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Distribution f(x) M(t) E(X) V ar(X)

Bernoulli θx(1− θ)1−xI(x = 0, 1) θet + 1− θ θ θ(1− θ)

Binomial
(

m
x

)
θx(1− θ)m−xI(x = 0, . . . ,m) (θet + 1− θ)m mθ mθ(1− θ)

Poisson e−λλx

x!
I(x = 0, 1, . . .) eλ(et−1) λ λ

Geometric θ(1− θ)x−1I(x = 1, 2, . . .) θ(e−t + θ − 1)−1 1
θ

1−θ
θ2

Exponential 1
θ
e−x/θI(x > 0) (1− θt)−1 θ θ2

Gamma 1
βαΓ(α)

e−x/βxα−1I(x > 0) (1− βt)−α αβ αβ2

Chi-square 1
2ν/2Γ(ν/2)

e−x/2xν/2−1I(x > 0) (1− 2t)−ν/2 ν 2ν

Normal 1
σ
√

2π
e−

(x−µ)2

2σ2 eµt+ 1
2
σ2t2 µ σ2

Uniform 1
β−α

I(α ≤ x ≤ β) eβt−eαt

t(β−α)
α+β

2
(β−α)2

12

ex =
∞∑

k=0

xk

k!

∞∑
k=r

ak =
ar

1− a
for 0 < a < 1

E(g(X)) ≥ aPr{g(X) ≥ a} for g(x) ≥ 0 Pr{|X − µ| ≥ kσ} ≤ 1
k2

FY1(y) = 1− [1− F (y)]n fY1(y) = n[1− F (y)]n−1f(y)

FYn(y) = [F (y)]n fYn(y) = n[F (y)]n−1f(y)

S2 =

∑n
i=1(Xi −X)2

n− 1
=

1

n− 1

(
n∑

i=1

X2
i − nX

2

)
lim

n→∞

(
1 +

x

n

)n

= ex

I(θ) = −E
(

∂2

∂θ2 ln f(X; θ)
)

= E
(

∂
∂θ

ln f(X; θ)
)2

V ar(T ) ≤ [k′(θ)]2

n I(θ)

xn ± bσn√
n
zα/2 θ̂n ±

zα/2√
n I(bθn)



1. Convergence Definitions (All quantities in boldface are vectors in Rm unless other-
wise stated )

? Xn
a.s.→ X means P{c : limn→∞Xn(c) = X(c)} = 1.

? Xn
P→ X means for all ε > 0, limn→∞ P{|Xn −X| < ε} = 1.

? Xn
d→ X means for every continuity point x of FX, limn→∞ FXn(x) = FX(x).

2. Xn
a.s.→ X ⇒ Xn

P→ X ⇒ Xn
d→ X.

3. Xn
d→ c ⇒ Xn

P→ c, where c is a vector of constants.

4. Variance Rule: Let T1, T2, . . . be a sequence of real-valued random variables. If

limn→∞E(Tn) = θ and limn→∞ V ar(Tn) = 0, then Tn
P→ θ.

5. Law of Large Numbers: Let X1, . . .Xn be i.i.d. random vectors with finite first
moment E(X1) = µ. The Strong Law of Large Numbers (SLLN) says Xn

a.s.→ µ.
The Weak Law of Large Numbers (WLLN), which follows from the Strong Law,

says Xn
P→ µ.

6. Central Limit Theorem: Let X1, . . . ,Xn be i.i.d. random vectors with expected
value vector µ and covariance matrix Σ. Then

√
n(Xn−µ) converges in distribution

to a multivariate normal with mean 0 and covariance matrix Σ.

7. Slutsky Theorems for Convergence in Distribution:

(a) If Xn ∈ Rm, Xn
d→ X and if g : Rm → Rq (where q ≤ m) is continuous except

possibly on a set C with P (X ∈ C) = 0, then g(Xn)
d→ g(X).

(b) If Xn
d→ X and (Xn −Yn)

P→ 0, then Yn
d→ X.

(c) If Xn ∈ Rd, Yn ∈ Rk, Xn
d→ X and Yn

P→ c, then(
Xn

Yn

)
d→
(

X
c

)
8. Slutsky Theorems for Convergence in Probability:

(a) If Xn ∈ Rm, Xn
P→ X and if g : Rm → Rq (where q ≤ m) is continuous except

possibly on a set C with P (X ∈ C) = 0, then g(Xn)
P→ g(X).

(b) If Xn
P→ X and (Xn −Yn)

P→ 0, then Yn
P→ X.

(c) If Xn ∈ Rd, Yn ∈ Rk, Xn
P→ X and Yn

P→ Y, then(
Xn

Yn

)
P→
(

X
Y

)



9. Taylor’s Theorem (Just for two terms plus remainder): Let g(x) be a function with
g′′(x) continuous at x = θ. Then

g(x) = g(θ) + g′(θ)(x− θ) +
g′′(θ∗)(x− θ)2

2!
,

where θ∗ is between x and θ.

10. Univariate Delta Method: Let
√

n(Xn − θ)
d→ X, and let g(x) be a function with

g′(θ) 6= 0 and g′′(x) continuous at x = θ. Then

√
n(g(Xn)− g(θ))

d→ g′(θ)X.

In particular,
√

n(g(Xn)− g(µ))
d→ Y ∼ N(0, g′(µ)2σ2).

11. Multivariate Delta Method: Let g : Rd → Rk be such that the elements of ġ(x) =[
∂gi

∂xj

]
k×d

are continuous in a neighborhood of θ ∈ Rd. If Xn is a sequence of d-

dimensional random vectors such that
√

n(Xn − θ)
d→ X, then

√
n(g(Xn)− g(θ))

d→ ġ(θ)X.

In particular, if
√

n(Xn − θ)
d→ X ∼ N(0,Σ), then

√
n(g(Xn)− g(θ))

d→ Y ∼ N(0, ġ(θ)Σġ(θ)′).

12. Asymptotic Normality of the MLE: Under regularity conditions,√
nI(θ̂n) (θ̂n − θ)

d→ Z ∼ N(0, 1)




