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A Cyclic Model

Not an Acyclic model




Model equations

Assume all variances positive etc.

Y1 = BYs+9X +ea
Yo B1Y1 + €2
Y = [BoYa+e3

In matrix terms:

Y: 0 0 ps Yi o €1
Y5 = 61 0 O Yo + 0 X+ €2
)/3 0 /82 0 Y}, 0 €3



Y =8Y+TX +e
= Y-BY=TX+e
= IY-BY=TX+e
= I-B)Y=TX+e

(I - B)~! exists when [I— 3| #0

1 0 —ps
I-g=| -6 1 0
0 —B 1

|



Calculate the determinant using Sage

sem = ’http://www.utstat.toronto.edu/ brunner/openSEM/sage/sem.sage’
load(sem)

B = ZeroMatrix(3,3)

B[0,2] = var(’beta3’); B[1,0] = var(’betal’); B[2,1] = var(’beta2’)
ImB = IdentityMatrix(3)-B

show( ImB.determinant() )

—B18283 + 1

So the inverse will exist unless 3152063 = 1.



Solve for Y3

Starting with the model equations

Yi = BYs+vX+e
Y = BiVi+e
Y3 = BYo+e3

Y3 = B1B203Y3 + B12v X + B1B2€1 + Paca + €3
= Y3(1 — p18203) = B1B2v X + B1B2e1 + Paea + €3

What happens if (I — 3)~! does not exist (and y # 0)?



If 818203 =1

Meaning that (I — 3)~" does not exist

Y3(1 — 18203) = 1827 X + B1 5261 + Paea + €3
0 = B1P2yX + B1 5261 + Paca + €3

BE(X -0) = E(X(81827X + B1Ba2e1 + Pae2 + €3))
0= 182y B(X?) +0

B1B2yep =0

R

with 81, 82,7 and ¢ all non-zero.

So (818983 = 1 contradicts the model.



Under the assumptions of the pinwheel model

o (I-pB)! exists.
o B1P285 # 1.

o The surface 818203 = 1 forms a hole in the parameter
space.



Covariance matrix of the factors: ®
Factors are X, Y1, Y2, Y3

@ _ o) __ Bi1vy¢ _ _B1B2v¢ \
B1B283—1 ﬁ&ﬁzﬁs*l B1B2B83—1
B3B3 Yo +B3vs v o+v1  BiBivs+Biv +B2B3va+B1v1  BiB2y e+B3B3va+B1B2v1+Bsvs
(B1B2B3—1)? (B1B2B3—1)2 (B1B2B3—1)2
B3 B33 +B3v +BT Y1 +2 B3 B2v2 p+B3 B2v1+B1B3Ps+B2 vz
(B1B2B3—1)2 (B18283—1)%

B3B8372o+B8263 1 +B3va+vs
(B1B2B3—1)2 )

° ¢=0¢n, 1= iiz and By = ¢14 are easy.
o But then?



Solutions exist provided [, B2, f3 are all non-zero.

Using Sage . ..

P12913023 — Pl3Pa2
$12014933 — P13P14023

_ Plad33 — 2 1213023 + DT3P0
7 P11012033 — 11013023

(13041 — PraP34) (PTa033 — 2 Pr2d13¢23 + PF3022)
(P12033 — P13¢23) P12613

Plad33 — 2 Pr2d13023 + PI3P20
o

Y1 = BiB3B32 — B3B3 — 2 B1BaBspaz — Baths — V2 + bz

B3 =

Y3 =

Yy =

10 /12



Parameters of the pinwheel model are identifiable

e Even though it does not fit any known rules

@ And the proof is very difficult.
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