
STA 256f19 Assignment Three1

Please read Section 1.5 (pages 20-28) in the text, and look over your lecture notes. These homework
problems are not to be handed in. They are preparation for Term Test 1 and the final exam.

1. In a Canadian university long ago, there were 3 calculus classes. There was an “Elite” class
for math and computer science students, a “Mainstream” class for most other fields of study,
and a “Catch-up” course for student who had not taken high school calculus. The Catch-up
course met an extra hour a week, and covered pre-calculus material as well as calculus. At the
end of the course, they took the same final exam as the Mainstream course. Students either
passed the course, or did not. Not passing includes withdrawals and other disappearances,
as well as actual failures. The table below shows percentages of students in each category.
These are real data.

Passed Did Not Pass

Elite 7 2
Mainstream 48 32
Catch-up 3 8

Recall that probabilities are numbers between zero and one, inclusive. For a randomly chosen
student, what is

(a) The probability of passing? (0.53)

(b) The probability of being in the mainstream course? (0.80)

(c) The probability of passing given that the student is in the Catch-up course? (3/11 =
0.27)

(d) The probability of being in the Elite class given that the student did not pass? (2/42 =
0.476)

2. Do Exercise 1.5.3 in the text. This problem is small enough so you can just list the outcomes
along with their probabilities, and use the definition of conditional probability.

3. A jar contains 15 red balls and 5 blue balls. What is the probability of randomly drawing a
red and then a blue? (15/76 = 0.097)

4. Do Exercise 1.5.5 in the text.

1Copyright information is at the end of the last page.
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5. Two balls are drawn in succession and without replacement, from a jar containing three red
balls and four white balls.

(a) What is the probability that the second ball is white given that the first ball is red?
(4/6)

(b) What is the probability that the second ball is white? (4/7)

(c) What is the probability that the first ball is white given that the second ball is white?
(1/2)

6. Prove P (A1 ∩ A2 ∩ A3 ∩ A4) = P (A1)P (A2|A1)P (A3|A1 ∩ A2)P (A4|A1 ∩ A2 ∩ A3). Clearly
this can be extended, and is the basis of multiplying down the branches of a tree diagram.

7. Do Exercise 1.5.7 in the text.

8. Do Problem 1.5.13 parts (a) and (b) in the text. The answer to (a) is 1/2, and the answer to
(b) is 2/3.

9. This question is taken from Mathematical statistics and data analysis by Rice. An urn is a
vase or jar.

Urn A has three red balls and two white balls, and urn B has two red balls and five white
balls. A fair coin is tossed. If it lands heads up, a ball is drawn from urn A; otherwise, a ball
is drawn from urn B.

(a) What is the probability that a red ball is drawn? (31/70)

(b) If a red ball is drawn, what is the probability that the coin landed heads up? (21/31)

10. In this question you will establish that conditional probability satisfies the four basic proper-
ties of probability given on page 5 of the text. With P (A) > 0,

(a) Show 0 ≤ P (B|A) ≤ 1.

(b) Show P (∅|A) = 0.

(c) Show P (A|A) = 1.

(d) Show that if B1, B2 . . . are disjoint subsets of S, P ((∪∞k=1Bk)|A) =
∑∞

k=1 P (Bk|A).

For the last item, please use the tabular format illustrated in lecture.

11. Under what circumstances is P (A|B) = P (B|A)? (P (A) = P (B). Of course both probabili-
ties must be greater than zero in order for the conditional probabilities to be defined.)

12. Do Problem 1.5.13, parts (a) and (b). The answer to (a) is 1/2, and the answer to (b) is 2/3.

13. Let S = ∪∞k=1Ak, disjoint, with P (Ak) > 0 for all k.

(a) Using the formula sheet and the tabular format illustrated in lecture, prove P (B) =∑∞
k=1 P (Ak)P (B|Ak).

(b) Prove the following version of Bayes’ Theorem: P (Aj |B) =
P (Aj)P (B|Aj)∑∞

k=1 P (Ak)P (B|Ak)
. You may

use anything from the formula sheet except Bayes’ theorem itself.
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14. Two balls are drawn in succession and without replacement, from a jar containing eight red
balls and four white balls. What is the probability that the first ball was white given that
the second ball was red? Use Bayes’ theorem. Show your work. (4/11)

15. In the most common form of Down syndrome, the person has an extra 21st chromosome.
The result is developmental delay (formerly known as mental retardation), and increased
susceptibility to a wide range of medical conditions. Down syndrome appears to be a kind
of genetic lottery, with the number of tickets depending on the age of the mother. Older
mothers are more likely to have a baby with Down syndrome, but still the majority of babies
with Down syndrome are born to mothers under 25, because young women are so much more
likely to have babies.

Down syndrome can be detected with near certainty by amniocentesis, in which a sample of
amniotic fluid is taken with a needle. But it’s tricky early in pregnancy, because everything
is so small. Instead, there’s a blood test that works pretty well in the first timester (first 3
months). When the test indicates Down syndrome, it’s called a “positive” result.

For a 30-year old pregnant woman, The probability of a fetus with Down syndrome is around
1/940. The probability of a positive test if the fetus has Down syndrome (the true positive
rate) is approximately 0.84. The probability of a positive test if the fetus does not have Down
syndrome (the false positive rate) is 0.04. Given a positive test result, what is the probability
that the fetus actually has Down syndrome? (3/137 = 0.022)

16. Do Exercise 1.5.9 in the text.

17. Do Exercise 1.4.9 in the text.

18. This question is a modified version of one in Mathematical statistics and data analysis by
Rice.

A player throws darts at a target. On each trial, independently of the other trials, she hits
the bull’s-eye with probability .10. How many times should she throw so that her probability
of hitting the bull’s-eye at least once is .6? (At least 9 times.)

19. A jar contains 10 red balls and 20 blue balls. If you sample 5 balls randomly with replacement,
what is the probability of

(a) What is the probability of the sequence BRBBR? ( 8
35

= 0.0329)

(b) It is obvious that all sequences with 2 reds and 3 blues have the same probability. How
many such sequences are there? (

(
5
2

)
= 10)

(c) What is the probability of 2 reds? (0.329)

(d) Obtaining j red balls, j = 0, . . . , 5? Give a single formula. Don’t simplify. Answer is(
5
j

) (
1
2

)j (2
3

)5−j
20. Toss a coin with probability of a head equal to θ (the Greek letter theta), n times. What is

the probability of observing exactly k heads? Based on the last problem, you should be able
to just write the answer down.

21. Do Problem 1.5.14 in the text. Hint: Draw a Venn diagram.
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22. Let A and B be events of positive probability. Choose one of these statements and prove it.

(a) If A and B are disjoint, then A and B are independent.

(b) If A and B are independent, then A and B are disjoint.

(c) Both (a) and (b)

(d) If A and B are disjoint, then they cannot be independent.

(Answer is d)

23. Prove that if P (A) = 0, then the event A is independent of every other event. You do not
need to use the tabular format.

24. Let A ⊂ B, with P (A) > 0. Is it possible for A and B to be independent? (If P (B) = 1, yes.
If P (B) < 1, no.)

25. Roll a single fair die repeatedly.

(a) What is the probability that the first 2 appears on the 4th roll? (125/1296)

(b) What is the probability that a 2 eventually occurs – that is, on roll 1 or 2 or . . . ? Show
your work. (1)

(c) What is the probability that the first 2 occurs on an odd numbered roll? (6/11)

(d) What is the probability that the third 2 occurs on the fifth roll? There is no need to

simplify. My answer is
(
4
2

) (
1
6

)3 (5
6

)2
.

This assignment was prepared by Jerry Brunner, Department of Mathematical and Computational
Sciences, University of Toronto. Except for Problems 9 and 18 (which are taken from Mathemat-
ical statistics and data analysis by Rice), it is licensed under a Creative Commons Attribution -
ShareAlike 3.0 Unported License. Use any part of it as you like and share the result freely. The
LATEX source code is available from the course website:

http://www.utstat.toronto.edu/∼brunner/oldclass/256f19
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