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Background Reading

Section 10.6 in the text, but it refers to a lot of things we have not
covered yet.
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Overview

@ Exponential

© Weibull
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Exponential

A multiplicative regression model

Exponential model, just one explanatory variable
Independently for i = 1,...n,
- pPot+Bix .
t,=¢€ X €;

where

Bo and B are unknown constants (parameters).

x1,...,T, are known, observed constants.

€1,...,€, are independent exponential(1) random variables.
t1,...,t, are observed failure times.

41, ...,0y, are indicators for uncensored.

@ These are sometimes called accelerated failure time models.

@ Because the effect of x # 0 is to multiply the failure time by a
constant.
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Exponential

Distribution of ¢; = e /1% x ¢;, with ¢; exponential(1)

If e ~ exp(1) and a > 0, x = ae is also exponential.

Expected value a (or A = 1/a).
Thus, E(tz) = ePothai o log E(tl) = Po + Bix;.

We are adopting a linear model for the log of the expected value.

Or, we can transform the failure times by taking logs.

logt; = fo+ B1z; +loge;
= fBo+ fizi+¢€

where € =loge; ~ G(0,1).



Meaning of (3,

With E(t;) = efotPr=i

o Increase x; by one unit.

@ The effect is to multiply E(t;) by a constant.

eﬁo-f—ﬁl (zi+1)

= C

@ So when z; is increased by one unit, E(t;) is multiplied by et

o If 1 >0, E(t;) goes up.
o If f1 <0, E(t;) goes down.

¢ eﬂo+ﬁlwi
6/30+/31 (zi+1)

eBo+B1z;

eﬁo+51$i+51

ebot+Biw;
e}

6 /16



Exponential

Natural extensions

More than one explanatory variable.

Centering the quantitative explanatory variables.

t; = exp{ﬁo + 61 (56,'71 — fl) + ...+ Bp—l(xi,p—l — fp_l)} - €

In this case, e® is the expected failure time for average values of
all the explanatory variables.

If there are dummy variables, center only the quantitative
variables (covariates).



Exponential

Equivalent model on the log scale
Starting with ¢; = exp{Bo + f1(zi1 —Z1) + ... + Bp—1(Tip—1 — Tp—1)} - &

logt; = pfo+ fixii+ ...+ Bp—1xip—1 +1oge;
= Bo+bizii+ ...+ Bp—1Tip—1 + €
= x/B+¢q,

where € ~ G(0,1).
e Recall, if Z ~ G(0,1), then 0 Z + pu ~ G(u, 0).
o So the model says logt; ~ G(x, 3,1)

Why should the variance of log survival time be %2?

@ Much more reasonable is
logt; = Bo + Bixzin + ... + Bp—1Tip—1 + 0€;
o In this case, logt; ~ G(x; B, 0).



Weibull

Switching back to the time scale

From the log time scale

logt; = Bo + Bixig + ... + Bp—1Tip—1 + 0€;

o t= exjﬁ 6052‘ — ex;rﬁ e” loge; _ 6xjﬁ elog(eg)

& ot = exiT’@ 6?
We have arrived at the multiplicative regression model:

ti =exp{fo+ Bizir+ ...+ BpTip-1} - €
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ti =exp{Bo+ bizi1+ ... + Bp_1%ip-1} - €

o It’s an accelerated failure time model. Changing one of the x
values multiplies ¢; by something.

e In particular, increase x;;, by one unit while holding all other z; ;
values constant.

o Then t; is multiplied by e+,

e Holding x; ; values constant is the meaning of “controlling” for
explanatory variables in Weibull regression.

o Note that if 3 is negative, e’* < 1 and t; goes down.

e Call it a “negative relationship” (controlling for the other
variables).

o If B, is positive, e’ > 1 and t; goes up.
e Call this a “positive relationship” (controlling for the other
variables).
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Distribution of ;

Recall
o We have established that logt; ~ G(x; 3, 0).

e Exponential function of Gumbel(u, o) is Weibull(a, \) with
A=e¢ P and a=1/0.

o Note that here, y; = XZTB.
e So, t; is Weibull, with A; = e 8 and a = 1/0.
@ This means
r(i+i
E(T;) = ()\0‘) = exjﬁf‘(l +0)
1 9 1/a
Median(7T;) = [og(/\)] =i P log(2)?

1 1
h(t) = aX*® = —exp{—fx—rﬁ}t%_l
o o



Weibull

Conclusions
Following from logt; ~ G(x; 8, 0)

B(T) = ¢ Pr(1+0)
Median(T;) = exi P log(2)”
1 1 1
h(t) = = ——x'B}ot
(1) = ~eaf-—x"p}

Increasing value of x; by ¢ units multiplies the mean and median
by e

e Same effect on the hazard function.

e Remarkable because the hazard function is a function of time t.

o And the effect is the same for every value of ¢.



Weibull

Proportional Hazards
h(t) = Lexp{-1x" B}t~

@ Suppose two individuals have different x vectors of explanatory

variable values.
e They have different hazard functions because their A\ values are

different.
o Look at the ratio:
hi(t) Lexp{—1x/ B}t*_1
ho(t) Lexp{—1x] B}tcﬁl
B exp{—%c1 B}
B exp{—ﬂc2 B}

= (- %))

The point is that hj(t) and ha(t) are always in the same proportion for

every value of t.
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Weibull

Proportional Hazards
hi(t) = 2 ha(t) with o = 2

Hazard




Weibull

Proportional Hazards
hi(t) =2 ha(t) with 0 = 1/3

Hazard
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Copyright Information

This slide show was prepared by Jerry Brunner, Department of
Statistics, University of Toronto. It is licensed under a Creative
Commons Attribution - ShareAlike 3.0 Unported License. Use any part
of it as you like and share the result freely. The IATEX source code is
available from the course website:

http://www.utstat.toronto.edu/ " brunner/oldclass/312s19
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