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THE	
  TRUTH	
  
(Well,	
  closer	
  to	
  the	
  truth,	
  anyway)	
  



Regression-­‐like	
  models	
  are	
  close	
  
enough	
  to	
  the	
  truth	
  

•  Latent	
  variables	
  have	
  unknown	
  expected	
  
values	
  and	
  variances.	
  

•  Regression	
  equaQons	
  have	
  unknown	
  slopes	
  
and	
  unknown	
  intercepts.	
  

•  Like	
  D1	
  =	
  λ0,1	
  +	
  λ1F1	
  +	
  e1	
  
•  We	
  have	
  already	
  re-­‐parameterized	
  the	
  model	
  
by	
  centering	
  the	
  latent	
  variables.	
  

c
D1= �1

c
F 1 +e1



Centering	
  is	
  a	
  re-­‐parameterizaQon	
  

•  Not	
  one-­‐to-­‐one.	
  
•  It	
  reduces	
  the	
  dimension	
  of	
  the	
  parameter	
  
space,	
  helping	
  with	
  idenQfiability.	
  

•  Does	
  not	
  affect	
  slopes,	
  variances	
  or	
  
covariances.	
  

•  Meaning	
  is	
  unaffected.	
  

•  What	
  about	
  Var(Fj)=1?	
  



Why	
  should	
  the	
  variance	
  of	
  the	
  factors	
  
equal	
  one?	
  

•  Inherited	
  from	
  exploratory	
  factor	
  analysis,	
  which	
  
was	
  mostly	
  a	
  disaster.	
  

•  The	
  standard	
  answer	
  is	
  something	
  like	
  this:	
  	
  
“Because	
  it’s	
  arbitrary.	
  	
  The	
  variance	
  depends	
  
upon	
  the	
  scale	
  on	
  which	
  the	
  variable	
  is	
  
measured,	
  but	
  we	
  can’t	
  see	
  it	
  to	
  measure	
  it	
  
directly.	
  	
  So	
  set	
  it	
  to	
  one	
  for	
  convenience.”	
  

•  But	
  saying	
  it	
  does	
  not	
  make	
  it	
  so.	
  	
  If	
  F	
  is	
  a	
  random	
  
variable	
  with	
  an	
  unknown	
  variance,	
  then	
  	
  

•  Var(F)=ϕ	
  is	
  an	
  unknown	
  parameter	
  in	
  the	
  true	
  
model.	
  



True	
  Model	
  

D1 = �1F + e1

D2 = �2F + e2

D3 = �3F + e3

D4 = �4F + e4

e1, . . . , e4, F all independent
V (ej) = ⇤j V (F ) = ⇥
�1,�2,�3 �= 0



Covariance	
  Matrix	
  

� =

�

⇧⇧⇤

�2
1⇥ + ⇤1 �1�2⇥ �1�3⇥ �1�4⇥

�1�2⇥ �2
2⇥ + ⇤2 �2�3⇥ �2�4⇥

�1�3⇥ �2�3⇥ �2
3⇥ + ⇤3 �3�4⇥

�1�4⇥ �2�4⇥ �3�4⇥ �2
4⇥ + ⇤4

⇥

⌃⌃⌅

Passes	
  the	
  CounQng	
  Rule	
  test	
  



But	
  for	
  any	
  c	
  >	
  0	
  
�1 ⇥ �1 �2 �3 �4 ⇤1 ⇤2 ⇤3 ⇤4

�2 ⇥/c2 c�1 c�2 c�3 c�4 ⇤1 ⇤2 ⇤3 ⇤4

Both	
  yield	
  

� =

�

⇧⇧⇤

�2
1⇥ + ⇤1 �1�2⇥ �1�3⇥ �1�4⇥

�1�2⇥ �2
2⇥ + ⇤2 �2�3⇥ �2�4⇥

�1�3⇥ �2�3⇥ �2
3⇥ + ⇤3 �3�4⇥

�1�4⇥ �2�4⇥ �3�4⇥ �2
4⇥ + ⇤4

⇥

⌃⌃⌅

The choice � = 1 just sets c =
�

�: convenient but seemingly arbitrary.



You	
  should	
  be	
  concerned!	
  

•  For	
  any	
  set	
  of	
  true	
  parameter	
  values,	
  there	
  
are	
  infinitely	
  many	
  untrue	
  sets	
  of	
  parameter	
  
values	
  that	
  yield	
  exactly	
  the	
  same	
  Sigma	
  and	
  
hence	
  exactly	
  the	
  same	
  probability	
  
distribuQon	
  of	
  the	
  observable	
  data.	
  

•  There	
  is	
  no	
  way	
  to	
  know	
  the	
  full	
  truth	
  based	
  
on	
  the	
  data,	
  no	
  mafer	
  how	
  large	
  the	
  sample	
  
size.	
  

•  But	
  there	
  is	
  a	
  way	
  to	
  know	
  the	
  par.al	
  truth.	
  



Certain	
  func.ons	
  of	
  the	
  parameter	
  
vector	
  are	
  idenQfiable	
  

At points in the parameter space where �1,�2,�3 6= 0,

• �12�13
�23

=

�1�2��1�3�
�2�3�

= �2
1�

• And so if �1 > 0, the function �j�1/2
is identifiable

for j = 1, . . . , 4.

• �11 � �12�13
�23

= !1, and so !j is identifiable for j = 1, . . . , 4.

• �13
�23

=

�1�3�
�2�3�

=

�1
�2
, so ratios of factor loadings

are identifiable.



Reliability	
  
•  Reliability	
  is	
  the	
  squared	
  correlaQon	
  between	
  
the	
  observed	
  score	
  and	
  the	
  true	
  score.	
  

•  The	
  proporQon	
  of	
  variance	
  in	
  the	
  observed	
  
score	
  that	
  is	
  not	
  error.	
  

•  For	
  D1	
  =	
  λ1F	
  +	
  e1	
  it’s	
  

⇢

2 =

✓
Cov(D1, F )

SD(D1)SD(F )

◆2

=

 
�1�p

�

2
1�+ !1

p
�

!2

=
�

2
1�

�

2
1�+ !1



⇢2 =
�2
1�

�2
1�+ !1

� =

�

⇧⇧⇤

�2
1⇥ + ⇤1 �1�2⇥ �1�3⇥ �1�4⇥

�1�2⇥ �2
2⇥ + ⇤2 �2�3⇥ �2�4⇥

�1�3⇥ �2�3⇥ �2
3⇥ + ⇤3 �3�4⇥

�1�4⇥ �2�4⇥ �3�4⇥ �2
4⇥ + ⇤4

⇥

⌃⌃⌅

�12�13

�23�11
=

�1�2��1�3�

�2�3�(�2
1�+ !1)

=
�2
1�

�2
1�+ !1

= ⇢2

So	
  reliabiliQes	
  are	
  idenQfiable	
  too.	
  



What	
  can	
  we	
  successfully	
  esQmate?	
  

•  Error	
  variances	
  are	
  knowable.	
  
•  Factor	
  loadings	
  and	
  variance	
  of	
  the	
  factor	
  are	
  
not	
  knowable	
  separately.	
  

•  But	
  both	
  are	
  knowable	
  up	
  to	
  mulQplicaQon	
  by	
  
a	
  non-­‐zero	
  constant,	
  so	
  signs	
  of	
  factor	
  
loadings	
  are	
  knowable	
  (if	
  one	
  sign	
  is	
  known).	
  

•  RelaQve	
  magnitudes	
  (raQos)	
  of	
  factor	
  loadings	
  
are	
  knowable.	
  

•  ReliabiliQes	
  are	
  knowable.	
  



TesQng	
  the	
  Model	
  
•  Note	
  that	
  all	
  the	
  equality	
  constraints	
  must	
  
involve	
  only	
  the	
  covariances:	
  σij	
  for	
  i	
  ≠	
  j.	
  

•  In	
  the	
  true	
  model,	
  the	
  covariances	
  are	
  all	
  
mulQplied	
  by	
  the	
  same	
  non-­‐zero	
  constant.	
  

•  So,	
  the	
  equality	
  constraints	
  of	
  the	
  true	
  model	
  and	
  
the	
  pretend	
  model	
  with	
  ϕ=1	
  are	
  the	
  same.	
  	
  

•  The	
  chi-­‐square	
  test	
  for	
  goodness	
  of	
  fit	
  applies	
  to	
  
the	
  true	
  model.	
  	
  This	
  is	
  a	
  great	
  relief!	
  

•  Likelihood	
  raQo	
  tests	
  comparing	
  full	
  and	
  reduced	
  
models	
  are	
  mostly	
  valid	
  without	
  deep	
  thought.	
  
–  Equality	
  of	
  factor	
  loadings	
  is	
  testable.	
  
–  Could	
  test	
  H0:	
  λ4	
  =	
  0,	
  etc.	
  



Re-­‐parameterizaQon	
  
•  The	
  choice	
  ϕ=1	
  is	
  a	
  very	
  smart	
  re-­‐
parameterizaQon.	
  

•  It	
  re-­‐expresses	
  the	
  factor	
  loadings	
  as	
  mulQples	
  of	
  
the	
  square	
  root	
  of	
  ϕ.	
  

•  It	
  preserves	
  what	
  informaQon	
  is	
  accessible	
  about	
  
the	
  parameters	
  of	
  the	
  true	
  model.	
  

•  Much	
  befer	
  than	
  exploratory	
  factor	
  analysis,	
  
which	
  lost	
  even	
  the	
  signs	
  of	
  the	
  factor	
  loadings.	
  

•  This	
  is	
  the	
  second	
  major	
  re-­‐parameterizaQon.	
  The	
  
first	
  was	
  losing	
  the	
  the	
  means	
  and	
  intercepts.	
  



D1	
   D6	
  D5	
  D4	
  D3	
  D2	
  

F1	
   F2	
  

Add	
  a	
  factor	
  to	
  the	
  true	
  model	
  



Add	
  a	
  factor	
  to	
  the	
  true	
  model	
  

D1 = �1F1 + e1

D2 = �2F1 + e2

D3 = �3F1 + e3

D4 = �4F2 + e4

D4 = �5F2 + e5

D6 = �6F2 + e6

e1, . . . , e6 independent of each other and of F1, F2

�1, . . . �6 �= 0
V (ej) = ⇥j

V

�
F1

F2

⇥
=

�
�11 �12

�12 �22

⇥



� =

�

⇧⇧⇧⇧⇧⇧⇤

�2
1⇥11 + ⇤1 �1�2⇥11 �1�3⇥11 �1�4⇥12 �1�5⇥12 �1�6⇥12

�1�2⇥11 �2
2⇥11 + ⇤2 �2�3⇥11 �2�4⇥12 �2�5⇥12 �2�6⇥12

�1�3⇥11 �2�3⇥11 �2
3⇥11 + ⇤3 �3�4⇥12 �3�5⇥12 �3�6⇥12

�1�4⇥12 �2�4⇥12 �3�4⇥12 �2
4⇥22 + ⇤4 �4�5⇥22 �4�6⇥22

�1�5⇥12 �2�5⇥12 �3�5⇥12 �4�5⇥22 �2
5⇥22 + ⇤5 �5�6⇥22

�1�6⇥12 �2�6⇥12 �3�6⇥12 �4�6⇥22 �5�6⇥22 �2
6⇥22 + ⇤6

⇥

⌃⌃⌃⌃⌃⌃⌅

�1 = (�1, . . . ,�6,⇥11,⇥12,⇥22,⇤1, . . . ,⇤6)
�2 = (��

1, . . . ,�
�
6,⇥

�
11,⇥

�
12,⇥

�
22,⇤

�
1, . . . ,⇤

�
6)

��
j = �j for j = 1, . . . , 6

Where	
  c1>0	
  and	
  c2>0	
  

��
1 = c1�1 ��

2 = c1�2 ��
3 = c1�3 ⇥�

11 = ⇥11/c2
1

��
4 = c2�4 ��

5 = c2�5 ��
6 = c2�6 ⇥�

22 = ⇥22/c2
2

⇥�
12 = �12

c1c2



Variances	
  and	
  covariances	
  of	
  factors	
  

•  Are	
  knowable	
  only	
  up	
  to	
  mulQplicaQon	
  by	
  a	
  
unknown	
  posiQve	
  constants.	
  

•  Since	
  the	
  parameters	
  of	
  the	
  latent	
  variable	
  
model	
  will	
  be	
  recovered	
  from	
  Φ=V(F),	
  they	
  
also	
  will	
  be	
  knowable	
  only	
  up	
  to	
  mulQplicaQon	
  
by	
  unknown	
  posiQve	
  constants	
  –	
  at	
  best.	
  

•  Luckily,	
  in	
  most	
  applicaQons	
  the	
  interest	
  is	
  in	
  
tesQng	
  (pos-­‐neg-­‐zero)	
  more	
  than	
  esQmaQon.	
  



Cov(F1,F2)	
  is	
  un-­‐knowable,	
  but	
  
•  Easy	
  to	
  tell	
  if	
  it’s	
  zero	
  
•  Sign	
  is	
  known	
  if	
  one	
  factor	
  loading	
  from	
  each	
  
set	
  is	
  known	
  –	
  say	
  lambda1>0,	
  lambda4>0	
  

•  And,	
  

•  The	
  correlaQon	
  between	
  factors	
  is	
  
idenQfiable!	
  

⇥14�
�12�13

�23

�
�45�46

�56

=
�1�4⇤12

�1
�

⇤11�4
�

⇤22

=
⇤12�

⇤11
�

⇤22

= Corr(F1, F2)



The	
  correlaQon	
  between	
  factors	
  is	
  
idenQfiable	
  

•  Furthermore,	
  it	
  is	
  the	
  same	
  func.on	
  of	
  Sigma	
  
that	
  yields	
  ϕ12	
  under	
  the	
  pretend	
  model.	
  

•  Therefore,	
  Corr(F1,F2)	
  =	
  ϕ12	
  under	
  the	
  pretend	
  
model	
  is	
  equivalent	
  to	
  	
  Corr(F1,F2)	
  under	
  the	
  
true	
  model.	
  

•  EsQmates	
  and	
  tests	
  of	
  ϕ12	
  under	
  the	
  
	
  	
  	
  	
  pretend	
  model	
  apply	
  to	
  	
  
	
  	
  	
  	
  under	
  the	
  true	
  model.	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  

�12�
�11
�

�22



Selng	
  variances	
  of	
  factors	
  to	
  one	
  

•  Is	
  a	
  very	
  smart	
  re-­‐parameterizaQon	
  
•  Is	
  excellent	
  when	
  the	
  interest	
  is	
  in	
  correlaQons	
  
between	
  factors.	
  

•  When	
  the	
  interest	
  is	
  in	
  the	
  factor	
  loadings,	
  we	
  
can	
  do	
  befer.	
  

•  Recall	
  that	
  raQos	
  of	
  factor	
  loadings	
  are	
  
idenQfiable.	
  



Back	
  to	
  a	
  single-­‐factor	
  model	
  with	
  λ1>0	
  
Re-express all factor loadings relative to �1.

• Set �j = �j

�1

• This makes �1 = 1.

D1 = F + e1

D2 = �2F + e2

D3 = �3F + e3

e1, e2, e4, F all independent
V (ej) = ⇤j V (F ) = ⇥
�2,�3 �= 0



� =

�

⇤
⇥ + ⇤1 �2⇥ �3⇥

�2⇥ �2
2⇥ + ⇤2 �2�3⇥

�3⇥ �2�3⇥ �2
3⇥ + ⇤3

⇥

⌅

Value under
Function of � Pretend Model True Model

⇥23
⇥13

�2
�2
�1

⇥23
⇥12

�3
�3
�1

⇥12⇥13
⇥23

⇥ �2
1⇥



Under	
  this	
  second	
  pretend	
  model	
  

• It looks like �j is identifiable, but actually it’s �j/�1.

• Estimates of �j for j �= 1 are actually estimates of �j/�1.

• It looks like ⇥ is identifiable, but actually it’s �2
1⇥.

• ⇥ is being expressed as a multiple of �2
1.

• Estimates of ⇥ are actually estimates of �2
1⇥.

Everything	
  is	
  being	
  expressed	
  in	
  terms	
  of	
  λ1.	
  

Make	
  D1	
  the	
  clearest	
  representaQve	
  of	
  the	
  factor.	
  



Add	
  a	
  variable	
  

•  Parameters	
  are	
  all	
  idenQfiable,	
  even	
  if	
  the	
  
factor	
  loading	
  of	
  the	
  new	
  variable	
  equals	
  zero.	
  

•  Equality	
  restricQons	
  on	
  Sigma	
  are	
  created,	
  
because	
  we	
  are	
  adding	
  more	
  equaQons	
  than	
  
unknowns.	
  

•  It	
  is	
  straighmorward	
  to	
  see	
  what	
  the	
  
restricQons	
  are,	
  though	
  the	
  calculaQons	
  can	
  
be	
  Qme	
  consuming.	
  



Finding	
  the	
  equality	
  restricQons	
  

•  Calculate	
  Σ(θ)	
  
•  Solve	
  the	
  covariance	
  structure	
  equaQons	
  
explicitly,	
  obtaining	
  θ	
  as	
  a	
  funcQon	
  of	
  Σ.	
  

•  SubsQtute	
  the	
  soluQons	
  back	
  into	
  Σ(θ)	
  
•  Simplify	
  	
  



Example:	
  Add	
  a	
  4th	
  variable	
  

D1 = F + e1

D2 = �2F + e2

D3 = �3F + e3

D4 = �4F + e4

e1, . . . , e4, F all independent
V (ej) = ⇤j V (F ) = ⇥
�1,�2,�3 �= 0



�(�) =

�

⇧⇧⇤

⇥ + ⇤1 �2⇥ �3⇥ �4⇥
�2⇥ �2

2⇥ + ⇤2 �2�3⇥ �2�4⇥
�3⇥ �2�3⇥ �2

3⇥ + ⇤3 �3�4⇥
�4⇥ �2�4⇥ �3�4⇥ �2

4⇥ + ⇤4

⇥

⌃⌃⌅

Solutions

�2 = �23
�13

�3 = �23
�12

�4 = �24
�12

⇥ = �12�13
�23

Substitute

⇥12 = �2⇤

=
⇥23

⇥13

⇥12⇥13

⇥23
= ⇥12



SubsQtute	
  soluQons	
  into	
  expressions	
  
for	
  the	
  covariances	
  

�12 = �12

�13 = �13

�14 =
�24�13

�23
�23 = �23

�24 = �24

�34 =
�24�13

�12



Equality	
  Constraints	
  

�14�23 = �24�13

�12�34 = �24�13

These	
  hold	
  regardless	
  of	
  whether	
  factor	
  loadings	
  are	
  zero	
  (1234).	
  

�12�34 = �13�24 = �14�23



For	
  both	
  pretend	
  models	
  
•  Parameters	
  of	
  the	
  3-­‐variable	
  version	
  are	
  just	
  idenQfiable.	
  
•  Six	
  equaQons	
  in	
  6	
  unknowns	
  
•  There	
  is	
  a	
  one-­‐to-­‐one	
  funcQon	
  between	
  theta1	
  and	
  Sigma,	
  

and	
  another	
  one-­‐to-­‐one	
  funcQon	
  between	
  theta2	
  and	
  
Sigma.	
  

•  So,	
  there	
  is	
  a	
  one-­‐to-­‐one	
  funcQon	
  between	
  theta1	
  and	
  
theta2.	
  

•  Add	
  a	
  variable	
  and	
  you	
  really	
  only	
  add	
  2	
  more	
  equaQons	
  in	
  
2	
  more	
  unknowns	
  –	
  one	
  for	
  lambda	
  and	
  one	
  for	
  omega.	
  

•  The	
  rest	
  become	
  (over-­‐idenQfying)	
  restricQons	
  on	
  the	
  
sigmas.	
  

•  So	
  the	
  relaQonship	
  between	
  theta1	
  and	
  theta2	
  remains	
  
one-­‐to-­‐one.	
  

•  The	
  models	
  are	
  equivalent.	
  



Add	
  another	
  3-­‐variable	
  factor	
  
•  IdenQfiability	
  is	
  maintained.	
  
•  The	
  covariance	
  ϕ12	
  =	
  σ14	
  
•  Actually	
  σ14	
  =	
  	
  λ1	
  λ4	
  ϕ12	
  under	
  the	
  true	
  model.	
  
•  The	
  two	
  pretend	
  models	
  remain	
  one-­‐to-­‐one.	
  
•  Again,	
  the	
  covariances	
  of	
  the	
  true	
  model	
  are	
  just	
  
those	
  of	
  the	
  pretend	
  model,	
  mulQplied	
  by	
  an	
  un-­‐
knowable	
  posiQve	
  constant.	
  

•  The	
  true	
  model	
  and	
  both	
  pretend	
  models	
  share	
  
the	
  same	
  equality	
  constraints,	
  and	
  hence	
  the	
  
same	
  goodness	
  of	
  fit	
  results	
  for	
  any	
  given	
  data	
  
set.	
  

•  As	
  more	
  variables	
  and	
  more	
  factors	
  are	
  added,	
  all	
  
this	
  remains	
  true.	
  



Which	
  re-­‐parameterizaQon	
  is	
  befer?	
  
•  Technically,	
  they	
  are	
  equivalent.	
  
•  They	
  both	
  involve	
  selng	
  a	
  single	
  un-­‐knowable	
  parameter	
  

to	
  one,	
  for	
  each	
  factor.	
  	
  
•  This	
  seems	
  arbitrary,	
  but	
  actually	
  it	
  results	
  in	
  a	
  very	
  good	
  

re-­‐parameterizaQon	
  that	
  preserves	
  what	
  is	
  knowable	
  about	
  
the	
  true	
  model.	
  

•  Standardizing	
  the	
  factors	
  (pretend	
  model	
  1)	
  is	
  more	
  
convenient	
  for	
  esQmaQng	
  correlaQons	
  between	
  factors.	
  

•  Selng	
  one	
  loading	
  per	
  factor	
  equal	
  to	
  one	
  (pretend	
  model	
  
2)	
  is	
  more	
  convenient	
  for	
  esQmaQng	
  the	
  relaQve	
  sizes	
  of	
  
factor	
  loadings.	
  

•  CalculaQons	
  with	
  pretend	
  model	
  2	
  can	
  be	
  easier.	
  
•  Mixing	
  pretend	
  model	
  2	
  with	
  double	
  measurement	
  is	
  

natural.	
  
•  Don’t	
  do	
  both	
  restricQons	
  for	
  the	
  same	
  factor!	
  



Why	
  all	
  this	
  pretending?	
  
•  The	
  parameters	
  of	
  the	
  true	
  model	
  cannot	
  be	
  
esQmated	
  directly.	
  For	
  example,	
  maximum	
  
likelihood	
  will	
  fail	
  because	
  the	
  maximum	
  is	
  not	
  
unique.	
  

•  The	
  parameters	
  of	
  the	
  pretend	
  models	
  are	
  all	
  
idenQfiable	
  (esQmable)	
  func.ons	
  of	
  the	
  
parameters	
  of	
  the	
  true	
  model.	
  	
  

•  They	
  have	
  the	
  same	
  signs	
  (posiQve,	
  negaQve	
  or	
  
zero)	
  of	
  the	
  corresponding	
  parameters	
  of	
  the	
  
true	
  model.	
  

•  Hypothesis	
  tests	
  mean	
  what	
  you	
  think	
  they	
  do.	
  
•  Parameter	
  esQmates	
  are	
  interpretable	
  for	
  some	
  
parameters.	
  	
  	
  



The	
  Crossover	
  Rule	
  
•  It	
  is	
  unfortunate	
  that	
  variables	
  can	
  only	
  be	
  
caused	
  by	
  one	
  factor.	
  	
  In	
  fact,	
  it’s	
  unbelievable	
  
most	
  of	
  the	
  Qme.	
  

•  A	
  pafern	
  like	
  this	
  would	
  be	
  nicer.	
  



When	
  you	
  add	
  a	
  set	
  of	
  variables	
  to	
  a	
  factor	
  analysis	
  
model	
  whose	
  parameters	
  are	
  idenQfiable	
  

•  Straight	
  arrows	
  with	
  factor	
  loadings	
  on	
  them	
  may	
  
point	
  from	
  each	
  exisQng	
  factor	
  to	
  each	
  new	
  variable.	
  

•  	
  You	
  don’t	
  need	
  to	
  include	
  all	
  such	
  arrows.	
  
•  Error	
  terms	
  for	
  the	
  new	
  set	
  of	
  variables	
  may	
  have	
  
non-­‐zero	
  covariances	
  with	
  each	
  other,	
  but	
  not	
  with	
  
the	
  error	
  variances	
  or	
  factors	
  of	
  the	
  original	
  model.	
  

•  Some	
  of	
  the	
  new	
  error	
  terms	
  may	
  have	
  zero	
  
covariance	
  with	
  each	
  other.	
  	
  It’s	
  up	
  to	
  you.	
  

•  All	
  parameters	
  of	
  the	
  new	
  model	
  are	
  idenQfiable.	
  



Idea	
  of	
  the	
  proof	
  
•  Have	
  a	
  measurement	
  (factor	
  analysis)	
  model	
  
with	
  p	
  factors	
  and	
  k1	
  observable	
  variables.	
  The	
  
parameters	
  are	
  all	
  idenQfiable.	
  

•  Assume	
  that	
  for	
  each	
  factor,	
  there	
  is	
  at	
  least	
  
one	
  observable	
  variable	
  with	
  a	
  factor	
  loading	
  
of	
  one.	
  

•  If	
  this	
  is	
  not	
  the	
  case,	
  re-­‐parameterize.	
  
•  Re-­‐order	
  the	
  variables,	
  pulng	
  the	
  p	
  variables	
  
with	
  unit	
  factor	
  loadings	
  first,	
  in	
  the	
  order	
  of	
  
the	
  corresponding	
  factors.	
  	
  

	
  



The	
  first	
  two	
  equaQons	
  belong	
  to	
  the	
  iniQal	
  model	
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Comments	
  
•  There	
  are	
  no	
  restricQon	
  on	
  the	
  factor	
  loadings	
  of	
  
the	
  variables	
  that	
  are	
  being	
  added	
  to	
  the	
  model	
  

•  There	
  are	
  no	
  restricQon	
  on	
  the	
  covariances	
  of	
  
error	
  terms	
  for	
  the	
  new	
  set	
  of	
  variables,	
  except	
  
that	
  they	
  must	
  not	
  be	
  correlated	
  with	
  error	
  terms	
  
already	
  in	
  the	
  model.	
  

•  This	
  suggests	
  a	
  model	
  building	
  strategy.	
  	
  Start	
  
small,	
  perhaps	
  with	
  3	
  variables	
  per	
  factor.	
  Then	
  
add	
  the	
  remaining	
  variables	
  –	
  maximum	
  
flexibility.	
  

•  Could	
  even	
  fit	
  the	
  one-­‐variable	
  sub-­‐models	
  one	
  
at	
  a	
  Qme	
  to	
  make	
  sure	
  they	
  are	
  okay,	
  then	
  
combine	
  factors,	
  then	
  add	
  variables.	
  



Add	
  an	
  observed	
  variable	
  to	
  the	
  factors	
  
•  Open	
  it’s	
  an	
  observed	
  exogenous	
  variable	
  (like	
  sex	
  or	
  

experimental	
  condiQon)	
  you	
  want	
  to	
  be	
  in	
  a	
  latent	
  
variable	
  model.	
  

•  Suppose	
  parameters	
  of	
  the	
  exisQng	
  (surrogate)	
  factor	
  
analysis	
  model	
  (p	
  factors)	
  are	
  all	
  idenQfiable.	
  

•  X	
  independent	
  of	
  the	
  error	
  terms.	
  
•  Add	
  a	
  row	
  (and	
  column)	
  to	
  the	
  covariance	
  matrix.	
  
•  Add	
  p+1	
  parameters	
  to	
  the	
  model.	
  
•  Say	
  Var(X)=Φ0,	
  Cov(X,Fj)=Φ0,j	
  
•  Dk	
  =	
  λkFj	
  +	
  ek,	
  λk	
  is	
  already	
  idenQfied.	
  
•  E(XDk)	
  =	
  λkE(XFj)	
  +	
  0	
  	
  =	
  λkΦ0,j	
  

•  Solve	
  for	
  the	
  covariance.	
  
•  Do	
  this	
  for	
  each	
  factor	
  in	
  the	
  model.	
  Done.	
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