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A Cyclic Model
Not an Acyclic model
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Model equations
Assume all variances positive etc.

Y1 = β3Y3 + γX + ε1

Y2 = β1Y1 + ε2

Y3 = β2Y2 + ε3

In matrix terms:

 Y1
Y2
Y3

 =

 0 0 β3
β1 0 0
0 β2 0

 Y1
Y2
Y3

+

 γ
0
0

X +

 ε1
ε2
ε3


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To get V (Y)

Y = βY + ΓX + ε

⇒ Y − βY = ΓX + ε

⇒ IY − βY = ΓX + ε

⇒ (I− β)Y = ΓX + ε

(I− β)−1 exists when |I− β| 6= 0

I− β =

 1 0 −β3
−β1 1 0

0 −β2 1


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Calculate the determinant using Sage

sem = ’http://www.utstat.toronto.edu/~brunner/openSEM/sage/sem.sage’

load(sem)

B = ZeroMatrix(3,3)

B[0,2] = var(’beta3’); B[1,0] = var(’beta1’); B[2,1] = var(’beta2’)

ImB = IdentityMatrix(3)-B

show( ImB.determinant() )

−β1β2β3 + 1

So the inverse will exist unless β1β2β3 = 1.
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Solve for Y3

Starting with the model equations

Y1 = β3Y3 + γX + ε1

Y2 = β1Y1 + ε2

Y3 = β2Y2 + ε3

Y3 = β1β2β3Y3 + β1β2γX + β1β2ε1 + β2ε2 + ε3

⇒ Y3(1− β1β2β3) = β1β2γX + β1β2ε1 + β2ε2 + ε3

What happens if (I− β)−1 does not exist (and γ 6= 0)?
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If β1β2β3 = 1
Meaning that (I− β)−1 does not exist

Y3(1− β1β2β3) = β1β2γX + β1β2ε1 + β2ε2 + ε3

⇒ 0 = β1β2γX + β1β2ε1 + β2ε2 + ε3

⇒ E(X · 0) = E (X(β1β2γX + β1β2ε1 + β2ε2 + ε3))

⇒ 0 = β1β2γE(X2) + 0

⇒ β1β2γφ = 0

with β1, β2, γ and φ all non-zero.

So β1β2β3 = 1 contradicts the model.
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Under the assumptions of the pinwheel model

(I− β)−1 exists.

β1β2β3 6= 1.

The surface β1β2β3 = 1 forms a hole in the parameter
space.
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Covariance matrix of the factors: Φ
Factors are X, Y1, Y2, Y3


φ − γφ

β1β2β3−1
− β1γφ
β1β2β3−1

− β1β2γφ
β1β2β3−1

β2
2β

2
3ψ2+β

2
3ψ3+γ

2φ+ψ1

(β1β2β3−1)2
β1β

2
3ψ3+β1γ

2φ+β2β3ψ2+β1ψ1

(β1β2β3−1)2
β1β2γ

2φ+β2
2β3ψ2+β1β2ψ1+β3ψ3

(β1β2β3−1)2

β2
1β

2
3ψ3+β

2
1γ

2φ+β2
1ψ1+ψ2

(β1β2β3−1)2
β2
1β2γ

2φ+β2
1β2ψ1+β1β3ψ3+β2ψ2

(β1β2β3−1)2

β2
1β

2
2γ

2φ+β2
1β

2
2ψ1+β

2
2ψ2+ψ3

(β1β2β3−1)2



φ = φ11, β1 = φ13

φ12
and β2 = φ14

φ13
are easy.

But then?
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Solutions exist provided β1, β2, β3 are all non-zero.
Using Sage . . .

β3 =
φ12φ13φ23 − φ213φ22

φ12φ14φ33 − φ13φ14φ23

γ =
φ212φ33 − 2φ12φ13φ23 + φ213φ22

φ11φ12φ33 − φ11φ13φ23

ψ3 =
(φ13φ44 − φ14φ34)

(
φ212φ33 − 2φ12φ13φ23 + φ213φ22

)
(φ12φ33 − φ13φ23)φ12φ13

ψ2 =
φ212φ33 − 2φ12φ13φ23 + φ213φ22

φ212

ψ1 = β21β
2
2β

2
3φ22 − β22β23ψ2 − 2β1β2β3φ22 − β23ψ3 − γ2φ+ φ22
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Parameters of the pinwheel model are identifiable

Even though it does not fit any known rules

And the proof is very difficult.
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Copyright Information

This slide show was prepared by Jerry Brunner, Department of
Statistical Sciences, University of Toronto. It is licensed under a
Creative Commons Attribution - ShareAlike 3.0 Unported
License. Use any part of it as you like and share the result
freely. The LATEX source code is available from the course
website:
http://www.utstat.toronto.edu/∼brunner/oldclass/431s31
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