample size, it will be impossible
to decide between 81 and 02, because they imply exactly
the same probability distribution of the observable data.

@ The problem here is that the parameters of the regression
are not identifiable.

@ The model parameters cannot be recovered from the
distribution of the sample data.

o And all you can ever learn from sample data is the
distribution from which it comes.

@ So there will be problems using the sample data for
estimation and inference.

o This is true even when the model is completely correct.
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Identifiability

Definitions
Connected to parameter identifiability

o A Statistical Model is a set of assertions that partly specify
the probability distribution of a set of observable data.

@ Suppose a statistical model implies D ~ Py, 0 € ©. If no
two points in © yield the same probability distribution,
then the parameter 0 is said to be identifiable.

o That is, identifiability means that 61 # 62 implies
Py, # Po,.

@ On the other hand, if there exist distinct 81 and 65 in ©
with Py, = Pg,, the parameter 0 is not identifiable.



Identifiability

An equivalent definition of identifiability
Full proof of equivalence deferred for now

o If the parameter vector is a function of the probability
distribution of the observable data, it is identifiable.

e That is, if the parameter vector can somehow be recovered
from the distribution of the data, it is identifiable.

o If two different parameter values gave the same distribution
of the data, this would be impossible because functions
yield only one value.
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Identifiability

Regression models with no measurement error

o The mean and covariance matrix are functions of the
probability distribution (calculate expected values).

@ We solved for all the parameters from the mean and
covariance matrix.

Therefore the parameters are a function of the probability
distribution.

Thus they are identifiable.
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Identifiability

Identifiability is a big concept

o It means knowability of the parameters from the
distribution of the data.

o We will do mathematical proofs that show whether certain
information can be known.

o Call it the algebra of the knowable.
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Identifiability

Theorem

If the parameter vector is not identifiable, consistent estimation
for all points in the parameter space is impossible.

o Let 01 # 02 but Py, = P,

e Suppose T, = T,,(D1,...,D,) is a consistent estimator of
for all 6 € ©, in particular for 6; and 6,.

@ So the distribution of T}, is identical for 61 and 65.



Identifiability

Identifiability of functions of the parameter vector

If g(61) # g(62) implies Py, # Pp, for all 8; # 03 in O, the
function ¢(0) is said to be identifiable.



Identifiability

Some sample questions will be based on this model:

Let W = X + e, where
° X ~ N(u9)
e e~ N(0,w)
e X and e are independent.

e Only W is observable (X is a latent variable).

How does this fit the definition of a model?
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Identifiability

Sample questions

Let W = X + e, where

X ~ N(p, ¢)

e~ N(0,w)

X and e are independent.

Only W is observable (X is a latent variable).

In the following questions, you may use the fact that the
normal distribution corresponds uniquely to the pair (u, o2).

0000

©

What is the parameter vector 87?7

What is the parameter space ©7

What is the probability distribution of the observable data?
Give the moment structure equations.

Either prove that the parameter is identifiable, or show by
an example that it is not. A simple numerical example is
best.

Give two functions of the parameter vector that are
identifiable.



Identifiability

Pointwise identifiability
As opposed to global identifiability

o The parameter is said to be identifiable at a point 8 if no
other point in © yields the same probability distribution as
6.

e That is, @ # 6 implies Py # Py, for all 0 € O.

e Let g(0) be a function of the parameter vector. If
9(60) # ¢(0) implies Py, # Py for all 6 € O, then the
function ¢(@) is said to be identifiable at the point 6.

If the parameter (or function of the parameter) is identifiable at
at every point in O, it is identifiable according to the earlier
definitions.
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Identifiability

Local identifiability

The parameter is said to be locally identifiable at a point O
if there is a neighbourhood of points surrounding 6, none
of which yields the same probability distribution as 6.

If the parameter is identifiable at a point, it is locally
identifiable there, but the converse is not true.
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Parameter Count Rule

The Parameter Count Rule
A necessary but not sufficient condition for identifiability

Suppose identifiability is to be decided based on a set of
moment structure equations. If there are more parameters than
equations, the set of points where the parameter vector is
identifiable occupies a set of volume zero in the parameter
space.

So a necessary condition for parameter identifiability is that
there be at least as many moment structure equations as
parameters.



Parameter Count Rule

Example

Two latent explanatory variables

Yi = 5iXi+BXe+ea
Yo = B1Xy+ B2 Xo + e,

where

o Xi, Xo, €1 and €y are independent normal random
variables with expected value zero, and

o Var(Xy) =Var(Xs2) =1, Var(e;) = 91 and Var(ez2) = .
e Only Y7 and Y5 are observable.

The parameter vector is @ = (31, 82,11, ¥2).
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r Count Rule

Calculate the covariance matrix of (Yy,Ys)"

Expected value is (zero, zero)

Yi = 5iXi+BXe+e
Yo = Bi1 X1+ B2Xa+ea,

011 012
Z _ 5 3
012 022

BY+ B3+ B+ 5
Bt + B3 Bt + B3 + s
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Covariance structure equations

011 = B? 4 B2 4y
o2 = Bi+B3
0292 = B2 4 B2 + 4y

@ Three equations in 4 unknowns.
o Parameter count rule does not say that a solution is
impossible.

o It says that the set of points in the parameter space where
there is a unique solution (so the parameters are all
identifiable) occupies a set of volume zero.

o Are there any such points at all?
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Parameter Count Rule

Try to solve for the parameters
0 = (b1, B2, 1, 2)

Covariance structure equations:

o1 = 5%+ﬁ%+¢1
o2 = Bi+P3
020 = Bi+B5+

° Y =011 —012

@ Yo =092 — 012

@ So those functions of the parameter vector are identifiable.
o What about 31 and 27



Can we solve for 81 and (557
0 = (B1, B2, ¥1,12)

o1 = Bi+B5+ U
o2 = Bi+PBs
022 = Bi+ B+

o12 =0 if and only if Both 81 =0 and 32 = 0.

The set of points where all four parameters can be
recovered from the covariance matrix is exactly the set of
points where the parameter vector is identifiable.

o Itis

{(517527¢17¢2) : ﬁl = OJﬁZ = Oawl > 071/}2 > 0}

A set of infinitely many points in R*
A set of volume zero, as the theorem says.



Parameter Count Rule

Suppose 82 + 32 # 0

This is the case “almost everywhere” in the parameter space.

The set of infinitely many points {(81, B2, %1,12)} such that
@ Y1 =011 —01p2
@ 19 =092 — 012
° B3+ p3=012#0

All produce the covariance matrix

g g
5 1,1 012
012 022

And hence the same bivariate normal distribution of (Y, Y2)".



Parameter Count Rule

Why are there infinitely many points in this set?

{(B1, B2, 91, 12)} such that
Yy =011—012
® Yy =022 — 012
o B2+ p3=012#0

Because 37 + 33 = 015 is the equation of a circle with radius

v/01,2-



Parameter Count Rule

Maximum likelihood estimation
0= (/31, B2, 11, 12)

=

F

L
!

B2 2m) T R exp — 2 {r(E2 ) + (- w) BT (R - )}

L) = |2|*n/2(27r)*"exp—g{tr(fzz‘l)JriTz*li}

Can write likelihood as either L(X) or L(3(0)) = L2(0).

(BB B+ BE
2(0)_<6%+B§ ﬁ%ﬂéﬂh)



Paramete

Likelihood Ly(0) has non-unique maximum

L(X¥) has a unique maximum at ¥ = 5}

For every positive definite 3 with o712 # 0, there are
infinitely many 68 € © which produce that 3, and have the
same height of the likelihood.

This includes s,

So there are infinitely many points € in © with
Ly(0) = L(X).

A circle in R%.
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A circle in R* where the likelihood is maximal

{(By, B2, b1, 109)} C R such that
o1 =011 — 012
o Uy = 099 — 01
o Bi+ B3 =012



Parameter Count Rule

What would happen in the numerical search for if ...

e J12>01.17
° T12 > 0227
° /0\172 <07

These could not all happen, but one of them could. What
would it mean?

Remember,
@ Y1 =011 —01p2
@ 1Py =092 — 012
° Bi+ P53 =012

Could the maximum of the likelihood function be outside the
parameter space?
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Testing hypotheses about 6

It is possible. Remember, the model implies

@ Y1 =011 —01p2

@ 1Py =092 — 012

° 7+ 85 =012
But likelihood ratio tests are out. All the theory depends on a
unique maximum.
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ount Rule

Lessons from this example

A parameter may be identifiable at some points but not others.

@ Identifiability at infinitely many points is possible even if there are

more unknowns than equations. But this can only happen on a set of
volume zero.

Some parameters and functions of the parameters may be identifiable
even when the whole parameter vector is not.

Lack of identifiability can produce multiple maxima of the likelihood
function — even infinitely many.

A model whose parameter vector is not identifiable may still be
falsified by empirical data.

Numerical maximum likelihood search may leave the parameter space.
This may be a sign that the model is false. It can happen when the
parameter is identifiable, too.

Some hypotheses may be testable when the parameter is not
identifiable, but these will be hypotheses about functions of the
parameter that are identifiable.
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Creative Commons Attribution - ShareAlike 3.0 Unported
License. Use any part of it as you like and share the result
freely. The IXTEX source code is available from the course
website:

http://www.utstat.toronto.edu/ ~brunner/oldclass/431s15
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