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Preface to the first edition

This monograph deals with a class of statistical models that
generalizes classical linear models to include many other models
that have been found useful in statistical analysis. These other
models include log-linear models for the analysis of data in the
form of counts, probit and logit models for data in the form of
proportions (ratios of counts), and models for continuous data with
constant proportional standard error. In addition, important types
of models for survival data are covered by the class.

An important aspect of the generalization is the presence in all
the models of a linear predictor based on a linear combination of
explanatory or stimulus variables. The variables may be continuous
or categorical (or indeed a mixture of the two), and the existence
of a linear predictor means that the concepts of classical regression
and analysis-of-variance models, insofar as they refer to the estim-
ation of parameters in a linear predictor, carry across directly to
the wider class of model. In particular, the ideas underlying facto-
rial models, including those of additivity, interaction, polynomial
contrasts, aliasing, etc., all appear in the wider context.

Generalized linear models have a common algorithm for the est-
imation of parameters by maximum likelihood; this uses weighted
least squares with an adjusted dependent variate, and does not
require preliminary guesses to be made of the parameter values.

The book is aimed at applied statisticians and postgraduate stu-
dents in statistics, but will be most useful, at least in part, to under-
graduates and to numerate biologists. More mathematical sections
are marked with asterisks and may be omitted at first reading.
Some mathematics has been relegated to the first four appendices,
while the fifth contains information on computer software for the
fitting of generalized linear models. The book requires the reader to
have a knowledge of matrix theory, including generalized inverses,
together with basic ideas of probability theory, including orders of

xvi



PREFACE xvii

magnitude in probability. As far as possible, however, the develop-
ment is self-contained, though necessarily fairly condensed because
of the constraints on a monograph in this series. Further reading
is given in the bibliographic sections of various chapters, and the
theory 1is illustrated with a diverse set of worked examples.

We are grateful to Professor J.V. Zidek of the University of
British Columbia and to the Natural Sciences and Engineering
Research Council, Canada, for the opportunity to undertake an
intensive spell of writing. For permission to use previously unpub-
lished data, we wish to thank Dr Graeme Newell, Lloyds Register
of Shipping, and Drs P.M. Morse, K.S. McKinlay and D.T. Spurr.
We are grateful to Miss Lilian Robertson for her careful preparation
of the manuscript.

London and Harpenden P. McCullagh
1983 J.A. Nélder



Preface

The subject of generalized linear models has undergone vigorous
development in the six years since the publication of the first edition
of this book. At the same time many of the key ideas, terminology,
notation, and so on, have diffused into the statistical mainstream,
so there is a need to make the basic material more digestible for
advanced undergraduate and graduate students who have some
familiarity with linear models. Our chief aims in preparing this
second edition have been:

1. to bring the book up to date;

2. to provide a more balanced and extended account of the core

material by including examples and exercises.

The book has therefore been extensively revised and enlarged to
cover some of the developments of the past six years. For obvious
reasons we have had to be selective in our choice of new topics.
We have tried to include only those topics that might be directly
useful to a research scientist. Within this category, though, our
choice of topics reflects our own research interests including, in
particular, quasi-likelihood functions and estimating equations,
models for dispersion effects, components of dispersion (random-
effects models), and conditional likelihoods.

The organization of the basic material in the first six chapters
follows that of the first edition, though with greater emphasis on
detail and more extensive discussion. Numerous exercises, both
theoretical and data-analytic, have been added as a supplement to
each chapter. These six chapters should provide sufficient material
for a one-quarter introductory course on generalized linear models.
The remaining chapters cover more advanced or specialized topics
suitable for a second-level course.

We are indebted to a large number of readers who, over the
past two years, have contributed to the proof-reading process:

xviii
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A.C. Atkinson, L. Friedman, M.L. Frigge, E. Iversen, J. Kolassa,
M.L. Lam, T.M. Redburg, .M. Skovgaard, M. Stein, D.L. Wallace
and W. Wong. We are especially grateful to D.R. Cox, A.C. Davi-
son, M. Drum, D. Firth, G. Glonek, V.N. Nair, D. Pregibon,
N. Reid, D.W. Schafer, S.M. Stigler, R. Tibshirani and S. Zeger for
their constructive and detailed comments on a preliminary version
of the manuscript.

We wish to thank S. Arnold, J. Streibig, P. Verrell and L. Vlee-
shouwers for permission to use previously unpublished data.

This edition has been typeset using TgX. The book includes
more than 40 figures and diagrams, which have been drawn using
PiCTEX (Wichura, 1986).

Some of the research referred to in parts of this book has been
supported in part by National Science Foundation grants over the
past three years.

Finally, the efficient secretarial help of B. Brinton, S. Malkani
and M. Nakatsuka is gratefully acknowledged.

Chicago and Harpenden P. McCullagh
April 1989 J.A. Nelder



CHAPTER 1

Introduction

1.1 Background

In this book we consider a class of statistical models that is a
natural generalization of classical linear models. Generalized linear
models include as special cases, linear regression and analysis-of-
variance models, logit and probit models for quantal responses, log-
linear models and multinomial response models for counts and some
commonly used models for survival data. It is shown that the above
models share a number of properties, such as linearity, that can be
exploited to good effect, and that there is a common method for
computing parameter estimates. These common properties enable
us to study generalized linear models as a single class, rather than
as an unrelated collection of special topics.

Classical linear models and least squares began with the work of
Gauss and Legendre (Stigler, 1981, 1986) who applied the method
to astronomical data. Their data were usually measurements of
continuous quantities such as the positions and magnitudes of the
heavenly bodies and, at least in the astronomical investigations, the
variability in the observations was largely the effect of measurement
error. The Normal, or Gaussian, distribution was viewed as a math-
ematical construct developed to describe the properties of such
errors; later in the nineteenth century the same distribution was
used to describe the variation between individuals in a biological
population in respect of a character such as height, an application
quite different in kind from its use for describing measurement
error, and leading to the numerous biological applications of linear
models.

Gauss introduced the Normal distribution of errors as a de-
vice for describing variability, but he showed that many of the
important properties of least-squares estimates depend not on Nor-
mality but on the assumptions of constant variance and indepen-

1



2 INTRODUCTION

dence. A closely related property applies to all generalized linear
models. In other words, although we make reference at various
points to standard distributions such as the Normal, binomial,
Poisson, exponential or gamma, the second-order properties of the
parameter estimates are insensitive to the assumed distributional
form: the second-order properties depend mainly on the assumed
variance-to-mean relationship and on uncorrelatedness or indepen-
dence. This is fortunate because, in applications, one can rarely be
confident that all aspects of the assumed distributional form are
correct.

Another strand in the history of statistics is the development
of methods for dealing with discrete events rather than with
continuously varying quantities. The enumeration of probabilities
for various configurations in games of cards and dice was a matter
of keen interest for gamblers in the eighteenth century. From
their pioneering work grew methods for dealing with data in the
form of counts of events. In the context of rare events, the
basic distribution is that named after Poisson. This distribution
has been applied to diverse kinds of events: a famous example
concerns unfortunate soldiers kicked to death by Prussian horses
(Bortkewitsch, 1898). The annual number of such incidents during
the period 1875-1894 was observed to be consistent with the
Poisson distribution having mean about 0.7 per corps per year.
There is, however, some variation in this figure between corps and
between years. Routine laboratory applications of the Poisson
model include the monitoring of radioactive tracers by emission
counts, counts of infective organisms as measured by the number
of events observed on a slide under a microscope, and so on.

Closely related to the Poisson model are models for the analysis
of counted data in the form of proportions or ratios of counts. The
Bernoulli distribution is often suitable for modelling the presence
or absence of disease in a patient, and the derived binomial
distribution may be suitable as a model for the number of diseased
patients in a fixed pool of patients under study. In medical and
pharmaceutical trials it is usually required to study not primarily
the incidence of a particular disease, but how the incidence is
affected by factors such as age, social class, housing conditions,
exposure to pollutants, and any treatment procedures under study.
Generalized linear models permit us to study patterns of systematic
variation in much the same way as ordinary linear models are used
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to study the joint effects of treatments and covariates.

Some continuous measurements encountered in practice have
non-Normal error distributions, and the class of generalized linear
models includes distributions useful for the analysis of such data.
The simplest examples are perhaps the exponential and gamma
distributions, which are often useful for modelling positive data
that have positively skewed distributions, such as occur in studies
of survival times.

Before looking in more detail at the history of individual in-
stances of generalized linear models, we make some general com-
ments about statistical models and the part they play in the anal-
ysis of data, whether experimental or observational.

1.1.1 The problem of looking at data

Suppose we have a number of measurements or counts, together
with some associated structural or contextual information, such
as the order in which the data were collected, which measuring
instruments were used, and other differences in the conditions
under which the individual measurements were made. To interpret
such data, we search for a pattern, for example that one measuring
instrument has produced consistently higher readings than another.
Such systematic effects are likely to be blurred by other variation of
a more haphazard nature. The latter variation is usually described
in statistical terms, no attempt being made to model or to predict
the actual haphazard contribution to each observation.

Statistical models contain both elements, which we will call
systematic effects and random effects. The value of a model is
that often it suggests a simple summary of the data in terms of the
major systematic effects together with a summary of the nature
and magnitude of the unexplained or random variation. Such a
reduction is certainly helpful, for the human mind, while it may
be able to encompass say 10 numbers easily enough, finds 100
much more difficult, and will be quite defeated by 1000 unless some
reducing process takes place.

Thus the problem of looking intelligently at data demands the
formulation of patterns that are thought capable of describing
succinctly not only the systematic variation in the data under
study, but also for describing patterns in similar data that might
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be collected by another investigator at another time and in another
place.

1.1.2 Theory as pattern

We shall consider theories as generating patterns of numbers, which
in some sense can replace the data, and can themselves be described
in terms of a small number of quantities. These quantities are called
parameters. By giving the parameters different values, specific
patterns can be generated. Thus the very simple model

y=a + fz,

connecting two quantities y and z via the parameter pair (e, 3),
defines a straight-line relationship between y and z. Suppose now
that there is some causal relationship between z and y in which z
is under control and affects y, and that y can be measured (ideally)
without error. Then if we give z the values

L1, T2y...,Tp,
y takes the values
a+ fzry, a+ fxa,..., a+ Bz,

for the assigned values @ and (3. Clearly, if we know a and 3 we
can reconstruct the values of y exactly from those of z, so that
given zi,...,Zy, the pair (o, f) is an exact summary of ¥;,...,yn
and we can move between the data and the parameters in either
direction.

In practice, of course, we never measure the ys exactly, so that
the relationship between y and z is only approximately linear.
Despite this lack of exactness, we can still choose values of & and
B, a and b say, that in some suitable sense best describe the now
approximately linear relation between y and z. The quantities
a+ bxy, a + bzx,,..., a + bz,, which we denote by §1,%92,...,9n or
f1, fi2,- .., fin, are the theoretical or fitted values generated by the
model and the data. They do not reproduce the original data values
Y1,---,Yn exactly. The pattern that they represent approximates
the data values and can be summarized by the pair (a,b).



1.1 BACKGROUND 5

1.1.3 Model fitting

The fitting of a simple linear relationship between the ys and
the zs requires us to choose from the set of all possible pairs of
parameter values a particular pair (a,b) that makes the patterned
set §1,..., %, closest to the observed data. In order to make this
statement precise we need a measure of ‘closeness’ or, alternatively,
of distance or discrepancy between the observed ys and the fitted
9s. Examples of such discrepancy functions include the L;-norm

S1(9:9) = Y lvi — il
and the L,,-norm
Soo(y,§) = max |y — G-

Classical least squares, however, chooses the more convenient Ls-
norm or sum of squared deviations

Sa(y,9) = Z(yi — §:)?

as the measure of discrepancy. These discrepancy formulae have
two implications. First, the straightforward summation of individ-
ual deviations, either |y; — §;| or (31 — §:)%, each depending on
only one observation, implies that the observations are all made
on the same physical scale and suggests that the observations are
independent, or at least that they are in some sense exchangeable,
so justifying an even-handed treatment of the components. Second,
the use of arithmetic differences y; — §; implies that a given devia-
tion carries the same weight irrespective of the value of §. In sta-
tistical terminology, the appropriateness of L,-norms as measures
of discrepancy depends on stochastic independence and also on the
assumption that the variance of each observation is independent
of its mean value. Such assumptions, while common and often
reasonable in practice, are by no means universally applicable.

The discrepancy functions just described can be justified in
purely statistical terms. For instance, the classical least squares
criterion arises if we regard the z-values as fixed or non-stochastic
and the y-values are assumed to have the Normal, or Gaussian,
distribution with mean g, in which

frequency of y given u o exp{—(y — p)?/(20¢%)}, (1.1)
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where g is linearly related to = through the coefficients @ and .
The scale factor o, which is the standard deviation of y, describes
the ‘width’ of the errors when measured about the mean value. In
older statistical texts, 0.67¢ is sometimes called the probable error
in y.

We can look at the function (1.1) in two ways. If we regard it as
a function of y for fixed u, the function specifies the probability
density of the observations. On the other hand, for a given
observation y, we may regard (1.1) as a function of u giving the
relative plausibility of different values of yx for the particular value
of y observed. It was this second interpretation, known as the
likelihood function, whose value was first stressed by R.A. Fisher.
We notice that the quantity —2I, where [ is the logarithm of the
likelihood function for a sample of n independent values, is equal

to 1
2 Z(yi - mi)?

In other words, apart from the factor o2, here assumed known,
—2[ is identical to the sum-of-squares criterion. As u varies, —2I
takes its minimum value at u = 7, the arithmetic mean of the
observations. For a more complicated model in which p varies in
a systematic way from observation to observation, we define the
closest set { to be that whose values maximize the likelihood or,
equivalently, minimize —2I{. More generally, we can extend our
interest beyond the single point that minimizes —2I, to the shape
of the likelihood surface in the neighbourhood of the minimum.
This shape tells us, in Fisher’s terminology, how much information
concerning the parameters there is in the data.

Appendix A gives a concise summary of the principal properties
of likelihood functions.

Reverting to our example of a linear relationship, we can plot
on a graph with axes @ and g, the contours of equal discrepancy
—2[ for the given data y. In this particular instance, —2[ is a
quadratic function of («,3) and hence the contours are ellipses,
similar in shape and orientation, with the maximum-likelihood
estimate (a,b) situated at their centre. The information in the
data on the parameters (e, ) is given by the curvature matrix
or Hessian matrix of the quadratic. If the axes of the ellipses
are not aligned with the («, 3) axes, the estimates are said to be
correlated. The information is greatest in the direction for which
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the curvature is greatest (see Fig. 3.8). In certain circumstances,
the form of the information surface can be determined before an
experiment is carried out. In other words, the precision achievable
by a given experiment can sometimes be determined in advance
and such information can be used to compute the experimental
resources needed to estimate parameters with a required accuracy.
A similar analysis will also show the parameter combinations that
are badly estimated by the data and this information is often
valuable in choosing among possible experimental designs. Alas,
such calculations are not made nearly often enough!

1.1.4 What is a good model?

To summarize, we aim in model fitting to replace our data y with
a set of fitted values fi derived from a model. These fitted values
are chosen to minimize some criterion such as the sum-of-squares
discrepancy measure Y, (y; — f1;)?. ‘

At first sight it might seem as though a good model is one that
fits the observed data very well, i.e. that makes fi very close to
y. However, by including a sufficient number of parameters in
our model, we can make the fit as close as we please, and indeed
by using as many parameters as observations we can make the
fit perfect. In so doing, however, we have achieved no reduction in
complexity - produced no simple theoretical pattern for the ragged
data. Thus simplicity, represented by parsimony of parameters, is
also a desirable feature of any model; we do not include parameters
that we do not need. Not only does a parsimonious model enable
the research worker or data analyst to think about his data, but
one that is substantially correct gives better predictions than one
that includes unnecessary extra parameters.

An important property of a model is its scope, i.e. the range
of conditions over which it gives good predictions. Scope is hard
to formalize, but easy to recognize, and intuitively it is clear that
scope and parsimony are to some extent related. If a model is made
to fit very closely to a particular set of data, it will not be able to
encompass the inevitable changes that will be found necessary when
another set of data relating to the same phenomenon is collected.
Both scope and parsimony are related to parameter invariance, that
is to parameter values that either do not change as some external
condition changes or that change in a predictable way.
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Modelling in science remains, partly at least, an art. Some
principles do exist, however, to guide the modeller. A first, though
at first sight, not a very helpful principle, is that all models
are wrong; some, though, are more useful than others and we
should seek those. At the same time we must recognize that
eternal truth is not within our grasp. A second principle (which
applies also to artists!) is not to fall in love with one model to
the exclusion of alternatives. Data will often point with almost
equal emphasis at several possible models and it is important
that the statistician recognize and accept this. A third principle
recommends thorough checks on the fit of a model to the data, for
example by using residuals and other statistics derived from the
fit to look for outlying observations and so on. Such diagnostic
procedures are not yet fully formalized, and perhaps never will
be. Some imagination or introspection is required here in order to
determine the aspects of the model that are most important and
most suspect. Box (1980) has attempted a formalization of the
dual processes of model fitting and model criticism.

1.2 The origins of generalized linear models

1.2.1 Terminology

This section deals with the origin of generalized linear models,
describing various special cases that are now included in the class in
approximately their chronological order of development. First we
need to establish some terminology: data will be represented by a
data matrix, a two-dimensional array in which the rows are indexed
by experimental or survey units. In this context, units are the
physical items on which observations are made, for example plots
in an agricultural field trial, patients in a medical survey or clinical
trial, quadrats in an ecological study and so on. The columns of
the data matrix are the variates such as measurements or yields,
treatments, varieties, plot characteristics, patient’s age, weight,
sex and so on. Some of the variates are regarded as responses
or dependent variates, whose values are believed to be affected by
the explanatory variables or covariates. The latter are unfortu-
nately sometimes called independent variates. Tukey (1962) uses
the terms response and stimulus to make this important distinc-
tion. Covariates may be quantitative or qualitative. Quantitative



1.2 THE ORIGINS OF GENERALIZED LINEAR MODELS 9

variates take on numerical values: qualitative variates take on non-
numerical values or Jevels from a finite set of values or labels. We
shall refer to qualitative covariates as factors: such covariates in-
clude classification variables such as blocks, that serve to group the
experimental units, and treatment indicators that may in principle
be assigned by the experimenter to any of the experimental units.
Dependent variables may be continuous, or discrete (in the form of
counts), or they may take the form of factors, where the response
is one of a finite set of possible values or classes. For examples of
the latter type of response, see Chapter 5.

1.2.2 Classical linear models

In matrix notation the set of observations is denoted by a column
vector of observations y = {y1,...,yn}T. The set of covariates or
explanatory variables is arranged as an n x p matrix X. Each row
of X refers to a different unit or observation, and each column to a
different covariate. Associated with each covariate is a coeflicient
or parameter, usually unknown. The set of parameters is a vector
of dimension p, usually denoted by 8 = {fi,...,3,}T. For any
given value of B, we can define a vector of residuals

e(B) =y - Xp.

In 1805 Legendre first proposed estimating the s by minimizing
eTe = 3, e? over values of 8. [Note that both Legendre and
Gauss defined the residuals with opposite sign to that in current
use, i.e. by X8 —y.] In 1809, in a text on astronomy, Gauss
introduced the Normal distribution with zero mean and constant
variance for the errors. Later in his Theoria Combinationis in
1823, he abandoned the Normal distribution in favour of the weaker
assumption of constancy of variance alone. He showed that the
estimates of 3 obtained by minimizing the least-squares criterion
have minimum variance among the class of unbiased estimates.
The extension of this weaker assumption to generalized linear
models was given by Wedderburn (1974) using the concept of quasi-
likelihood. This extension is discussed in Chapter 9.

Most astronomical data analysed using least squares were of the
observational kind, i.e. they arose from observing a system, such
as the Solar System, without perturbing it or experimenting with
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it. The development of the theory of experimental design gave a
new stimulus to linear models and is very much associated with
R.A. Fisher and his co-workers.

1.2.3 R.A. Fisher and the design of experiments

In 1919, Fisher began work at the agricultural research station at
Rothamsted. Within 10 years, he had, among other achievements,
laid the foundations of the design of experiments, a subject that
was substantially developed by his successor, F. Yates, and others
at Rothamsted. In particular, Fisher stressed the value of factorial
experiments in which several experimental and classification factors
are studied simultaneously instead of being varied one at a time.
Thus, with two factors under study, each having two levels, the
one-at-a-time design (a) in Fig. 1.1 was replaced with the factorial
design (b). In the latter case, all combinations of the two factors
are studied.

B(2) . B(2) . .
B(1) . . B(1) . .
Al A(2 A(l A2
(a) (1) (2) ®) (1) (2)

Fig. 1.1. (a) Design for two factors, changing levels one at a time;
(b) factorial design.

The use of factorial designs increases the information per obser-
vation. Their analysis involves factorial models in which the yield
or response is considered to be expressible as the sum of effects due
to individual factors acting one at a time (main effects), effects due
to pairs of factors above and beyond their separate contributions
(two-factor interactions), and so on. Thus, the term ‘factorial’
refers to a particular class of design matrices or model matrices X.
In the case of factorial models, X is a matrix of zeros and ones only
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and is sometimes called an incidence matrix for that particular de-
sign. Factorial models are often called analysis-of-variance models
to be distinguished and contrasted with linear regression models
for which the covariates are continuous and not restricted to the
values zero and one. We shall use the terms factorial design and
linear regression model as descriptors for different kinds of model
matrices X. However, we shall try not to make a major distinction,
but rather to unify the ideas embodied in these two extremes. For
instance, we shall include terms in which the slopes defined by
regression coefficients are allowed to vary with the level of various
indexing factors.

Fisher’s influence on the development of generalized linear mod-
els extends well beyond models for factorial experiments and in-
cludes special models for the analysis of certain kinds of counts
and proportions. We now consider some of the non-classical cases
of generalized linear models that arose in the period 1922-1960.

1.2.4 Dilution assay

The original paper in this context is Fisher (1922), especially sec-
tion 12.3. A solution containing an infective organism is progres-
sively diluted and, at each dilution, a number of agar plates are
‘streaked’. On some of these plates the infective organism produces
a growth on the medium: the rest of the plates remain sterile. From
the number of sterile plates observed at each dilution, an estimate
of the concentration of infective organisms in the original solution
is made.

Assuming for simplicity that dilutions are made in powers of
two, the argument runs as follows. After z dilutions, the number
of infective organisms, p,, per unit volume is

Pz = po/2°, z=0,1,..

where pg, which we wish to estimate, is the density of infective
organisms in the original solution. Assuming that each agar plate
is streaked using a volume, v, of solution, the expected number
of organisms on any plate is p,v and, under suitable mixing
conditions, the actual number of organisms follows the Poisson
distribution with this parameter. Thus the probability that a plate
is infected is just m; = 1 — exp{—p v}, the complement of the first
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term in the Poisson series. It follows that at dilution z
log(— log(1 — wz)) = log v + log p, = logv + log po — zlog2. (1.2)

If at dilution z we have r infected plates out of m, the observed
proportion of infected plates y = r/m may be regarded as the
realization of a random variable Y satisfying

E(Y |z) = 7.

However, this time it is not the mean of Y that bears a linear
relationship to z, but instead the transformation

7 = log(—log(1 — Tz))

known as the complementary log log transformation. To make the
linear relationship explicit, we write

n = a + fz,

where « = logv + log po and § = —log 2.

In this example, we have a slope [ that is known a priori,
an intercept o that bears a simple relationship to the quantity
po that we wish to estimate, and it is not the mean of Y that
is linear in z but a known function of E(Y), in this case the
complementary log log function. For this dilution assay problem,
Fisher showed how to apply maximum likelihood to obtain an
estimator., He also used his concept of information to show
that another estimator, based solely on the number of sterile
plates over all dilutions, contained 87.7% of the information of the
maximum-likelihood estimator. Nowadays, we can use a computer
to calculate the maximum-likelihood estimate with minimal effort:
alternative simpler estimators may still retain a certain appeal,
but computational effort is no longer an important criterion for
selection. The model just described is a particular instance of a
generalized linear model. Fisher’s estimation procedure is an early
non-trivial application of maximum likelihood to a problem for
which no closed-form solution exists.
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1.2.5 Probit analysis

The technique known as probit analysis arose in connection with
bioassay, and the modern method of analysis dates from Bliss (1935).
In toxicology experiments, for example, test animals or insects are
divided into sets, usually, but not necessarily of equal sizes. Each
set of animals is subjected to a known level z of a toxin, or in
other contexts, of a stimulant or dose. The dose varies from set
to set but is assumed to be uniform within each set. For the jth
set, the number y; surviving out of the original m; is recorded,
together with the dose z; administered. It is required to model
the proportion surviving, 7, at dose = as a function of z, which is
usually measured in logarithmic units. The probit model is

Ty = Q(a + ,H.’L‘), (13)

where ®(-) is the cumulative Normal distribution function, and
and § are unknown parameters to be estimated. This model has
the virtue that it respects the property that m, is a probability
and hence must lie between 0 and 1 for all values of z and for
all parameter values. For this reason alone, it is not normally
sensible to contemplate linear models for probabilities. Note also
that if 8 > 0, the survival probability is monotonely increasing in
the applied dose: otherwise, if 3 < 0, the survival probability is
monotonely decreasing in the dose.

Because of the occurrence of y; = 0 or y; = m; at certain high
or low doses, it is not feasible to take ®~'(y;/m;) as the response
variable in order to make the model approximately linear in the
parameters. Infinite values can be avoided by using a modified
empirical transformation such as ®~'{(y; + 3)/(m; + 1)}, but the
choice of modification is to a large extent arbitrary.

Linearity in the parameters is an important aspect of the probit
model (1.3). Note however, that the linearity does not occur di-
rectly in the expression for E(Y’) in terms of z nor in E{®~!(Y/m)}
as a function of z. The linearity in question arises in the expression
for ®=1(rm,), the transformed theoretical proportion surviving at
dose z. This is the same sense in which the model for the dilu-
tion assay (1.2), is linear, although the transformations required to
achieve linearity are different in the two examples.

The probit model exhibits one further feature that distinguishes
it from the usual Normal-theory model, namely that the variance of
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the observed proportion surviving Y /m, is not constant but varies
in a systematic fashion as a function of # = E(Y/m). Specif-
ically, under the usual binomial assumption, Y/m has variance
m(1 — m)/m, which has a maximum at m = 0.5. Generalized linear
models accommodate unequal variances through the introduction
of variance functions that may depend on the mean value through
a known function of the mean.

1.2.6 Logit models for proportions

Dyke and Patterson (1952) published an analysis of some cross-
classified survey data concerning the proportion of subjects who
have a good knowledge of cancer. The recorded explanatory vari-
ables were exposures to various information sources, newspapers,
radio, solid reading, lectures. All combinations of these explana-
tory variables occurred in the sample, though some combinations
occurred much more frequently than others. A factorial model was
postulated in which the logit or log odds of success, log{r/(1—7)} is
expressed linearly as a combination of the four information sources
and interactions among them. Success in this context is interpreted
as synonymous with ‘good knowledge of cancer’. Dyke and Patter-
son were successful in finding a suitable model of this kind, though
the fitting, which was done manually, took several days. Similar
computations done today take only a few seconds.

Dyke and Patterson’s application of the linear logistic model was
to survey data. Linear logistic models had earlier been used in the
context of bioassay experiments (see, for example, Berkson, 1944,
1951).

1.2.7 Log-linear models for counts

The analysis of counted data has recently given rise to an extensive
literature mainly based on the idea of a log-linear model. In such
a model, the two components of the classical linear model are
replaced in the following way:

Classical Log-linear
linear model model
Systematic effects additive multiplicative

Nominal error distribution Normal Poisson
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The Poisson distribution is the nominal distribution for counted
data in much the same way that the Normal distribution is the
bench-mark for continuous data. Such counts are assumed to
take the values 0,1,2,... without an upper limit. The Poisson
distribution has only one adjustable parameter, namely the mean
i, which must be positive. Thus the mean alone determines the
distribution entirely. By contrast, the Normal distribution has two
adjustable parameters, namely the mean and variance, so that the
mean alone does not determine the distribution completely.

Since the Poisson mean is required to be positive, an additive
model for y is normally considered to be unsatisfactory. All linear
combinations = Y B;x; become negative for certain parameter
combinations and covariate combinations. Hence, although g =
Y_ Bjxz; may be found to be adequate over the range of the data,
it is often scientifically dubious and logically unsatisfactory for
extrapolation. In the model with multiplicative effects, we set
u = exp(n) and 75 rather than u obeys the linear model. This
construction ensures that u remains positive for all 7 and hence
positive for all parameter and covariate combinations.

The ideas taken from factorial design and regression models
carry over directly to log-linear models except that the effects or
parameters of interest are contrasts of log frequencies. For the
purpose of explanation and exposition, such contrasts are usually
best back-transformed to the original frequency scale and expressed
as multiplicative effects.

It often happens with counted data that one of the classifying
variables, rather than the counts themselves, is best regarded as
the response. In this case, the aim usually is to model the way
in which the remaining explanatory variables affect the relative
proportions falling in the various categories of response. Normally,
we would not aim to model the total numbers of respondents as
a function of the response variables, but only the way in which
these respondents are distributed across the k response categories.
In this context, it is natural to consider modelling the errors by
the multinomial distribution, which can be regarded as a set of
k independent Poisson random variables subject to the constraint
that their total is fixed. The relationship between Poisson log-
linear models and multinomial response models is discussed further
in section 6.4. It is possible, though not always desirable, to handle
multinomial response models by using a suitably augmented log-
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linear model.

Routine use of log-linear models has had a major impact on
the analysis of counted data, particularly in the social sciences.
Both log-linear and multinomial response models are special cases
of generalized linear models and are discussed further in Chapters

4 to 6.

1.2.8 Inverse polynomials

Polynomials are widely used in biological and other work for
expressing the shape of response curves, growth curves and so on.
The most obvious advantage of polynomials is that they provide
an infinite sequence of easily-fitted curves. The main disadvantage
is that in most scientific work, the response is bounded, whereas
polynomials, when extrapolated, become unbounded. Moreover,
responses are often required to be positive, whereas polynomials are
liable to become negative in certain ranges. In many applications,
for example in the context of growth curves, it is common to
find that the response approaches a plateau or asymptote as the
stimulus increases. Polynomials do not have asymptotes and hence
cannot be consistent with this known form of limiting behaviour.
Hyperbolic response curves of the form

z/y = a+ fz,

which do have asymptotes, have been used in a number of contexts
such as the Michaelis—-Menten equations of enzyme kinetics. The
inverse polynomials introduced by Nelder (1966) extend this class
of response curve to include inverse quadratic and higher-order
inverse polynomial terms. More than one covariate can be included.
Details are discussed in Chapter 8, which deals also with the case of
continuous response variables in which the coefficient of variation
rather than the variance is assumed constant over all observations.

1.2.9 Survival data

In the past 15 years or so, great interest has developed in models
for survival in the context of clinical and surgical treatments.
Similar problems, though with a rather different emphasis, occur
in the analysis of failure times of manufactured components. In
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medical experiments particularly, the data usually contain censored
individuals. Such individuals are known to have survived up
to a given time but their subsequent progress is not recorded
either because the trial ends before the outcome is known or
because the patient can no longer be contacted. In medical
trials, such patients are said to be censored or ‘lost to follow-up’.
Aitkin and Clayton (1980) and Whitehead (1980) have shown how
the analysis of censored survival data can be moulded into the
framework of generalized linear models. This transformation is
simplest to achieve when there are no time-dependent covariates:
in more complicated cases, the computations are best done with
the assistance of specially written computer programs.

1.3 Scope of the rest of the book

In Chapter 2, we outline the component processes in model fitting,
describe the components of a generalized linear model, the defini-
tions of goodness-of-fit of a model to data, a method for fitting gen-
eralized linear models and some asymptotic theory concerning the
statistical properties of the parameter estimates. Chapter 3 deals
with classical models for continuous data, in which the systematic
effects are described by a linear model and the error variances are
assumed constant and independent of the mean response. Many
of the ideas introduced in this classical context carry over with
little or no change to the whole class of generalized linear mod-
els. In particular, descriptive terms and model formulae that are
used to specify design or model matrices are equally appropriate
for all generalized linear models. The three subsequent chapters
describe models that are relevant for data in the form of counts
or proportions. Random variation in this context is often suitably
described by the Poisson, binomial or multinomial distributions:
systematic effects are assumed to be additive on a suitably chosen
scale. The scale is chosen in such a way that the fitted frequencies
are positive and the fitted proportions lie between 0 and 1. Where
response categories are ordered, models are chosen that respect
this order. Chapter 8 introduces generalized linear models for
continuous data where, instead of assuming that the variance is
constant, it is assumed instead that the coefficient of variation,
o/u, is constant. In other words, the larger the mean response, the
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greater the variability in the response. Examples are drawn from
meteorology and the insurance industry.

A major extension of the applicability of generalized linear mod-
els was made by Wedderburn (1974) when he introduced the idea of
quasi-likelihood. Wedderburn showed that often it is not necessary
to make specific detailed assumptions regarding the random vari-
ation. Instead, many of the more useful properties of parameter
estimates, derived initially from likelihood theory, can be justified
on the grounds of weaker assumptions concerning independence
and second moments alone. Specifically, it is necessary to know
how the variance of each observation changes with its mean value
but it is not necessary to specify the distribution in its entirety.
Models based on quasi-likelihood are introduced informally, where
appropriate, in earlier chapters, while in Chapter 9, a more sys-
tematic account is given.

Medical research is much concerned with the analysis of survival
times of individual patients. Different patients have different
histories and are assigned to ome of several treatments. It is
required to know how the survival time is affected by the treatment
given, making such allowance as may be required for the differing
histories of the various patients. There is a close connection
between the analysis of survival times and the analysis of, say,
S-year survival rates, The latter problem falls under the rubric
of discrete data or binary data. Such connections are exploited
in Chapter 13 in order to handle survival times in the context of
generalized linear models.

Frequently it happens that a model would fall into the linear
category if one or two parameters that enter the model in a non-
linear way were known a priori. Such models are sometimes said
to be conditionally linear. A number of extensions to conditionally
linear models are discussed in Chapter 11.

Chapter 10 discusses the simultaneous modelling of the mean
and dispersion parameters as functions of the covariates, which are
typically process settings in an industrial context.

Chapter 14 gives a brief introduction to problems in which
there are several variance components, or dispersion components,
associated with various sub-groups or populations. In this context
it is usually unrealistic to assume that the observations are all
independent.
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1.4 Bibliographic notes

The historical development of linear models and least squares
from Gauss and Legendre to Fisher has previously been sketched.
For further historical information concerning the development of
probability and statistics up to the beginning of the twentieth
century, see the book by Stigler (1986).

The term ‘generalized linear model’ is due to Nelder and Wed-
derburn (1972), who showed how linearity could be exploited to
unify apparently diverse statistical techniques.

For an elementary introduction to the subject, see the book by

Dobson (1983).

1.5 Further results and exercises 1

1.1 Suppose that Yj,...,Y; are independent and satisfy the
linear model

»
pi = E(Y;) = Zfﬂijﬁj
i=1

for given covariates z;; and unknown parameters §. Show that if
Y; has the Laplace distribution or double exponential distribution
1
Fri(yis i) = 5~ exp{—ly; — il/o’}

then the maximum-likelihood estimate of @ is obtained by mini-
mizing the L;-norm

$1(9:9) =Y lyi — il
over values of  satisfying the linear model.

1.2 In the notation of the previous exercise, show that if ¥; is
uniformly distributed over the range u; + o, maximum-likelihood
estimates are obtained by minimizing the Lo-norm,

Soo () = max|ys = Gil

Show also that linearity of the model is irrelevant for the conclu-
sions in both cases.
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1.3 Justify the conclusion of the previous two exercises that the
estimates of the regression parameters are unaffected by the value
of ¢ in both cases. Show that the conclusion does not extend to
either of the following distributions even though, in both cases, o
is a scale factor.

oy = el —p/o}
fr(v;p,0) Tt exp{(y_”)/g}}z
1

fY(lh/l,U) - 7T0'{1 + (y—H)Z/UZ}

1.4 Find the maximum-likelihood estimate of ¢ for each model.
Show that, for the models in Exercises 1.1 and 1.2, § is a function
of the minimized norm.

1.5 Suppose that X;, X, are independent unit exponential ran-
dom variables. Show that the distribution of ¥ = log(X;/X>) is

exp(y)

fr(y) = Tep@)

for —oo < y < 00.
Find the distribution of Y if the Xs have the Weibull density

fx(z) = tp(pz) " texp{~(pz)"},  pT T >0.
[Hint: first find the distribution of (pX)7.]

1.6 The probable error, 7, of a random variable Y may be defined
by
pr(|Y — M| > 1) = 0.5,
where M is the median of Y. Find the probable errors of
1. the exponential distribution;
2. the double exponential distribution (Exercise 1.1);
3. the logistic distribution (Exercise 1.3);
4, the Cauchy distribution (Exercise 1.3);
5. the Normal distribution.
Discuss briefly the differences between the probable error and
the inter-quartile range.
The historical definition of probable error appears to be vague.
Some authors take M to be the mean; others take 7 to be a multiple
(0.67) of the standard deviation.



CHAPTER 2

An outline of generalized linear
models

2.1 Processes in model fitting

In Chapter 1 we considered briefly some of the reasons for model
fitting as an aid for interpreting data. Before describing the form
of generalized linear models (GLMs) we look first at the processes
of model fitting, following closely the ideas of Box and Jenkins
(1976), which they applied to time series. Three processes are
distinguished: (i) model selection, (ii) parameter estimation and
(iii) prediction of future values. Box and Jenkins use ‘model
identification’ in place of our ‘model selection’, but we prefer to
avoid any implication that a correct model can ever be known with
certainty. In distinguishing these three processes, we do not assume
that an analysis consists of the successive application of each just
once. In practice there are backward steps, false assumptions that
have to be retracted, and so on.

We now look briefly at some of the ideas associated with each
of the three processes.

2.1.1 Model selection

Models that we select to fit to data are usually chosen from a
particular class and, if the model-fitting process is to be useful, this
class must be broadly relevant to the kind of data under study.
An important characteristic of generalized linear models is that
they assume independent (or at least uncorrelated) observations.
More generally, the observations may be independent in blocks
of fixed known sizes. As a consequence, data exhibiting the
autocorrelations of time series and spatial processes are expressly
excluded. This assumption of independence is characteristic of the

21
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linear models of classical regression analysis, and is carried over
without modification to the wider class of generalized linear models.
In Chapter 9 we look at the possibility of relaxing this assumption.
A second assumption about the error structure is that there is
a single error term in the model. This constraint excludes, for
instance, models for the analysis of experiments having more than
one explicit error term, Perhaps the simplest instance of a model
excluded by this criterion is the standard linear model for the split-
plot design, which has two error terms, one for between-whole-plot
variance and one for within-whole-plot variance. Again, we shall
later relax this restriction for certain kinds of GLMs.

In practice, these two restrictions on the form of the error dis-
tribution are less restrictive than they might appear at first sight.
For instance autoregressive models can easily be fitted using pro-
grammes designed expressly for ordinary linear models. Further,
certain forms of dependence, such as that occurring in the analysis
of contingency tables where a certain marginal total is fixed, can in
fact be handled as if the observations were independent. Similarly,
though a grouping factor corresponding to a nuisance classification
may induce correlations within groups, a within-groups analysis
after elimination of the effects of that nuisance factor can proceed
as if the observations were independent.

The choice of scale for analysis is an important aspect of model
selection. A common choice is between an analysis of Y, ie. the
original scale, or logY. To the question ‘What characterizes a
“good” scale?’ we must answer that it all depends on the purpose
for which the scale is to be used. To quote from the preface to the
first edition in Jeffreys (1961): ‘It is sometimes considered a para-
dox that the answer depends not only on the observations but on
the question; it should be a platitude’. In classical linear regression
analysis a good scale should combine constancy of variance, approx-
imate Normality of errors and additivity of systematic effects. Now
there is usually no a priort reason to believe that such a scale exists,
and it is not difficult to imagine cases in which it does not. For
instance, in the analysis of discrete data where the errors are well
approximated by the Poisson distribution, the systematic effects
are often multiplicative. Here Y2 gives approximate constancy of
variance, Y3 does better for approximate symmetry or Normality,
and log Y produces additivity of the systematic effects. Evidently,
no single scale will simultaneously produce all the desired proper-
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ties.

With the introduction of generalized linear models, scaling
problems are greatly reduced. Normality and constancy of variance
are no longer required, although the way in which the variance
depends on the mean must be known. Additivity of effects, while
still an important component of all generalized linear models,
can be specified to hold on a transformed scale if necessary. In
generalized linear models, additivity is, correctly, postulated as a
property of the expected responses. Additivity with respect to the
data themselves can only ever be a rough approximation.

There remains the problem in model selection of the choice of
z-variables (or covariates as we shall call them) to be included in
the systematic part of the model. There is a large literature on this
topic in linear models. In its simplest form, we are given a number
of candidate covariates, 1, ..., Z,, and are required to find a subset
of these that is in some sense best for constructing the fitted values

b= ijﬁj'

Implicit in the strategies that have been proposed is that there is a
balance to be struck between improving the fit to the observed data
by adding an extra term to the model and the usually undesirable
increase in complexity implicit in this extra term. Note that even
if we could define exactly what is meant by an optimum model in
a given context, it is most unlikely that the data would indicate
a clear winner among the potentially large number of competing
models. We must anticipate that, clustered around the ‘best’ model
will be a set of alternatives almost as good and not statistically
distinguishable. ~Selection of covariates is discussed at various
points in the chapters that follow, particularly in section 3.9 and
in the various examples.

2.1.2 Estimation

Having selected a particular model, it is required to estimate the
parameters and to assess the precision of the estimates. In the
case of generalized linear models, estimation proceeds by defining
a measure of goodness of fit between the observed data and the
fitted values generated by the model. The parameter estimates are
the values that minimize the goodness-of-fit criterion. We shall
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be concerned primarily with estimates obtained by maximizing the
likelihood or log likelihood of the parameters for the data observed.
If f(y;6) is the density function or probability distribution for
the observation y given the parameter 8, then the log likelihood,
expressed as a function of the mean-value parameter, u = E(Y), is
Jjust
Hp; y) = log f(y;6).

The log likelihood based on a set of independent observations
Y1y-- -, Yn 18 just the sum of the individual contributions, so that

Hp;y) = Z log fi(ys; 6;)

where g = (u),...,4n). Note that the density function f(y;8) is
considered as a function of y for fixed § whereas the log likelihood
is considered primarily as a function of § for the particular data y
observed. Hence the reversal of the order of the arguments.

There are advantages in using as the goodness-of-fit criterion,
not the log likelihood I(m;y) but a particular linear function,
namely .
D*(y;w) = 2l(y;y) — 2(m;y),
which we call the scaled deviance. Note that, for the exponential-
family models considered here, [(y;y) is the maximum likelihood
achievable for an exact fit in which the fitted values are equal to
the observed data. Because [(y;y) does not depend on the param-
eters, maximizing {(p;y) is equivalent to minimizing D*(y; u) with
respect to @, subject to the constraints imposed by the model.

For Normal-theory linear regression models with known variance
o2, we have for a single observation

1 (y— u)?
fyip) = Tana?) exp( oo )

so that the log likelihood is
u;y) = —3log(2m?) — (y — w)*/(207).

Setting i = y gives the maximum achievable log likelihood, namely
I(y;y) = —§ log(2ma?),

so that the scaled deviance function is

D*(y; 1) = 2{U(w; v) — U w)} = (y — w)?/o?.
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Apart, therefore, from the known factor o2, the deviance in this
instance is identical to the residual sum of squares and minimum
deviance is synonymous with least squares.

2.1.3 Prediction

Prediction, as interpreted here, is concerned with answers to ‘what-
if’ questions of the kind that may be posed following a statistical
analysis. In the context of a time series such a question might take
the form ‘what is the predicted value of the response at time ¢ in the
future, given the past history of the series and the model used in the
analysis?’. More generally, prediction is concerned with statements
about the likely values of unobserved events, not necessarily those
in the future. For example, following an analysis of the incidence of
heart disease nationally, the data being classified by region and age-
group, a typical ‘what-if’ question is ‘what would be the predicted
incidence for a particular city if it had the same age structure as
the country as a whole?’. This kind of prediction is an instance of
standardization. For another example, consider a quantal response
assay in which we measure the proportion of subjects responding
to a range of dose levels. We fit a model expressing how this
proportion varies with dose, and from the fitted model we predict
the dose that gives rise to a 50% response rate, the so-called
LD50. This answers the question ‘what would be the predicted
dose if the response rate were 50%?’. The word calibration is often
used here to distinguish inverse prediction problems, in which the
response is fixed and we are required to make statements about the
likely values of z, from the more usual type in which the roles are
reversed.

To be useful, predicted quantities need to be accompanied
by measures of precision. These are ordinarily calculated on
the assumption that the set-up that produced the data remains
constant, and that the model used in the analysis is substantially
correct. For an account of prediction as a unifying idea connecting
the analysis of covariance and various kinds of standardization, see
Lane and Nelder (1982).
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2.2 The components of a generalized linear model

Generalized linear models are an extension of classical linear mod-
els, so that the latter form a suitable starting point for discussion.
A vector of observations y having n components is assumed to
be a realization of a random variable Y whose components are
independently distributed with means g. The systematic part of
the model is a specification for the vector g in terms of a small
number of unknown parameters 31, ..., 3. In the case of ordinary
linear models, this specification takes the form

14
p=>_ %0, (2.1)
1

where the (s are parameters whose values are usually unknown
and have to be estimated from the data. If we let i index the
observations then the systematic part of the model may be written

P
EY)=pi=)Y azh; i=1,...,n, (2.2)
1

where x;; is the value of the jth covariate for observation i. In
matrix notation (where gisnx 1, X isn x pand Bis p x 1) we
may write

p=Xp

where X is the model matrix and B is the vector of parameters.
This completes the specification of the systematic part of the
model.

For the random part we assume independence and constant vari-
ance of errors. These assumptions are strong and need checking,
as far as is possible, from the data themselves. We shall consider
techniques for doing this in Chapter 12. Similarly, the structure
of the systematic part assumes that we know the covariates that
influence the mean and can measure them effectively without error;
this assumption also needs checking, as far as is possible.

A further specialization of the model involves the stronger as-
sumption that the errors follow a Gaussian or Normal distribution
with constant variance o2.

We may thus summarize the classical linear model in the form:
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The components of Y are independent Normal variables with
constant variance o2 and

E(Y)=pu where p=Xg (2.3)

2.2.1 The generalization

To simplify the transition to generalized linear models, we shall
rearrange (2.3) slightly to produce the following three-part specifi-
cation:

1. The random component: the components of Y have inde-
pendent Normal distributions with E(Y) = g and constant
variance 02;

2. The systematic component: covariates x;, Xz, ...,X, produce
a linear predictor 5 given by

P
n= Z x]'ﬁj?
1
3. The link between the random and systematic components:
B =1

This generalization introduces a new symbol 5 for the linear
predictor and the third component then specifies that ; and n are
in fact identical. If we write

= g(uz)v

then g(-) will be called the link function. In this formulation,
classical linear models have a Normal (or Gaussian) distribution in
component 1 and the identity function for the link in component 3.
Generalized linear models allow two extensions; first the distribu-
tion in component 1 may come from an exponential family other
than the Normal, and secondly the link function in component 3
may become any monotonic differentiable function.
We look first at the extended distributional assumption.
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2.2.2 Likelihood functions for generalized linear models

We assume that each component of Y has a distribution in the
exponential family, taking the form

fr(y:0,) = exp{(y0 — b(6)) /a($) + c(y, ¢) } (2.4)

for some specific functions a(-),b(-) and ¢(-). If ¢ is known, this is
an exponential-family model with canonical parameter 8. It may
or may not be a two-parameter exponential family if ¢ is unknown.
Thus for the Normal distribution

fr 0:0,9) = s exp{~(y ~ #)/20%)
= exp{(y — 1¥/2)/0* — $(4/? + log(2ma?)},
so that 8 = u, ¢ = 02, and
a(@) =6, b(6) =06%2, c(y,4) = —{y*/o? + log(2ma?)}.

We write [(6,¢;y) = log fy(y;0,¢) for the log-likelihood func-
tion considered as a function of § and ¢, y being given. The
mean and variance of ¥ can be derived easily from the well known

relations Y
E(%) =0 (2.5)
and . oy alN:
(302) + E(aa) =0 (26)

We have from (2.4) that

1(6;y) = {y6 — b(8)}/a(9) + c(y, $),

whence
ol ,
o5 = = ¥()}/a() (27)
and
8%l "
o = 0 (O)/a(9) (28)

where primes denote differentiation with respect to 6.
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From (2.5) and (2.7) we have

ol

0=E(g5) = {u=b0)}/a(9),

so that
E(Y)=u=1"V'0).

Similarly from (2.6), (2.7) and (2.8) we have

so that
var(Y) = b"(0)a(¢).

Thus the variance of V" is the product of two functions; one, b"'(9),
depends on the canonical parameter (and hence on the mean)
only and will be called the variance function, while the other is
independent of # and depends only on ¢. The variance function
considered as a function of g will be written V(u).

The function a{¢) is commonly of the form

o) = ¢/w,

where ¢, also denoted by 02 and called the dispersion parameter,
is constant over observations, and w is a known prior weight that
varies from observation to observation. Thus for a Normal model
in which each observation is the mean of m independent readings
we have

a(¢) = o’/m,

so that w = m.
The most important distributions of the form (2.4) with which
we shall be concerned are summarized in Table 2.1.
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2.2.3 Link functions

The link function relates the linear predictor n to the expected
value u of a datum y. In classical linear models the mean and the
linear predictor are identical, and the identity link is plausible in
that both n and p can take any value on the real line. However,
when we are dealing with counts and the distribution is Poisson,
we must have u > 0, so that the identity link is less attractive, in
part because 7 may be negative while 4 must not be. Models
for counts based on independence in cross-classified data lead
naturally to multiplicative effects, and this is expressed by the log
link, n = log u, with its inverse u = e"7. Now additive effects
contributing to n become multiplicative effects contributing to u
and u is necessarily positive.

For the binomial distribution we have 0 < g < 1 and a link
should satisfy the condition that it maps the interval (0,1) on to
the whole real line. We shall consider three principal functions in
subsequent chapters, namely:

1. logit

n =log{u/(1 -}

2. probit
n = (u);
where ®(-) is the Normal cumulative distribution function;
3. complementary log-log
n = log{—log(1 - p)}.

The power family of links is important, at least for observations
with positive mean. This family can be specified either by

n=(p*—1)/A (2.9a)
with the limiting value
n=logy; as A—0, (2.9b)
or by
A
_Iwh A#0,
n {log u; A=0. 210)

The first form has the advantage of a smooth transition as A passes
Fhrough zero, but with either form special action has to be taken
In any computation with A = 0.
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2.2.4 Sufficient statistics and canonical links

Each of the distributions in Table 2.1 has a special link function
for which there exists a sufficient statistic equal in dimension to 8
in the linear predictor § = )" x;3;. These canonical links, as they
will be called, occur when

6 =n,

where 6 is the canonical parameter as defined in (2.4) and shown
in Table 2.1. The canonical links for the distributions in that table

are thus:

Normal n=p,

Poisson 1 =logu,

binomial 7 = log{n/(1 — )},
gamma, n=up"",

inverse Gaussian n=u2

For the canonical links, the sufficient statistic is XTY in vector
notation, with components

inj)/i’ j=1""7p7
i

summation being over the units. Note however, that, although the
canonical links lead to desirable statistical properties of the model,
particularly in small samples, there is in general no a priori reason
why the systematic effects in a model should be additive on the
scale given by that link. It is convenient if they are, but convenience
alone must not replace quality of fit as a model selection criterion.
In later chapters we shall deal with several models in which non-
canonical links are used. We shall find, however, that the canonical
links are often eminently sensible on scientific grounds.
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2.3 Measuring the goodness of fit

2.3.1 The discrepancy of a fit

The process of fitting a model to data may be regarded as a way
of replacing a set of data values y by a set of fitted values f
derived from a model involving usually a relatively small number
of parameters. In general the us will not equal the ys exactly, and
the question then arises of how discrepant they are, because while
a small discrepancy might be tolerable a large discrepancy is not.
Measures of discrepancy or goodness of fit may be formed in various
ways, but we shall be primarily concerned with that formed from
the logarithm of a ratio of likelihoods, to be called the deviance.

Given n observations we can fit models to them containing
up to n parameters. The simplest model, the null model, has
one parameter, representing a common 4 for all the ys; the null
model thus consigns all the variation between the ys to the random
component. At the other extreme the full model has n parameters,
one per observation, and the us derived from it match the data
exactly. The full model thus consigns all the variation in the ys to
the systematic component leaving none for the random component.

In practice the null model is usually too simple and the full
model is uninformative because it does not summarize the data
but merely repeats them in full. However, the full model gives us a
baseline for measuring the discrepancy for an intermediate model
with p parameters.

It is convenient to express the log likelihood in terms of the
mean-value parameter g rather than the canonical parameter 8.
Let I(js,$;y) be the log likelihood maximized over B for a fixed
value of the dispersion parameter ¢. The maximum likelihood
achievable in a full model with n parameters is {(y, @#;y), which is
ordinarily finite. The discrepancy of a fit is proportional to twice
the difference between the maximum log likelihood achievable and
that achieved by the model under investigation. If we denote by
@ = 0(js) and @ = O(y) the estimates of the canonical parameters
under the two models, the discrepancy, assuming a;(¢) = ¢/w;,
can be written

S 2uwi{yi(6: — 6;) - (@) + b0}/ ¢ = D(y: /4,

where D(y; ft) is known as the deviance for the current model and
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is a function of the data only. Note that
D*(y; ) = D(y; )/ 6,
so that the scaled deviance D*(y; ) as defined in section 2.1.2 is

the deviance expressed as a multiple of the dispersion parameter.
The forms of the deviances for the distributions given in Table

2.1 are as follows, sumnmation being over i = 1,...,n:

Normal Yy - ),

Poisson 23> {ylog(y/a) — (v — )},

binomial 23 {ylog(y/a) + (m — y) log[(m—y)/(m—p)]},
gamma 23 {—log(y/a) + (y — &)/},

inverse Gaussian Y (v — 2)?/(4%y).

For the Normal distribution the deviance is just the residual sum
of squares, while for the Poisson it is the statistic labelled G% by
Bishop, Fienberg and Holland (1975) and others. The second term
in the expressions for the Poisson and gamma deviances is often
omitted for brevity. Provided that the fitted model includes a
constant term, or intercept, the sum over the units of the second
term is identically zero, justifying its omission. For details, see
Nelder and Wedderburn, (1972).

The other important measure of discrepancy is the generalized

Pearson X? statistic, which takes the form

X2 =3 "(y - A)*/V(@),
where V(f1) is the estimated variance function for the distribution
concerned. For the Normal distribution, X? is again the residual
sum of squares, while for the Poisson or binomial distributions it
is the original Pearson X? statistic.

Both the deviance and the generalized Pearson X ? have exact x?
distributions for Normal-theory linear models (assuming of course
that the model is true), and asymptotic results are available for
the other distributions. However, asymptotic results may not be
specially relevant to statistics calculated from limited amounts of
data, and for these either D or X? may prove superior in its
distributional properties. The deviance has a general advantage
as a measure of discrepancy in that it is additive for nested sets of
models if maximum-likelihood estimates are used, whereas X2 in
general is not. However, X% may sometimes be preferred because
of its more direct interpretation.
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2.3.2 The analysis of deviance

The analysis of variance, particularly when applied to orthogonal
data with Normal errors, is a highly useful technique for screen-
ing the effects of factors and their interactions. We need some
generalization of it applicable to the wider class of generalized
linear models. There are two aspects of the generalization that
need consideration: first, the terms in the model will, in general,
no longer be orthogonal and secondly, sums of squares will, for
non-Normal distributions, no longer be appropriate measures of
the contribution of a term to the total discrepancy. The second
problem is the more easily dealt with, and we consider it first.
The terms in the analysis of variance can usefully be thought of as
the first differences of the goodness-of-fit statistic for a sequence of
models, each including one term more than the previous one. Thus
the factorial model for two factors A and B gives rise to an analysis
of variance with three terms A, B and the interaction A.B. The
sums of squares for these are the first differences of the residual
sums of squares obtained from fitting successively the models 1, A,
A+ B and A+ B+ A.B, where 1 stands for the null model containing
only the intercept. As an example, consider the following analysis
of an unreplicated 4 x 3 factorial design indexed by A and B:

Analysis of variance

Model d.f. Discrepancy 8.s. d.f. Term
1 11 1000

500 3 A ignoring B

A 8 500

300 2 B eliminating A
A+ B 6 200 .

200 6 A.B eliminating
A+ B+ AB 0 0 A and B

On the left is the sequence of models with their discrepancies, as
measured by the residual sums of squares; note that the discrepancy
for model 1 is just the total sum of squares about the mean in the
analysis-of-variance table, while the last model is the full model,
i.e. has as many parameters as observations, so that the degrees
of freedom (d.f.) and the discrepancy are both zero. On the right
is the analysis-of-variance table, with the sums of squares (s.s.)
obtained from the first differences of the discrepancies.
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The form of the generalization is now clear. Given a sequence of
nested models we can use the deviance as our generalized measure
of discrepancy, and form an analysis-of-deviance table by taking the
first differences, as before. However, the interpretation of this table
is now complicated by the non-orthogonality of the terms. Each
number represents the variation accounted for by its corresponding
term having eliminated the effects of those terms above it, but
ignoring any effects of those terms below it. We may thus need to
consider several model sequences, each producing its own analysis-
of-deviance table. Note that this problem is present with classical
linear models when non-orthogonality occurs. We shall not discuss
here the various strategies that have been proposed for generating
and looking at the goodness of fit of sets of model sequences. Suffice
it to say that the aim of these strategies is to produce parsimonious
models for the data in which terms that are not necessary are
excluded. Note the use of the plural in ‘models’; it is most unlikely
with complex data that a single model will be a clear winner, and
it can be most misleading to quote only the ‘best’ model, when
several others are very close to it in terms of goodness of fit.

Once we depart from the Normal-theory linear model we gener-
ally lack an exact theory for the distribution of the deviance. In cer-
tain special cases, for example with observations in a simple design
having exponential or inverse Gaussian distributions, exact results
can be found. Usually, however, we rely on the y? approximation
for differences between deviances for nested models. See appen-
dices A and C. In some circumstances the deviance itself may be
approximated by x?, for example in discrete data problems where
the counts are large. In general, however, the x? approximations
for the deviance are not very good even as n — oo. Further work
on the asymptotic distribution of D(Y; f) remains to be done. The
analysis-of-deviance table is best regarded as a screening device for
picking out obviously important terms, no attempt being made to
assign precise significance levels to the raw deviances.
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2.4 Residuals

For Normal models we can express the dependent variate in the
form

y=ﬂ+(y_ﬂ)a

i.e. datum = fitted value + residual. Residuals can be used to ex-
plore the adequacy of fit of a model, in respect of choice of variance
function, link function and terms in the linear predictor. Residuals
may also indicate the presence of anomalous values requiring fur-
ther investigation (see Chapter 12). For generalized linear models
we require an extended definition of residuals, applicable to all the
distributions that may replace the Normal. It is convenient if these
residuals can be used for the same purposes as standard Normal
residuals.

In the following section, we use the theoretical form, involving
p rather than i, and we define three forms of generalized residual,
which we call the Pearson, Anscombe and deviance residuals.

2.4.1 Pearson residual

The Pearson residual, defined by

_ Y-
™ = \/ (u), (2.11)

is just the raw residual scaled by the estimated standard deviation
of Y. The name is taken from the fact that for the Poisson
distribution the Pearson residual is just the signed square root of
the component of the Pearson X? goodness-of-fit statistic, so that

ng = X2,

However Pearson'’s statistic is used in this book not so much as a
goodness-of-fit statistic but as a measure of residual variation.
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2.4.2 Anscombe residual

A disadvantage of the Pearson residual is that the distribution of
rp for non-Normal distributions is often markedly skewed, and so
it may fail to have properties similar to those of a Normal-theory
residual. Anscombe proposed defining a residual using a function
A(y) in place of y, where A(-) is chosen to make the distribution of
A(Y') ‘as Normal as possible’. Wedderburn (unpublished, but see
Barndorff-Nielsen, 1978) showed that, for the likelihood functions
occurring in generalized linear models, the function A(:) is given

by J
yis
4= [ gy

Thus for the Poisson distribution we have

dp

falall %/3
ulf3

_ 3
=K,

so that we base our residual on y%3 — 43, Now the transformation
that ‘Normalizes’ the probability function does not at the same
time stabilize the variance, so that we must scale by dividing by
the square root of the variance of A(Y’), which is, to the first order,
A'(1)v/V(u). Thus for the Poisson distribution the Anscombe
residual, to be denoted by 74, is given by

3 %(yZ/S _ ”2/3)
et

See Anscombe (1953) and Cox and Snell (1968) for the definition
of the corresponding residual for the binomial distribution. For the
gamma distribution the Anscombe residual takes the form

3y' — ')
Ta = T.

This cube-root transformation was used by Wilson and Hilferty
(1931) to normalize variables with a x? distribution. Similarly the
inverse Gaussian distribution gives

ra = (logy — log ) /p*?..
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Table 2.2 Comparison of Poisson residuals

TA ™ TP

¢ P -1) {2(clogc —c+ 1)} -1
0.0 -1.5 —-1.414 -1.0
0.2 —0.987 —0.956 -0.8
0.4 —0.686 —0.683 -0.6
0.6 —0.433 —0.432 -0.2
1.0 0.0 0.0 0.0
1.5 0.466 0.465 0.5
2.0 0.881 0.879 1.0
2.5 1.263 1.258 1.5
3.0 1.620 1.610 2.0
4.0 2.280 2.256 3.0
5.0 2.886 2.845 4.0
10.0 5.462 5.296 9.0

2.4.3 Deviance residual
If the deviance is used as a measure of discrepancy of a generalized

linear model, then each unit contributes a quantity d; to that
measure, so that }_ d; = D. Hence if we define

rp = sign(y — p)V/d;,

we have a quantity that increases with y; — u; and for which
S-rZ = D. Thus for the Poisson distribution we have

ro = sign(y — u){2(y log(y/p) — y + u)}2.

Although the Anscombe and deviance residuals appear to have very
different functional forms for non-Normal distributions, the values
that they take for given y and p are often remarkably similar, as is
clear from a Taylor series expansion. Consider again the Poisson
distribution and set y = cu, so that

ra = 3u!2( - 1)
and
rp = sign(c — 1)p¥?[2(clogc — ¢ + 1)) 2.

Table 2.2 shows that the two functions 3(c*® — 1) and [2(clogc —
¢+ 1)]¥2 are numerically very similar for a range of values of c.



40 AN OUTLINE OF GENERALIZED LINEAR MODELS

Within this range the maximum difference between r, and rp
is about 6% at ¢ = 0, and much less over most of the range. The
Pearson residual is considerably greater in the upper part of the
range but goes less far in the negative direction.

For a more extensive examination of definitions of residuals in
exponential-family models, see Pierce and Schafer (1986).

2.5 An algorithm for fitting generalized linear models

We shall show that the maximum-likelihood estimates of the par-
ameters # in the linear predictor 7 can be obtained by iterative
weighted least squares. In this regression the dependent variable
is not y but z, a linearized form of the link function applied to y,
and the weights are functions of the fitted values 4. The process
is iterative because both the adjusted dependent variable z and
the weight W depend on the fitted values, for which only current
estimates are available. The procedure underlying the iteration is
as follows. Let 9, be the current estimate of the linear predictor,
with corresponding fitted value iy derived from the link function
n = g(u). Form the adjusted dependent variate with typical value

20="70+(y— uo)(ZZ)

where the derivative of the link is evaluated at fig. The quadratic
weight is defined by

dn

-1

A (dﬂ) Vo, (2.12)
where V; is the variance function evaluated at fig. Now regress zg
on the covariates z1,...,z, with weight Wy to give new estimates

B1 of the parameters; from these form a new estimate 4, of the
linear predictor. Repeat until changes are sufficiently small.

Note that z is just a linearized form of the link function applied
to the data, for, to first order,

9(y) =~ g(p) + (v — wg' (1)
and the right-hand side is

dn
n+(y— u)dﬂ
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The variance of Z is just W ™! (ignoring the dispersion parameter),
assuming that n and p are fixed and known. In this formulation
the way in which the calculations for the regression are to be done
is left open; we discuss some possibilities in section 3.8.

A convenient feature of this algorithm is that it suggests a simple
starting procedure to get the iteration under way. This consists of
using the data themselves as the first estimate of fip and from this
deriving fjo, (dn/du)e and Vy. Adjustments may be required to the
data to prevent, for example, our trying to evaluate log(0) as the
starting value for 7 when the log link is applied to counts whose
value is zero. These adjustments are described in the appropriate
chapters, as will various complexities sometimes associated with
the convergence of the iterative process.

2.5.1 Justification of the fitling procedure

We first show that the maximum-likelihood equations for 3; are
given by

S W) 5z =0 (213)

for each covariate x;, where ) without a suffix denotes summation
over the units, and W is defined in equation (2.12) above.
The log likelihood for a single observation, in canonical form, is

given by
‘ I = {y0 —b(8)}/a(¢) + c(y, )

and we require an expression for 01/80;. Now, by the chain rule,

ol ol dd du On

8B; 86 du dn 8p;

From ¥'(6) = p and b"(0) = V we derive du/df = V, and from
n =3 Bjz; we get On/dP; = x;. Therefore

O _w-w s
55 a@ V"
Wi,
“ae Y ™

from (2.12).
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With constant dispersion (a(¢) = ¢), the factor a(¢) disappears
and we arrive at (2.13) after summing over the observations. With
unequal prior weights, giving a dispersion of the form ¢/w, an extra
factor w enters (2.13).

Fisher’s scoring method uses the gradient vector 0l/08 = u,
say, and minus the expected value of the Hessian matrix

say.

62
(aﬁraﬂs) A,

Given the current estimate b of 8, we derive an adjustment éb
defined as the solution of

Aéb=nu.

Now the components of u (omitting the dispersion factor) are

d
UT=ZW(y—H)£iEr,

so that
6u,
Are = ~Fap,
=—E2[y Iz 6ﬂ{ }+ —(y 1) {(2.14)

The first term vanishes on taking expectations while the second

reduces to
Z W a ﬂs Z Wz, x,.

Thus A is the weighted sums-of-squares-and-products matrix of
the covariates with weights W.
The new estimate b* = b 4 éb of # thus satisfies the equation

Ab" = Ab+ Aéb=Ab+u

Now

= Z Argbs = Z ern'
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Thus the new estimate b* satisfies

(Ab*), = Z Wz, {n+ (y — p)dn/du},

where the sum is over the n units. These equations have the form
of linear weighted least-squares equations with weight

vy

and dependent variate
dn
z=n+(y—p)5-
( du

Note that simplification occurs for the canonical links where
the expected value and the actual valye of the Hessian matrix
coincide, so that the Fisher scoring method and the Newton-
Raphson method reduce to the same algorithm. This comes about
because the linear weight function Wdn/dy in the maximum-
likelihood equations (2.13) is a constant, so that the first term
in the expansion of the Hessian (2.14) is identically zero. Note also
that W = V for this case. Finally, if the model is linear on the scale
on which Fisher’s information is constant, i.e. ¢’(u) = V_%(u), the
vector of weights is constant and need not be recomputed at each
iteration.

2.6 Bibliographic notes

The fitting of generalized linear models is accomplished here using
a variant of the Newton-Raphson method known as the scoring
method. This variation was first introduced in the context of probit
analysis by Fisher (1935) in the appendix of a paper by Bliss (1935).
Details are given by Finney (1971). For further discussion and
extensions see Green (1984) and Jgrgensen (1984).

The term ‘generalized linear model’ is due to Nelder and Wed-
derburn (1972), who extended the scoring method to deal with
maximum-likelihood estimation for exponential-family models. See
also Bradley (1973) and Jennrich and Moore (1975).
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Linear exponential family models (with canonical link) have
been studied by Dempster (1971), Berk (1972), and Haberman
(1977). For an extensive rigorous mathematical treatment see
Barndorff-Nielsen (1978). Important special cases of linear expo-
nential family models have been considered by Cox (1970) and by
Breslow (1976).

2.7 Further results and exercises 2

2.1 Let fo(y) be an arbitrary density or probability distribution
having moment generating function

M(§) = E{exp(§Y)} = exp{b(£)},

assumed finite for a range of {-values that includes 0. Now consider
the exponentially weighted density

fy (y;0) < exp(8y) fo(y)-

Derive the normalization factor for the weighted density and show
that fy(y;6) has the exponential-family form (2.4) with a(¢) = 1.

2.2 Show that the cumulants of the weighted density fy (y;6) are

given by
ke = b{(6),

whereas the cumulants of the initial density are b(")(0).

2.3 LetY),...,Y, be v independent copies of the random variable
Y having the weighted density function fy(y;8). Show that the
arithmetic mean Y = (Y + ... + Y,)/v has a density of the form
(2.4) with a(¢) = v~!. Show also that the cumulants of ¥ are

ke (V) = 0(8) /"L
Hence establish a central-limit theorem for densities of the form

(2.4). [Jgrgensen, 1987].

2.4 Discuss the limitations of the averaging operation as a way
of generating a two-parameter family of distributions suitable for
statistical work. Consider in particular the following points:
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1. parameter interpretation,

2. possible non-integer values of v,

3. dependence of the support of ¥ or vY on the parameters,
particularly where fo(y) is discrete.

2.5 Go through the calculations indicated in the previous four
exercises, beginning with the distribution fo(y), which attaches
probability one half to y = 0 and y = 1. What is the distribution
of vY'?

2.6 Beginning with the discrete distribution fo(y) o 1/y! for
y=1,2,..., derive the corresponding exponential family by going
through the calculations of Exercises 2.1-2.3. Find the cumulant
function b(#) and hence derive the likelihood equation for 0 based
on a sample of independent and identically distributed observa-
tions.

2.7 For the distribution (2.4), show that the rth cumulant of YV’
is

ke = b (0) x a" ().
Hence deduce that
K3 = Kok and K4 = KaKj,
where primes denote differentiation with respect to p.
2.8 Show that
(1 _ .’L‘Z)"_l/z

_l<z<l,
(1- 207+ 02)* B(v + L, 1) =%=

fx(l';a,l/) =

is a probability density on (—1, 1) for all parameter values v > —%,
—1 < 8 <1 (McCullagh, 1989). [If all efforts at integration fail,
check that the claim is true for § = £1,0 and, by numerical
integration using Simpson’s rule or other Newton-Cotes formula,
for other values of (6,v).]

Sketch the density for = 0, £, £1, v = 3.

2.9 For the density given above, show that for all r > —v,

E( 1- X2 )T_ Bv+r+3,3)
1-20X +62/  Br+15, 1)

E(I_f%im)=0
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Hence deduce that T(6) = (1 — X%)/(1 — 26X + 6?) is a pivotal
statistic whose distribution does not depend on 6. Find the
distribution of T'.

2.10 Show that for fixed 6 the density fx(z;8,v) given above is
of the exponential-family type (2.4) with ¢ = 1, y = log T(6) and
canonical parameter v. Find the cumulant function b(:).

2.11 Show that —2vlogT(f,) is the scaled deviance statistic
for testing the hypothesis Hy : § = 6y on the basis of a single
observation X. Deduce that for large v and under Hy

—(2v + 1) log T(8o) ~ X3

approximately.

2.12 Suppose that X,,..., X, are independent and identically
distributed with density fx(z;8,v) as given above. Show that 6.,
the maximum-likelihood estimate of 8 for fixed v, is independent
of v. Calculate the Fisher information for (6, ) and show that this
matrix is diagonal.

2.13 Using the result given in Exercise 2.8 show that

(1 _ xZ)V—l/Z ,0,21/
(1-20z+62)* B(v + 3,3)

fx(z;0,v) = v>-110>1,

is a probability density on the interval —1 < z < 1 for the
parameter values indicated. Comment on the behaviour of the
likelihood function and the Fisher information near § = =1.
[McCullagh, 1989].

2.14 In order to construct a family of the type (2.4), suppose we
begin with the logistic density
e’ 1

fo(z) = Trer = (2cosh($/2))2 for — oo <z <oo0.

Show that the associated exponential family, also known as the
exponentially tilted family, is

e(1+6) e*(119) sin(7f)

[@0 = Gy e ora=0 = (1+e7n0




2.7 EXERCISES 2 47

for —1 < 8 < 1. Deduce that f(x;8) = f(—z;—8). Plot the density
for # = 0.25, 0.5 and 0.75. Find the cumulant function 5(#) and
show that the mean of the tilted density is

1
E(X;6)=V(0) = i m cot(m8).
Plot F(X;6) against 6 to show that the mean-value parameter is
a monotone function of the canonical parameter.
For what values of 8 does exp{X) have an F-distribution?

2.15 Discuss the connection between the above exponential fam-
ily and the family generated by the particular hyperbolic secant
density

z
fZ(xao)—W for —oco<z <00
whose cumulant generating function is —2logcos @ for |[§] < 7 /2.
Find the mean and variance of the tilted density as functions
of 8. Plot the exponentially tilted density fa(z;8) for 8 = 0, /6
and m/3. [Morris, 1982, section 5.]



CHAPTER 3

Models for continuous data with
constant variance

3.1 Introduction

Generalized linear models are essentially an extension of classical
linear models and this chapter presents these classical models in
a way that makes the extension appear natural. There is an
enormous literature on classical linear models, not all of it helpful
to the reader, and no attempt will be made in this chapter to
give a comprehensive account of the subject. Rao (1973), Draper
and Smith (1981), Seber (1977) and Atkinson (1985) are excellent
reference books covering various aspects of classical linear models.

The subject matter of this chapter is linear models, which we
shall write in the following form:

P
Y:L'NN(/LL"UZ)? p=1, 'I=ijﬂja
1
observations Normally  identity  linear predictor (3.1)
distributed and link; based on ’
independent; covariates
X100y Xp.

The data vector y, the mean vector g, and the linear predictor,
7, all have n components. The leftmost component of (3.1) is a
specification of the random part of the model. The other compo-
nents describe the systematic parts, which include the construction
of the linear predictor 5 from the covariates, and the link between
n and p. By suppressing the link, and regarding the x; as the p
columns of a matrix X, we recover the standard matrix formulation

E(Y) = XB,

48
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where B is the set of parameters written in vector form. Note
that we have restricted our attention to the sub-class of linear
models in which there is only one error component and in which the
errors are independent. Models involving components of variance
are therefore excluded.

We now consider in more detail the random and systematic parts
of the model (3.1).

3.2 Error structure

In classical linear models, the vector of observations, y, is assumed
to be a realization of a random variable, Y, which is Normally
distributed with moments

E(Y)=p and cov(Y) =L (3.2)

Thus the observations are assumed to have equal variances and to
be independent.

The assumption of Normality, although important as the basis
for an exact small-sample theory, is not so important in large
samples. For there the central-limit theorem offers protection from
all but the most extreme distributional deviations from Normality.
There may, however, be a modest loss of efficiency, which can be
recovered if the true distribution is known and used in place of the
Normal. For details, see Cox and Hinkley (1968).

The theory of least squares can be developed using only first- and
second-moment assumptions in addition to independence, without
requiring the additional assumption of Normality. This is fortunate
because in applications we can rarely be entirely confident that
the assumed distributional form is correct. It is this second-order
aspect of linear models that is emphasized here. From the present
viewpoint, therefore, the important assumption in (3.2) is that the
variance of an observation is the same for all values of u. This is
an assumption that can and should be checked, either by graphical
examination of the residuals or by computing an appropriate test
statistic. Checks such as these are described in Chapter 12.

The emphasis on second-moment assumptions over fully spec-
ified distributional assumptions extends to all generalized linear
models and is discussed more fully in Chapter 9.
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Fig. 3.1. The Normal (or Gaussian) distribution with mean p and
standard deviation o.

The frequency function of the univariate Normal distribution
takes the form

1
V2mra?

The distribution is symmetrical with mode, mean and median all
at u. The standard deviation, o, is the horizontal distance between
the mean and the point of inflection of the density. About 68%,
95% and 99.8% of the distribution lies in the ranges y+ o, u + 20
and p £ 30 respectively. The log-likelihood function for a single
observation with known variance is a parabola whose maximum is
at y and whose second derivative is —1/02.

The Normal distribution is useful primarily as a model for mea-
surements of continuous quantities, though it can also be used as
an approximation for discrete measurements. It is frequently used
to model data, such as weights, lengths and time, which, though
continuous, are essentially positive, although the distribution itself
covers the entire real line. Such usage is acceptable in practice
provided that the data values are sufficiently far removed from zero.
If, for example, data have a mean of 100 and a standard deviation
of 10, the part of the Normal distribution covering the negative half
of the real line is negligible for most practical purposes. If data y
that are essentially positive approach the origin, then it will often
be found that the data themselves contradict the assumption of
constant variance independent of xz. When this occurs, a Normal
distribution for log Y will often be found to be a better approxima-
tion than a Normal distribution for Y. Alternatively, the gamma
distribution (Chapter 8) may be used.

Y
exp(—gr‘g)—) for — o0 <y <oo.
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3.3 Systematic component (linear predictor)

We aim in this section to study various aspects of the linear

predictor
p
n= ijﬂj,
1

which occurs in all generalized linear models. The covariates,
X1,...,Xp, May be continuous measurements, incidence vectors
for qualitative factors of various types, or incidence vectors for
interactions among these. Concise description and automatic con-
struction of such vectors is an important aspect of the specification
and fitting of generalized linear models.

3.3.1 Continuous covariates

These comprise covariates such as mass, temperature, time, aniount
of fertilizer or drug, concentration of a solute and so on, which can
take values on a continuous scale. Models containing only terms
with continuous covariates are often called regression models, to
be contrasted with analysis-of-variance models, which have only
terms involving qualitative factors. Provided that there is only
one component of error variance, we shall not make this distinc-
tion. Indeed, by introducing mixed terms in section 3.3.4, we shall
deliberately seek to blur the distinction because many interesting
models involve terms of both types.

Linearity in the present context means linearity of n in the
parameters. Consequently a continuous covariate z in a model term
may be replaced by an arbitrary function g(z), such as log{dose)
in a dose-response model, without destroying the linearity of the
model. In particular we may use z2,z?,.. . in addition to z to build
up a polynomial in z, without destroying the linearity. Similarly,
the linear model Gy + Gx) + P2xz2 may be expanded to include
the product term (3,222, producing a bilinear relationship. If the
terms are rearranged in the form

(Bo + B2z2) + (Br + Praza)zy,

they show a linear relationship in z; in which both slope and
intercept are linear functions of z2. The alternative rearrangement

(Bo + Brz1) + (B2 + Prazr)z2
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expresses the bilinearity in complementary form.

A function such as exp(yz), however, produces a non-linear
model unless -y is known a priori. If v is unknown, the model is not
linear, and some non-linear optimization technique is required to
minimize the discrepancy function. It may, however, be helpful to
fit the model for a few suitably chosen values of y. Such models that
are partly linear and partly non-linear are discussed in Chapter 11.

3.3.2 Qualitative covariates

Sets of observations are frequently indexed by one or more classi-
fying factors, or factors for short. Each factor has an associated in-
dex, whose values partition the data into disjoint groups or classes.
Thus, in a field experiment, one such factor might define the block
into which each unit (plot) falls, while another might define the
crop variety to be planted in that plot.

A factor can take only a limited set of possible values, to be
called levels. The k levels can always be coded using the integers
1,2,...,k, although the coding 0,1,...,k~1 is sometimes more
convenient. Such a coding defines the formal levels of a factor.
In practice the levels usually have names or numerical values and
these we call actual levels. Actual levels may be

1. ordered with numerical formal levels, such as the amount of
fertilizer in an agricultural experiment; or

2. ordered but without relative magnitudes for the levels, such as
socioeconomic status; or

3. unordered, such as the names of crop varieties in a variety
trial.

Factors occurring in a model may be of primary interest, mean-
ing that a principal purpose of the study is to measure their effect.
Treatment factors in a designed experiment are obviously of this
kind. In surveys, classification factors such as educational status,
marital status, religious affiliation and so on are of this type. Fac-
tors of secondary interest are those producing effects that must
be accommodated in the model, but which are not of primary
interest. Examples are blocking factors in a randomized blocks
design and, usually, census enumeration district in a survey. The
distinction between primary and secondary factors is not absolute,
but depends on the aims of the study concerned.
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The simplest term in a linear predictor generated by a factor is
a component of the intercept. Consider a model with one covariate
z and linear predictor
n=a+ fz.

If A is a factor with index i, then the extended linear predictor
might become
m = a; + Bz,

implying a separate intercept for each level of A, but a common
slope /3, assumed constant over the levels of the factor. Note that if
a factor has numerical levels, we could also treat it as a quantitative
covariate having only a few distinct values. If we treat it as a
factor, we fit a separate effect for each level in an unstructured
way, whereas if we treat it as a quantitative variate, we impose a
linear form on the response. Alternatively, and perhaps preferably,
we may use polynomials in the actual levels to detect deviations
from linearity.

Frequently data are cross-classified by many factors simultan-
eously. If A, B and C are three such factors with indices ¢,j,%
respectively, the simplest model ordinarily considered has the form

@i + B + Y-

This is the so-called main-effects model, which implies that if we
arrange the data in a rectangular block and then look at cross-
sections of the data for each level of A, we shall find that they
can be modelled by effects of B and C that are additive and
equal in each cross-section. Similarly for the other factors. In
order to achieve a satisfactory fit, however, it may be necessary
to include terms analogous to (12222 with continuous covariates.
Such terms, of the algebraic form (of);;, imply a separate effect for
each combination of the indices 7 and j and are called interactions.
We shall refer to (@f);; as a two-factor interaction, but the term
‘first-order interaction’ is also used, the order being one less than
the number of factors involved.

The relationships between interactions and main effects have
been the subject of much confusion in the literature. We consider
them in more detail in section 3.5.
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3.3.3 Dummy variates

If 7 is the index for the levels of factor A with k levels, the term a;
may be written in vector notation as

aiu) + azuy + ... + Uy,

where the u; are dummy variates whose components take the value
1 if the unit has factor A at level j, and zero otherwise. The termns
incidence vector and mdicator vector are also used. Thus if £ = 3
and the formal levels for five observations are 1, 2, 2, 3, 3, the
dummy variates (u,, uz, u3) take values as follows:

Unit A u; g us
1 1 1 0 0
2 2 0 1 . 0
3 2 0 1 0
4 3 0 0 1
5 3 0 0 1

Note that,
uy+uzt+uz=1

irrespective of the allocation of levels to units. The constant vector,
1, is the dummy variate corresponding to the intercept term, often
written as g, in the linear predictor. The relation between the
terms 1 and o; is a simple instance of intrinsic aliasing, to be
discussed in section 3.5.

A compound term such as (@f);; has dummy variates, (uw)y,
whose values are products of corresponding components of u; and
v;, the dummy variates for A and B as single-factor terms. It
follows then that

Z(W)ij =v; and Z(W)ij = w;,
i J

again irrespective of the allocation of factor levels to units. Thus
main effects are intrinsically aliased with interactions in which they
are included.
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3.3.4 Mizxed terms

In section 3.3.2 we considered a model
7 = a; + Bz,

in which the intercept varies with the factor level, but where the
slope is constant over levels. Sometimes, however, the slope may
also change with the factor level, requiring the term Sz to be
replaced by B;z. Terms in the linear predictor in which a slope or
regression coefficient changes with the level of one or more factors
are called mixed, because they include aspects of both continuous
and qualitative covariates. It is important that any computer
program for fitting linear models should allow mixed terms to be
specified as easily as continuous and qualitative terms, because the
assumption frequently made, that a slope is the same for all levels
of a factor, ought to be easily testable. The simplest test is to
compare the fit of the model having constant slope with the fit
when the slope is allowed to vary from level to level.

Dummy variates for mixed terms take the same form as those
for factors except that the 1s are replaced by the corresponding
z-values. Using the same factor allocation as in the previous
section, and with the covariate x as shown, the dummy variates
for the mixed term G;x, again written as (uj, uz,u3), take values
as follows:

Unit A T u; u2 u3
1 1 1 1 0 0
2 2 3 0 3 0
3 2 5 0 5 0
4 3 7 0 0 7
5 3 9 0 0 9

Here
u; + uz + uz = X,

again irrespective of the allocation of levels to units.
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3.4 Model formulae for linear predictors

3.4.1 Individual terms

We now describe a notation that is helpful for the specification of
linear predictors in generalized linear models. The notation, due to
Wilkinson and Rogers (1973), is compact and is easily adapted for
use in computer programs. The convention is continued that names
beginning with letters from the first half of the alphabet refer to
factors, and those from the second half to continuous covariates.
The indices associated with the levels of factors A,B,C,... are
1,5,k,... . The Table below lists some kinds of terms that occur
in simple model formulae. Algebraic expressions are presented
together with the corresponding model formula term. Note the
use of A instead of 3 for the coefficient of a continuous covariate to
avoid confusion with the parameters for factor B.

Type of term Algebraic Model formula term
Continuous covariate Az X
Factor a; A
Mized Aix AX
Compound ©3); A.B
Compound mized AijT A.B.X

In the model-formula version X stands for itself, a single vector.
By contrast, A stands for a set of dummy variates, one variate as
indicator for each level of the factor. The remaining types of term
also stand for the appropriate set of dummy variates. Thus terms
in a model formula represent vector subspaces and do not involve
the parameters explicitly. Parameters occur only implicitly, one
per basis vector in each subspace.

3.4.2 The dot operator

This operator, already exemplified in the formation of compound
terms, implies the formation of all elementwise products of the
constituent vectors. For example, if A is the three-level factor
and X the covariate vector with values shown at the end of
section 3.3.4, then A.X denotes the three vectors (u,;, uy, us ) shown
there. By extension, if B is a two-level factor with dummy variates
v1, vy, then A.B denotes six dummy vectors corresponding to all
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elementwise products of u; with v;. Note that if A has k levels,
A.A comprises k vectors equal to the k¥ dummy vectors for A, and
k(k — 1) null vectors with all components zero. Such null vectors
may be omitted, effectively making
A.A=A
However, in general,
XX #X,
the left-hand side being a vector with components z2. (Note that
in both the computer programs GLIM and Genstat, where this
notation has been adopted, compound terms involving more than
one continuous covariate are not permitted in model formulae.
They must be computed explicitly, preferably after subtracting
column means.)
The dot operator is commutative so that
A.B = B.A,
and associative, so that
(A.B).C = A.(B.C).
Thus we may write A.B.C without ambiguity, the order in which
the factors are included being unimportant.

3.4.3 The + operator
Terms in a model formula may be joined using the operator +,
with exactly the same usage as in the algebraic expression for the
model formula. Repetitions of terms are ignored, so that
A+ A=A

it being pointless to specify the same vector subspace twice. In
vector-space terminology A + B defines a subspace in B" spanned
by linear combinations of vectors in A and B.

It is convenient to assign lower priority to + than to the dot, so
that

AB+C=(AB)+C.
The dot is distributive with respect to +, so that
A(B+C)=AB+ AC.

These are the fundamental operators required in the specification
of model formulae and the other useful operators that follow are
defined in terms of them.
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3.4.4 The crossing (*) and nesting (/) operators

The crossing operator, denoted by *, is used mainly to simplify the
specification of factorial models. Thus

AxB=A+B+ A.B
Ax*xBxC=A+B+C+AB+A.C+B.C+ AB.C,

and so on. In these expansions A and B may themselves be replaced
by model formulae. The operator * has higher priority than +, but
lower priority than dot. Thus

AxB+(C=A+B+C+AB
AxB.C=A+B.C+ A.B.C.

Note the convention followed in expanding expressions, that all
simple terms come first, followed by two-component terms and so
on. This convention, though not essential, is helpful when it comes
to understanding intrinsic aliasing in models (Section 3.5).

The crossing operator is associative, and distributive with re-
spect to +, for

Ax(B+C)=A+(B+C)+ A(B+C)
=A+B+C+AB+ AC
=A+B+AB+A+C+ AC
=AxB+ AxC.

When a compound term such as A.B is preceded in an expanded
mode] formula by both constituent terms A and B, it is called the
interaction of A and B. The nature of the interaction term will be
discussed further in section 3.5.

The nesting operator / relates to an indexing system, which,
in its simplest form, has two indices ¢ and j, but no connection
between observations (4, j) and (s/, j), though there is a connection
between observations (i, j) and (z, ). Typically, ¢ defines the levels
of a blocking factor and j identifies an element within a block.
There is no necessary connection between the first observation in
one block and the first observation in another, but two observations
in the same block have their block in common and may tend to be
similar on that account. For a nested treatment structure, consider
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a set of plant varieties categorized as early (z = 1), mid-season
(1 = 2), or late (z = 3) in cropping. Within each group there is
a number of distinct varieties, no variety belonging to more than
one group. Two varieties may be connected by being in the same
group (¢ the same), but there is no connection between the first
variety in two different cropping groups (j the same, ¢ different).
The appropriate linear predictor for nesting is written as

A/B= A+ A.B,

In the expanded formula the compound term A.B is preceded by
only one constituent term. The interpretation of A.B is now that
of B within A. }

"~ As before, A and B may themselves be model formulae, with
the rule that if pt(A4) denotes the product term (using dots} of all
elements in A, then A/B is defined by

A/B = A +pt(A).B.
Thus, for example
(AxB)/C=AxB+ AB.C.
The nesting operator is associative, so that
A/(B/C) = (A/B)/C,
and distributive with respect to +, since
A/(B+C)=A+A(B+C)=A+AB+A+A.C=A/B+A/C.

Like the crossing operator, the nesting operator is given a priority
between . and +. By convention we give it higher priority than *.

3.4.5 Operators for the remouval of terms

The operator — has the obvious meaning as the inverse or opposite
of 4. It is used for the removal of terms in a model formula. Thus

A*xB—-AB=A+B.
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Similarly,
AxBxC—-ABC=A+B+C+AB+AC+B.C

is a concise notation for a model with all main effects and two-factor
interactions.

It is sometimes required to remove from a model all those
compound terms that include a given factor or factors. Two
operators —/ and —x cater for this; —/A means ‘remove all
compound terms that include A, but excluding A itself’, while
— * A means ‘remove all terms that include A’. Thus

AxB+xC—-/A=A+B+C+B.C

and
AxBxC —xA=B+C+ B.C.

3.4.6 Ezponential operator

If M is a model formula and I is an integer, then
MxxI=M*xMx*...x M,

the right side containing / Ms. This operator is useful for speci-
fying factorial models that include all terms up to a given level of
interaction. For example

(A+B+C)xx2=A+B+C+AB+AC+B.C.

This operator has highest priority.

We shall use this notation for the specification of linear pre-
dictors wherever possible. Readers should bear in mind that this
model-formula notation (strictly speaking, a subset of it} can be
used directly for this purpose in the computer systems Genstat and

GLIM.
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3.5 Aliasing -

Each term in a model formula describes a set of covariates to be
included in a linear predictor. If such a set is denoted by x1, ..., Xp,
the xs being n-vectors, then the covariates can be thought of as
defining p directions in n-dimensional Enclidean space. These p
vectors define a subspace of up to p dimensions. The maximum
dimension is achieved if the xs are linearly independent, i.e. if there
does not exist a set of coeflicients £;, not all zero, such that

p
Z §]~xj =0.
1

If k independent linear relations exist, then the set of covariates
spans a space of dimension p — k. Ordinarily the individual terms
in an expanded model formula will form subspaces of maximum
dimension. Loss of dimension may occur, however, when we
consider joint subspaces covered by more than one term.

Z

(iii)
Fig. 3.2. Venn diagrams for relationships between subspaces of terms in

a linear model: (i) P and Q linearly independent; (i) @ entirely aliased
with P; (iii) @ partially aliased with P.

We now consider the possible relationships between the sub-
spaces defined by two terms in a model formula. The terms are
denoted by P and @, their dimensions by p and ¢, with p > q.
There are three possible relationships between P and Q.

1. All p + q vectors defining P and @ are linearly independent,
so that the dimension of the space P + @ is p + q.

2. All the vectors of @) are expressible as linear combinations of
the p vectors in P, so that the dimension of P + @ is p.

3. k of the q vectors in @) are expressible as linear combinations
of those in P.
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The corresponding Venn diagrams are shown in Fig. 3.2. Clearly
(i) and (ii) are extreme cases of (iii) for which ¥k = 0 and k = ¢
respectively. Note the special case of (ii} when p = ¢, so that P
and @ span identical subspaces.

The effect on the terms in a generalized linear model of over-
lapping subspaces is to produce what is called aliasing. Certain
combinations of covariates are then identical to other combina-
tions, so that the corresponding combinations of parameters cannot
be distinguished. Consider, for example, measurements made on
leaves having the property that area = constantxlength xbreadth,
with length and breadth being measured as well as area. Suppose
that the covariates in the model are

z) = log length,
z2 = log breadth,

z3 = log area,
and that the linear predictor is to be formed as
n = Bo+ bz1 + P2 + Pazs.
Now, since area = constant xlengthxbreadth, we have
T3 =c+ 11 + T2, (3.3)

where ¢ is the logarithm of the constant in the formula for area.
Hence 7 may be expressed in terms of z; and z; as

n = PFo+ Piz1 + Paza + Balc + =1 + z2) ,
= Bo + Bsc+ (O + F3)x1 + (B2 + Bs)xa.

Thus we can distinguish the three combinations of the s
Bo + Bac, P+ B3, and [+ P,

but not the four parameters Gy, 41, G2, O3 separately. If we write zg
for the constant vector, i.e. the dummy vector for the term Gy, we
see from (3.3) that z3 is a linear combination of g, z, and z2. In
other words, the subspace for z3, with one dimension, is contained
in the sum or span of the subspaces for zg, 2, and z».
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If in addition the leaves are all of the same shape, in the sense
that the ratio of length to breadth is constant, we have

/
T2 =C + 21,

where breadth/length = exp(c’). The linear predictor now reduces
further to

n=LFo+ biz) + Bo(c' + z1) + Pa(c+ z1+ ¢ + z1)
= fo + Bac’ + B3(c+ ') + (B1 + B2 + 203)x1.

Now, only two parameter combinations, namely
Bo + Pac' + Ba(c+ ') and  S1+ F2 + 20,

are distinguishable, and the dimension of the space spanned by
Zg,Z1,Z2 and z3 is reduced from four to two.

An important aspect of this example is that the aliasing is
intrinsic to the problem. Given that all leaves are the same shape
and that all measurements are made without error, aliasing will
occur whatever the sizes of the leaves. Such intrinsic aliasing
is found most commonly, however, where terms involving factors
occur in a model.

3.5.1 Intrinsic aliasing with factors

Consider a model formula containing the intercept together with
the single factor A, which we write as

1+ A4,

where 1 stands for the dummy vector with all elements 1. An
equivalent algebraic expression for the components of the linear
predictor is

Nij = B+ ai,

where : indexes the groups defined by A and j indexes the units
or observations within the groups. The dummy vectors for A
add up to the constant vector, or dummy vector for u, because
each observation has factor A at exactly one level. Thus y is
aliased with )" «;, and further, it is intrinsically aliased because
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the relation holds whatever the allocation of units to the groups.
The relationship between u and a; is not symmetric because the
dummy vector for u lies wholly in the space of the dummy vectors
for a;, but not vice versa. We say that p is marginal to the as. As
a consequence, the terms in the model ¢ + a; are ordered because
of the marginality relationship. One effect of this ordering is that
it does not make sense to consider the hypothesis that ¢z = 0 when
the a; are not assumed known.

The linear predictor is clearly unchanged if we add a constant
to z and subtract the same constant from each ;. This operation
leaves unchanged the quantities pg + «; and also any contrast
S Aia; with Y A; = 0. Combinations that are unaffected by
this operation are said to be estimable. The parameters y and
a; separately are not estimable because the aliasing pattern makes
them indistinguishable from g + ¢ and a; — ¢¢ When we come
to estimate the parameters, this ambiguity can be resolved by
imposing a constraint on the estimates to give a unique solution
to the least-squares equations. It must be stressed, however, that
any such constraint on the estimates fi, &; of u,a; is a convention
only, and is of no significance in judging the adequacy of the
model. Constraints are not to be thought of as part of the model
specification: they are merely a convenient way of resolving an
ambiguity and they do not affect the meaning or interpretation of
the model. In particular, there is no implication that a similar
constraint should be imposed on the parameters ¢ and «;; in fact,
where intrinsic aliasing occurs, the imposition of constraints on
parameters as well as on their estimates is a common source of
confusion.

For the above model, three possible constraints, chosen from an
infinity of possibilities, are as follows:

1. it =0, so that the &; give the group means directly;

2. &, = 0, so that the first group mean is f, and az,ds, ...
measure differences between other group means and the first;

3. 3" é&; =0, so that i is the average of the group means and &;
is the deviation of the ith group mean from f.

As an example, consider four groups with means 6, 9, 12 and
13. Then the three constraints produce parameter estimates in the
linear predictor with the following values:
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Estimate with constraint

Parameter (1.) (2.) (3.)
1 0 6 10
ay 6 0 —4
Qo 9 3 -1
(s %) 12 6 2
g 13 7 3

Another constraint that is sometimes used if the group sizes are

unequal is
Z w,-d,- = 0,

where w; is the ith group size. With this constraint £ is a weighted
average of the group means and &; is the deviation of the ith group
mean from the weighted average.

3.5.2 Aliasing in a two-way cross-classification

Failure to recognize the aliasing pattern and the arbitrariness of
imposed constraints has led to much confusion in the literature,
especially in the analysis of models for two-way cross-classifications.
The discussion here follows the lines of Nelder (1977).

We are concerned with the linear model

1+ A+ B+ A.B,
expressed algebraically by the linear predictor
Mij = B+ i + 5 + v
The dummy vectors for the four terms show the following rela-
tionships, here written in terms of the parameters rather than the

dummy vectors. (The equivalence sign may be read as ‘is indistin-
guishable from'.)

Zai = N Zﬂj = u,
Z%’j = a, Z%‘j = 5.
J i
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These identities imply that the sum of all the dummy vectors for
A.B is the constant vector, or, in terms of the parameters,

Z%’j = [
ij

Thus the relationships among the terms are as follows:

p is marginal to «;, 8; and 7,5,
o is marginal to vy
and B; is marginal to 7;;.

The terms are thus partially ordered as first p, then o; and g;
together, and finally 7;;. The estimable parameter combinations
are the linear predictor itself,

Mij = B+ s + B + Yij,
and also the contrasts

Y Aies +7..); with YA =0,

Y A8 +7.;); with YA =0,

and Z’\ij7ij; with Z’\ij = Z’\ij =0,
i J

where 7;,,7.; denote averages over the indicated indices.

The ambiguities about the values of the estimates of individual
parameters can again be resolved by suitable constraints. Two such
constraints are now discussed for a 2x2 array.

The full parameterization has nine parameters, namely (u, a1,
as, b1, B2, 711, Y12, Y21, Y22 ), but only four linearly independent es-
timable combinations. Thus, five suitably chosen constraints are
required to produce unique estimates. The conventional system of
symmetric constraints is given by

b1+ G = 0, B+ B2 =0,
H11+ 912 =0, Y11 + 421 =0, (3.4)
A21 + Y22 = 0, Y12 + 422 = 0.
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Note that only three of the last four constraints are linearly
independent, so that only five independent constraints are being
applied. With these constraints we can solve the four equations

B+ &+ B+ Ay = v
to give
B=19..

@ = Yi. — Yoo, B5 =9 = Yoor (3.5)

¥ij = Yij — Gio — Yoj + G.. -
Thus f is the average of the four observations, &; is the deviation
of the ith row mean from the grand mean, and §; is a similar
deviation for column means. The interaction parameter 4;; is the
deviation of y;;, the linear predictor for that cell, from one based
on the addition of main effects, & + &; + 5;.

A second set of constraints that lacks symmetry, but is in some
ways simpler, is that used by the computer program GLIM, namely
&1 =1 =41 = %12 =421 = 0. (3.6)
More generally, the parameter estimates for the first level of each
factor, the first row and column of each two-factor interaction term,
and so on, are set equal to zero. With this choice of constraints, the
top left-hand corner cell is taken as the baseline, and the estimated
parameters are

B = Y11,

Q2 = Y21 — Y11, B2 = y12 — 11, (3.7)

Y22 = Y22 — Y12 — Y21 + Y1
The remaining estimates are zero on account of the constraints.
Note that if 4;; = 0, but not otherwise, the &-contrasts and the
p-contrasts given by formulae (3.5) and (3.7) are identical. If
further, &; = Bj = 0, then the fis also become identical. These
properties are consequences of the marginality relations among the
terms in the two-factor model.

We stress again that constraints such as (3.4) and (3.6) are
not a part of the model, but merely a convention whereby unique
values for estimates of the intrinsically aliased parameters can be
produced. For fitting, testing and so on, only estimable combina-
tions are relevant, and those combinations are independent of the
constraint system imposed.
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3.5.3 Ezxtrinsic aliasing

The aliasing patterns considered so far have resulted from intrinsic
characteristics of the model formula rather than from particular
idiosyncrasies of the data observed. However, aliasing can also
occur because the particular covariate vectors observed happen to
contain linear dependencies. Suppose we have two factors with
three levels each, but data are observed for only 5 of the nine
possible combinations as shown below.

Factor B
level 1 2 3

1 X X

A 2 X X
3 X

Because of the configuration of the observed factor levels, the
dummy vector for aj is identical to the dummy vector for F3. In
a complete design, the main-effect subspaces for factors A and B
have only a single dimension in common, but here they have a
two-dimensional space in common.

The additional aliasing observed is a consequence of the fact that
the table of observed factor levels can be split into two disconnected
portions, of sizes 2x2 and 1x1. If we move one of the occupied
cells to produce the following configuration,

Factor B
level 1 2 3
1 X
A 2 X
3 X X

the aliasing disappears along with the disconnectedness. This
example shows how extrinsic aliasing depends on the particular
values of covariates in the observed data, in contrast to intrinsic
aliasing, which is a property of the model formula alone.
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3.5.4 Functional relations among covaeriates

Covariates may be functionally related without being linearly
related. The most familiar example is polynomial regression, in
which a linear predictor such as

Bo + Brz + Bax? + Baz?,

contains the power terms z, 2 and z?. Provided that more than
three distinct z-values are observed, the covariates z, z2 and z°
are linearly independent. Thus there is no aliasing of parameters.
Nonetheless, there is usually an implied ordering of terms that must
be respected in fitting polynomial regression models.

Looking first at the terms Gy and 31z, we must ask when it makes
sense not to use the sequence fy, Ho + S1z in model fitting, but to
use instead the reverse sequence in which f; z is fitted first without
the intercept. For the latter procedure to make sense, z = 0 must
correspond to a special point on the scale at which 1 must be zero.
Though this may sometimes happen, there is usually no strong
reason for paying special attention to a particular value of z. In
agricultural field experiments with fertilizers, for example, there
is invariably some small amount of the relevant nutrient already
present in the soil, so that zero fertilizer applied does not mean
that no nutrient is available to the plant. Thus, zero is not a
special point in this example.

Consider next the relationship between the terms S;z and G2 z2.
To fit the terms Gy and Fyz? without including Bz implies that
the maximum (or minimum) of the response occurs at z = 0,
i.e. exclusion of the linear term implies that z = 0 is a special point
on the scale. For if the z-scale might equally well be measured by
T + ¢ as by z, the response 3y + G222 becomes

Bo + Ba(z + ) = (Bo + Bac?) + 20Bzcz + Bo1?,

and a linear term appears with coefficient 282¢. Ordinarily there
is no reason to suppose that the turning point of the response is at
a specified point on the z-scale, so that the fitting of Bz? without
the linear term is usually unhelpful.

A further example, involving more than one covariate, concerns
the relation between a cross-term such as f13z122 and the corre-
sponding linear terms Siz; and fFz2. To include the former in
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a model formula without the latter two is equivalent to assuming
that the point (0,0) is a col or saddle-point of the response surface.
Again there is usually no reason to postulate such a special property
for the origin, so that the linear terms must be included with the
cross-term. Likewise, the inclusion of quadratic terms 31122, o272
without the cross-term implies that the elliptical contours of con-
stant response are oriented parallel to the axes. Again, there is
usually no reason to expect such behaviour in practice, and all
second-degree terms should normally be entered into the model
simultaneously, assuming, of course, that the linear terms are al-
ready present. Thus the relationships among polynomial terms
are very similar to those among factors and interactions. This
functional marginality is not a true marginality in the sense of
section 3.5.1 because no linear dependencies among covariates are
involved. Nevertheless, in a similar way, it does impose constraints
on the order in which terms should be introduced into a model.

3.6 Estimation

3.6.1 The mazimum-likelihood equations

Maximum likelihood is the principal method of estimation used for
all generalized linear models. For Normal errors, the log likelihood,
l, based on n observations is given by

~2l = nlog(2na?) + 3 (yi — pi)*/o?.

=1
For fixed o2, known or unknown, maximization of [ is equivalent
to minimization of the sum of squares

Y (- w)?

for variation in u. If, in addition, the model is assumed to be linear,
we have

P
= Wi = Zifijﬂj-
j=1

Differentiating with respect to 8; and equating the derivative to
zero gives estimating equations in the form

inj(yi—ﬂi)=0 for 5=1,...,p, (3'8)



3.6 ESTIMATION 71

where the fitted means are given by
i = =Y Ti; B

A useful way of looking at the equations (3.8) is that the p
linear combinations of the observations Y, z;jy;, 7 = 1,...,p are
set equal to the corresponding linear combinations of the fitted
values, namely 3. z;;fi;. To state the same thing in an equivalent
way, the vector of residuals with components y; — fi; is orthogonal
to the columns of the model matrix X, so that

X"(y-a)=0.

In particular, if X is the incidence matrix for the main-effects
model in a two-way classification, X7y is the set of observed
marginal totals. Maximume-likelihood estimation for this Normal-
theory model then corresponds to finding fitted values satisfying
the model that have the same marginal totals as those observed.

3.6.2 Geometrical interpretation

Fitting by ordinary least squares has a simple geometrical inter-
pretation. The data vector y may be regarded as a point in n-
dimensional Euclidean space. For any given value of the parameter
vector B, the vector of fitted values g = X is a point in the same
space. As B varies over all possible values it might take, g traces
out a linear subspace or hyperplane called the solution locus. If y
falls on the solution locus, the observed values can be reproduced
exactly by the model. Ordinarily, however, the observed data point
y does not lie on the solution locus and no value of B reproduces
the data exactly. If u represents a point on the solution locus
then Y (y; — p;)? is just the squared Euclidean distance between
the observed vector y and u. Maximizing the likelihood is then
equivalent to choosing the point i = XB that is nearest to the
observed y in the sense of minimum Euclidean distance.

To illustrate this geometrical construction, consider the model
whose components satisfy 7; = z;3, with only one covariate and
one parameter. The solution locus is the set of all vectors x3 for
~00 < f§ < 00, i.e. all points on the line through the origin in R"
in the direction x (Fig. 3.3). The point on the solution locus that
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0

Fig. 3.3. Least squares: the geometry for one parameter.

is nearest to y is found by dropping a perpendicular Y P onto x[.
The coordinates of P are x/3 where 3 is the maximum-likelihood
estimate of 3. The vector Y P = y—xﬁ is called the residual vector.
The condition that OP and PY should be orthogonal, expressed
algebraically, is

I
=

x"(y — x)

)

=
]
«

i.e.

The fitted vector, or vector of fitted values, OP, is the orthogonal
projection of y on the space x.

3.6.3 Information

Further insight into the fit can be obtained by considering how
the goodness-of-fit statistic, considered as a function of @, varies
with 8. Let P’ be an arbitrary point x5 on the solution locus as
shown in Fig. 3.3. Then in the triangle Y PP’ we have

(v = x0T (y —xB) = (y — xB)" (y ~ xB) + (8 - B)x"x(3 - B),

expressing the Pythagorean relationship among the sides of the
triangle YPP’'. If we plot the squared length of Y P/, which
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measures the discrepancy of the data from an arbitrary point of
the solution locus, as a function of the parameter (3, we obtain
a parabola with its minimum at # = 3, the maximum-likelihood
estimate. The minimum discrepancy is D, = (¥ — xﬁ)T(y— xﬁ),
as shown in Fig. 3.4.

deviance

— 95% — 8

B

Fig. 3.4. Information curve for one parameter, together with approz-
imate 90% and 95% confidence intervals.

The second derivative at the minimum, as indeed elsewhere for
a parabola, is given by x7x. If we now restore the dispersion par-
ameter o2, which divided the sum of squares, the second derivative
becomes xTx/o?. This is known as the Fisher information for .
If the Fisher information, or curvature, is large, the parabola is
steep-sided, so that small changes in 3 away from 3 produce large
changes in the discrepancy or deviance. In other words, 3 is well
determined by the data. By contrast, if the Fisher information for
[ is small, the parabola is rather flat and 3 is not well-determined
by the data.

The Fisher information for 3 is the ratio of two quantities. The
numerator depends only on the model matrix, i.e. on the values
of the covariates in the model, and not at all on the response
values. The denominator depends only on the error variance of the
response. The inverse information gives the theoretical sampling
variance of the estimate 3, i.e. var3 = 0%/(xTx). Ordinarily,
0% is unknown and an estimate is required, either from replicate
observations for the same z, or from the residual sum of squares
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after fitting an adequate model. The usual unbiased estimate is
6% = s = Dpin/(n — p)

where p is the number of covariates in the model and D, is the
minimized discrepancy or deviance.

Fig. 3.5.  Least squares: the geometry for two positively correlated

covariates.

3.6.4 A model with two covariates

If there are two covariates x; and Xz, say, then the solution locus
is the plane in R™ defined by the points x;/31 + x20; for varying
values of 3; and ;. The process of obtaining fitted values for the

model
n =x101 + X206,

is represented geometrically by the dropping of a perpendicular
from the data point y onto the (x1,x2) plane. Figures 3.5, 3.6 and
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3.7 show the geometry connecting the fits of the single-term models
x5 and x203; with the model containing both covariates. In these
diagrams, x, and x are respectively positively correlated (i.e. make
an acute angle), negatively correlated (i.e. make an obtuse angle),
and uncorrelated (i.e. make a right angle).

The points P,, P, and Py are respectively the feet of the per-
pendiculars from y onto the x;-line, the x,-line and the (x;,x2)-
plane. The angEO/f’l\Plz and OT';PIZ, are both right angles be-
cause OP,Y, OP2Y and Py Pi3Y are all right angles by definition.
Consequently P, is also the projection of P2 onto the x;-line.
Similarly, P is the projection of Pi2 onto the x3-line. We can thus
express the projection of y on the (x;,x2)-plane in the two forms

(OP13)* = (OP1)? + (P1P12)? = (OP,)? + (PyP13)*.
The interpretation of these squared lengths is as follows:

(OP;)? = sum of squares for z; before z,
(OP;)?
(OPy2)? = sum of squares for z; and z5.

il

sum of squares for x5 before 1,

In addition,

The words ‘before’ and ‘after’ are often replaced by ‘ignoring’ and
‘eliminating’ respectively.

Corresponding to the two sequences of fitting we have analyses
of variance whose geometrical interpretations are

(OY) = (OP)) + (PiP2)* + (PrY)?

total = (z; before z3)} + (z after ;) + residual,
and

(OY): = (OP)} 4+ (PyP2)® + (PraY)?

total = (z, before z1) + (z; after x2) + residual,
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X2

P2 = Bix1 + Baxa
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Fig. 3.6. Least squares projections for two negatively correlated covari-
ates: Py is the projection on x; alone, P2 is the projection on x2 alone,
and Pyg is the projection on the joint space.
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i
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Fig. 3.7. Least squares projections for two orthogonal covariates.
In terms of the parameter estimates we have

(0P1) = xlbla
(OPz) = X2b2,
(OP13) = X101 + X252,

where b; and by are the estimates for the single-term models and
B1 and 3 for the joint model.
There are several important special cases:
1. y is coplanar with (x1, x3), so that Y and P;2 coincide. The
residual vector is then null and the joint model gives a perfect
fit.
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2. x; and x; are orthogonal (Fig. 3.7). The three feet of the
perpendiculars, Py, P, and Pj; form a rectangle with O, so
that (OP,) = (P2P2) and (OP;) = (P1Pi2). The order of
fitting the terms in the joint model is then irrelevant, and
there is just one analysis of variance. Sums of squares and
parameter estimates are unaffected by the order in which terms
are entered into the model.

3. y is orthogonal to x;. Then b; is zero for a single-term model,
but the estimate ﬁl in the joint model is not zero unless x;
and x, are orthogonal. '

3.6.5 The information surface

If P is an arbitrary point x;/4; + X2/3; on the solution locus, then
from the relation among the total sum of squares, the residual sum
of squares and the regression sum of squares,

(YP)? = (Y Pi2)* + (P2 P)?,
we obtain

(v — %181 — x202)T (y — X181 — x2/82) =
(v — x181 — %23)" (y — %151 — X2/3)

+ (A1 — B)*xTx1 + 2(B1 — Bu) (B2 — B2)x] X2 + (B2 — Po)?x] x2.
Note that Bl and Bz are the estimates in the joint fit of x;
and x, simultaneously. The first term on the right of the above
equation is the residual sum of squares from the least squares fit
to both covariates. This term does not depend on (8, 3:), but
only on y. The second term measures the squared distance of
the arbitrary point P, determined by (81, 32), from the point of
best fit, (31, 42). The contours of this latter term, considered as a
function of (8, 32), are similar, similarly situated ellipses centered
at (A1, 32) as shown in Fig. 3.8.

The second derivative matrix of the function with respect to

(B1, B) is

xfxl xfxz

xgxl xng

which, apart from the factor ¢%/2, is the Fisher information matrix

for (B1, 3).
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B2

e
Fig. 3.8. Least squares: contours of the information surface for two

parameters.

3.6.6 Stability

The point P;2 depends only on the data vector y and its relation
to the space spanned by x;, x2. Any pair of vectors that spans the
same space, for example x; + x2 and x;, — X3, gives rise to the same
projection of y. However the identification of the point P;; by the
coefficients (ﬂl,Bz), namely P; = xlﬁl + xzﬁz, depends heavily
on the particular pair of vectors chosen as a basis for the subspace.
If 4, the angle between the vectors x; and x; in R™, is small, then
the coeflicients ﬁl, Bg are more sensitive to small perturbations of
the data than either b; or bs, the coeflicients in the single-term
models. That is to say P, itself is unstable in the sense that while
small perturbations of x; and x2 may produce correspondingly
small perturbations of P; and Ps, together they may produce a
large perturbation of Py;. Thus, a small perturbation of one or
both covariates may have a big effect on the space spanned by the
two vectors. Consequently, the allocation of variation in Y to x;
and x; in the joint regression is sensitive to perturbations of either
covariate.

When 68, the angle between x; and x2, is small the information
matrix for i, 5z is nearly singular because its determinant is equal
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to
|Ix1]1? |1x2]|* sin® 6.

The log-likelihood contours in the (8, 32) plane are now ellipses
having one principal axis very long compared to the other. In fact
the ratio of the lengths of the principal axes behaves like 1/sin? 6.
As a consequence, large changes in fi, 5 in the direction of the
longer axis produce small changes in the likelihood, while similar
changes in the perpendicular direction have a large effect.

3.7 Tables as data

It is common to find generalized linear models being fitted not to
the original data expressed in data-matrix form, but to data that
have already been summarized in the form of a multi-way table. In
the process of tabulation, the y-values for units having the same
levels of the classifying factors are added together to form a table
of totals: parallel tabulation of a vector of 1s gives the associated
table of counts showing how many units contribute to each cell
total. Division of totals by their associated counts gives a table of
means. For continuous data, it is usually this table of means that
will be analysed, with the associated counts acting as prior weights. .
In surveys, however, it is often the counts themselves that are of
interest. Suitable methods of analysis for such counts are described
in Chapters 4 to 6. Section 5.2.3 emphasizes the duality between
models that treat cell averages or scores as the response with the
counts acting as weights, and models that treat the observed count
as the response, with the cell averages used for generating contrasts.

Broadly speaking, the process of fitting generalized linear models
to data in the form of tables is similar to that described previously
for data in the form of a data matrix. The following points are not
peculiar to tabular data, but they are most often encountered in
that context.

3.7.1 Empty cells

When any variate, be it a continuous measurement or an integer-
valued variable, is discretized and tabulated as described above, a
table of averages and an associated table of counts is formed. The
table of averages is different in one important respect from the table
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of counts, namely in the significance of zeros. Table 8.1, giving
the average value of insurance claims together with the number
of claims, is a case in point. For some purposes the value of the
claims is of interest, while for others the number of claims might
be the most interesting response. It so happens that no teenagers
who owned ten-year-old cars of types C or D made claims against
the company. These are genuine zeros indicating either that such
drivers are unusually careful or few in number or both. As far as
the average claim is concerned, however, these are not to be treated
as zeros, but rather as ‘empty cells’ contributing no information
whatever about averages. We cannot infer from the absence of
claims in these categories that, if and when a claim occurs, its
value will be small. Consequently, we use the term ‘empty cell’
rather than ‘structural zero’ because there is no suggestion of any
value, let alone zero.

It is important to distinguish two varieties of empty cell, namely
necessarily empty cells and accidentally empty cells. Necessarily
empty cells occur when some combination of levels of the factors is
a priori impossible. Simple examples are the class of pregnant males
or a self-fertilized cross from a self-sterile variety of plant. When all
possible crosses are made between varieties of a self-sterile species,
the diagonal cells, corresponding to the selfs, are all necessarily
empty. If some varieties are cross-incompatible there may be off-
diagonal necessarily empty cells as well. When a model is fitted
to a table of associated counts, the necessarily empty cells must
not be included as data. For other tables such as Table 8.1, they
cannot be included in any analysis because there is no value for
that cell, Ordinarily it makes no sense to compute fitted values for
necessarily empty cells by extrapolation from the non-empty cells.

An accidentally empty cell is one for which the combination of
factor levels is possible, but the combination happens not to occur
in the observed data. The empty cells in Table 8.1 are of this type.
For this type of empty cell it does usually make sense to compute
fitted values by extrapolation from the non-empty cells.

Table 6.2 contains both accidentally empty and necessarily
empty cells.

It has been proposed (see, for example, Urquhart and Weeks,
1978) that models fitted to tables should not involve the population
means of accidentally empty cells, on the grounds that the data give
no information about such means. This proposal would imply that
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an additive model of the form
A+ B

for a two-way table should not be fitted if any cells are accidentally
empty. The point has been discussed by Nelder (1982), who argues
that such a rule is unnecessarily restrictive.

3.7.2 Fused cells

It sometimes happens that the position of a unit in a table is not
known uniquely, though it is known to belong to one of a subset
of cells. Examples of this phenomenon occur in tables classified
by genetic factors when several distinct genotypes produce the
same phenotype, which is what is observed. For the analysis
we have just the total for the set of cells, fused into a single
observable cell. Fused cells may also occur when the individual
cells were potentially observable, but for some reason the level
of one or more factors was recorded with less precision than
intended. The occurrence of fused cells results in an obvious
loss of information, and utilization of the data they contain may
require prior knowledge of the relative frequency of occurrence in
the unobserved component cells. Such knowledge is often available

for genetic data.

3.8 Algorithms for least squares

For the linear models discussed in this chapter the estimation
procedure requires us to minimize the quadratic form

(y - XB)"(y — XB)

with respect to the components of 8. Equating the derivative to
zero produces the normal equations

(XTx)p =x"y. (3.9)

If X has full rank these equations have a unique solution, namely
B = (XTX)'X"y. If X is rank-deficient, either because of
intrinsic aliasing among factors or for some other reason, we may
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replace the inverse of XT X by any generalized inverse. The solution
is then not unique, but all estimable contrasts among the s are
independent of the choice of inverse (Pringle and Rayner, 1971).
When multiplied by the dispersion parameter o2, the generalized
inverse also produces correct variances and covariances for these
contrasts.

There are two classes of numerical methods for solving equations
(3.9). In the first method XTX is formed explicitly and subsequent
computations are performed on this matrix. The second class
of methods focuses on the matrix X and attempts to simplify
equations (3.9) by suitably factoring X. In both cases it is usual to
express both y and the columns of X about their means. Within
each class there are further sub-divisions, which are described
below.

In the interests of efficient bookkeeping, both algebraic and
numerical, it is convenient in much of the discussion that follows to
imagine the observation vector y appended as an additional column
to X. Thus any row operations applied to X are considered also
to be applied to y. In addition, the extended information matrix
XTX now consists of the sums of squares and products of y and
the p covariates.

3.8.1 Methods based on the information matriz

The two most common methods that operate on the matrix xXTx
are Gaussian elimination and Choleski decomposition. We discuss
these in turn.

A modern form of Gaussian elimination, due to Beaton (1964),
uses a symmetric sweep operator. This operator, when applied to
the kth row and column of a positive-definite symmetric matrix
A, will be denoted by S;. The effect of Sk is to transform the
components of A from a;; to

ik ik . .
aij — aj; — —2L=; itk j#k,
Ak
a; .
Qi — — i# k,
|akk|
Ay .
akj - __]—; J ;é kw
|akk]
1
Qg — ——.
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With this definition it is then easily shown that SxSxA = A. In
other words, a second application of the symmetric sweep restores
the original matrix. The statistical interpretation of the symmetric
sweep is as follows. Let A = XTX be a pxp matrix of sums of
squares and products of the variates X1,...,Xp. Suppose that the
sweeps Sp,...,S; have been applied to the first & < p rows and
columns of A. Following this series of sweeps, A has been reduced
to the form shown in Fig. 3.9, in which only the lower triangle is
displayed. The component matrix R now holds the residual sum-of-
squares-and-products matrix for the unswept variates Xg41,...,Xp
after regressing them on xi,...,X;. The rows of the matrix B
are the regression coefficients of these formal linear regression
equations, while V is the unscaled covariance matrix for these
regressions.

Note that if the final row and column of A contain the sums
of squares and products of the response, then sweeping all but the
final row and column gives minus the inverse information matrix
—V, bordered by the vector of regression coeflicients B = B, and
the residual sum of squares, R, now a scalar.

k
-V
—k
P B R
k p—k
Fig. 3.9. The matriz of sums and squares and products after the

symmetric sweep has been applied to the first k rows and columns.

If the original X7 X is exactly or nearly singular, this will usually
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show up during the sweeping process by the appearance of a pivot
or diagonal element that is small compared to its original value
(Clarke, 1982). For if x;4) is expressible as a linear combination
of x1,..., Xy, then the residual sum of squares for xj..; after linear
regression on xy,...,Xx Is zero. If there is a near singularity then
the residual sum of squares for xg,; is small compared to its
original total sum of squares. Statistically, this exact collinearity or
near singularity means that there is either no information or little
information about the corresponding parameter, given that the first
k terms are included in the model. If there is an exact singularity,
the term may be omitted from the model without affecting the
span of X. Algebraicaliy, this is equivalent to setting the estimate
to zero with variance zero. In the algorithm such rows/columns are
not swept, but are marked to show their special status. If such a
term is subsequently to be removed from the model, then again no
sweep is done; however, if other terms involved in the collinearity
are subsequently removed, the pivot for the first term may again
become substantial. Should this occur, the term can again be
included in the model and a reliable estimate of the parameter
obtained.

The second method that operates on the information matrix is
the Choleski decomposition, which aims to find a lower-triangular
pxp matrix L that satisfies

XTx =LL”.

L is thus a square-root matrix of X7 X. Details of algorithms
for computing L can be found in the books by Chambers (1977)
and Healy (1986). Having computed L, the inversion of XTX is
accomplished via the formula

(XTxX)"' = (L HTLL

There is a simple inversion algorithm for triangular matrices, and
the inversion can be combined with subsequent multiplication by
the transpose. Again, generalized inverses can be obtained by
setting any row of L with a small pivot to zero.

The condition number of a matrix is a measure of closeness
to singularity, large values indicating near-singularity; algorithms
that use the matrix X7 X directly suffer from the disadvantage
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that the condition number of XTX is the square of the condition
number of X. Large values of the condition number can give rise
to numerical instability from rounding errors in the calculations.
For this reason the second class of methods is designed to avoid
the formation of XTX altogether.

3.8.2 Direct decomposition methods

Direct decomposition methods operate on the model matrix X
directly. The aim is to decompose X into the product of an nxn
orthogonal matrix Q and an nxp matrix R of the form

R
where R; is pxp upper triangular.
The statistical interpretation of the decomposition is as follows.
If y is the observation vector with mean Xf and variance 021, we
may make an orthogonal transformation to new variables u defined

by u = Q”y, where Q is the nxn orthogonal matrix described
above. The mean and variance of the new variables are

E(U) = QTE(Y) = Q"Xf = Q"QRS
_ (RuB

-n0- (7).

cov(U) = QTIQo? = Io2.

Thus the last (n — p) components of U have zero expectation, and
so give no information about 8. Hence the least-squares solution
reduces to equating the first p components of u, here denoted by
u,, to their expectation as a function of ﬁ Thus we arrive at

Ri6 =u

which is easily solved because R; is upper triangular.

It is not necessary to compute Q explicitly because, if y is
appended to X, the sequence of operations that takes X to R also
transforms {X : y} to {R : u}. The first p rows of this augmented
matrix give the coefficients in the above equation for ﬂ The sum
of squares of the last n—p components of u gives the residual sum
of squares.
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Note that
RTR,; = RTR = RTQTQR = X"X,

so that R, is the upper triangular Choleski square-root matrix of
XTX. Infact R, is the transpose of L as described in the previous
section. -

Three methods for finding Q and R are associated with the
names of

Householder: Q is a product of reflections,
Givens: Q is a product of rotations,
and Gram-Schmidt: successive orthogonalization.

A Householder reflection takes the matrix form
I-2vvT,

where v is an n-vector of unit length (v¥'v = 1). It is possible, given
a vector X, to choose v so that, after reflection, all components of
x except the first are zero. In the Householder decomposition, v,
is chosen to reduce the first column of X to this form. A second
vector vy is chosen to reduce components 3 to n of the second
column to zero. Since elements 2 to n of the first column are
already zero, this reflection leaves them unaffected. The process

continues on components j+1 to n of column j for j =1,...,p—1.
If Q; =1 —2v;v], then the matrix
Q = Qp—l s QZQI

is the product of p—1 reflections. It has the property that
Q"X =R,

where R has the form described at the beginning of this section.
Givens rotations are planar rotations through an angle 8. A
single rotation is applied to two components of a vector, corre-
sponding to a rotation through an angle € in the plane of these two
components. The angle is chosen to make one of the components
equal to zero. We denote by Gjx the rotation that replaces the
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ith and jth rows of X by linear combinations that make the kth
element in row j equal to zero. Then the sequence

((Gkjk, j =k +1ton), k=1 top)

annihilates the elements by columns, like Householder, but setting
one element to zero at a time. The sequence

((Grjk, k =1 to min(j—1,p)), j = 2 to n)

annihilates by rows. The latter sequence is more useful if X is
more easily processed by rows than by columns. The idea of
rotations goes back to Jacobi, but the Givens sequence of rotations
ensures that previously formed zeros remain zero after subsequent
rotations.

The Gram-Schmidt method relies on successive orthogonaliza-
tion of the columns of X. The preferred algorithm is due to
Bjorck (1967) and begins by forming

q, =x1/||x1||
q =% —(alx;)a;  F=2-..,p.

The first row of R is given by
T = Qfxi-

This process is then repeated, using at the second stage the vectors
Qy,. .-, 9, in place of x1,...,x,, and so on.

Statistically, we regress columns 2 to p of x on column 1 and
replace them by the vectors of residuals. At the second stage,
columns 3 to p are regressed on column 2, and so on for successive
stages. The matrix Q thus formed is nxp with orthonormal
columns and R is pxp upper triangular. The first j columns of
Q span the same space as the first j columns of X for j = 1,...,p.
Calculating the regression of y on the orthogonalized covariates is
easy because of the orthogonality.

The direct decomposition methods are somewhat less convenient
for updating models than the symmetric sweep method. For
example, if a column of X is deleted, all the columns of Q and
R to the right of the deleted column must be recalculated. Details
of updating with the Givens algorithm are given by Clarke (1981).
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3.8.3 Extension to generalized linear models

In Chapter 2 it was shown that estimation in generalized linear
models can be accomplished by iteratively weighted least squares.
In order to adapt the algorithms discussed above we must (a) allow
iteration and (b) introduce weights and an adjusted dependent
variate, both of which ordinarily vary from one iteration to the
next. Introduction of weights is straightforward in principle. In
the algorithms that use the information matrix we replace X7 X
by XWX, where W is the diagonal matrix of weights, while in
the QR algorithms we replace X by WLY2X. The attractiveness
of QR methods and the Choleski decomposition is then greatly
reduced because a new decomposition must be computed at each
cycle of the iteration.

There are two new features of the algorithms, the first related to
unbounded parameter estimates and the second to pseudo-aliasing.
Infinite parameter estimates arise most commonly in the fitting of
a log-linear model if one or more fitted values are zero. The link
function 7 = log /2 implies that one or more of the s contributing
to 7 must be negatively infinite. Cells in the table for which 2 =0
must also have y = 0, so that there is no contribution to the
deviance. Such cells are best omitted from the fit. Similar effects
arise in models for proportions where the fitted proportion is either
Oorl.

The second feature, pseudo-aliasing, can arise when the changing
weights in an iterative fit produce so little information on a
parameter that the pivot in the information matrix falls below the
tolerance set by the algorithm. However, removal of the covariate
will now be found to increase the deviance sharply, showing that it
is really required in the model. In this respect, pseudo-aliasing is
quite different from true aliasing. The fit obtained immediately
before the algorithin detected the apparent aliasing is often a
reasonable assessment of the fit of the model.

Numerical iteration requires a definition of effective convergence
of the process. If all parameter estimates are finite, straightforward
monitoring of the progress of the deviance is sufficient. Conver-
gence is usually rapid, though divergence may occasionally occur
for ill-fitting models using non-canonical links. If one or more
components are infinite, convergence as measured by the deviance
may be slow. It is usually best in these circumstances to halt the
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iteration after about 10 cycles and to inspect the estimates at that
stage. Usually it is clear which components are tending to £oo. If
necessary, action can then be taken to omit a subset of the data or
to modify the model or both.

3.9 Selection of covariates

Apart from the choice of link function and error distribution, the
problem of modelling reduces to finding one or more appropriate
parsimonious sets of covariates corresponding to a model matrix
X of order n x p. As elsewhere it is important that the final
model or models should make sense physically: at a minimum, this
usually means that interactions should not be included without
main effects nor higher-degree polynomial terms without their
lower-degree relatives. Furthermore, if the model is to be used
as a summary of the findings of one out of several studies bearing
on the same phenomenon, main effects should usually be included
whether significant or not. Strict adherence to this policy makes
it easier to compare the results of various studies and helps to
avoid the apparent conflicts that occur when different fitted models
with different sets of terms are used in each study. The danger is
that a term with a coeflicient of +1, say, might be rejected in one
study because it was insignificant, while in a second study the same
term might have a numerically similar coeflicient that was highly
significant. The fitted models are then different and apparently in
conflict, while in reality the two studies are highly concordant.

We discussed in Chapter 1 the justification for seeking a parsimo-
nious model to represent a set of data. Parsimony implies, among
other things, that covariates having no detectable effect on the
response should ordinarily be excluded from the linear predictor. In
a survey concerned with the incidence of a particular disease, large
numbers of covariates may be available, describing perhaps age
structures of the populations involved, their dietary and smoking
habits, aspects of the environment, and so on. The selection of a
useful set of covariates from such a large set of possible covariates
to form a parsimonious model is then a non-trivial exercise. There
are both statistical and computing problems, the latter arising from
the ‘combinatorial explosion’ that occurs when all possible subsets
of covariates are to be tested for inclusion in the model.
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On the statistical side, the problem is that of defining the
balance to be struck between two opposing effects of including
a new term in the model. The good effect may be a reduction
in the discrepancy between the data and the fitted values. The
bad effect is that, unless there is good prior knowledge that the
covariate has a non-negligible influence on the response, inclusion
of the covariate usually complicates the model and statements of
conclusions derived from it. At one extreme, if the addition of a
single covariate reduces the residual mean square to, say, one third
of its original value we have no hesitation in including it in the
model, particularly if the number of residual degrees of freedom
is large. At the other extreme, if such an addition causes no
reduction, by the principle of Occam’s razor, parsimony wins and
we exclude it. It is the intermediate cases that cause problems.
For example, if there is a large number of irrelevant covariates,
then statistical accidents will produce a few false positives that
appear to influence the response.

The usual F-statistic for the reduction in deviance or sum of
squares is the basis of most criteria for selection of covariates.
In order to exclude irrelevant terms the significance level for
acceptance is set at a low level, but it must not be set so low that
important terms are thereby excluded. Another approach is based
on the idea of providing the best prediction of response values over
a set of covariate values, and yet another uses a criterion based on
a measure of information. Atkinson (1981b) points out that all of
these procedures can be represented (in our notation) as special
cases of minimizing the expression

Q = D + ag¢, (3.10)

where D is the deviance function, ¢ is the number of estimable
parameters in the linear predictor, ¢ is the dispersion parameter,
and « is either constant or a function of n. The idea behind the
second term is to penalize the inclusion of unnecessary covariates
in the model. Use of ) presumes a knowledge of ¢. For Poisson
and binomial models without over-dispersion, ¢ = 1, but otherwise
¢ is usually unknown. Even with counted data it is often wise
to assume that over-dispersion is present unless the data or prior
information indicate otherwise. For details see Chapter 4. When
comparing a sequence of models we have the option of replacing ¢
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in (3.10) either by a common estimate for all models in the sequence
or by separate estimates ¢; derived from the fit of each model in
turn. To make the comparison fair, it seems best in practice to use
a single estimate, usually derived from the most complex model in
the sequence.

If two models in a nested sequence differ only by the inclusion
of one covariate, then the use of the 5% point of the F- or t-
distribution as the criterion for model selection is equivalent to
setting @ ~ 4 in (3.10), assuming adequate residual degrees of
freedom for estimating ¢. The most common criteria based on
errors of prediction (Akaike, 1969; Mallows, 1973) lead to o = 2.
For Normal-theory linear models an argument based on maximum
posterior probabilities leads to a(n) = log(rn). Atkinson (1981b)
suggests that the range a = 2 to 6 may provide ‘a set of plausible
initial models for further analysis’.

The computing problem, which ignores any relationships that
may exist among the covariates, may be specified as follows: ‘find
the best s subsets of size r among the covariates’. If &, the total
number of covariates available, is small, say & < 12, the best subsets
for each r from 1 to k—1 can be found by complete enumeration.
For larger k, say up to 35, tree-search methods, using short-cuts,
are feasible (Furnival and Wilson, 1974). Approximate methods
for generating a single ‘optimum’ subset include:

1. forward selection, whereby at each stage the best unselected
covariate satisfying the selection criterion is added until no
further candidates remain;

2. backward elimination, which begins with the full set and
eliminates the worst covariates one by one until all remaining
covariates are necessary; and

3. stepwise regression (Efroymson, 1960), which combines the
two previous procedures, following backward elimination by
forward selection until both fail to change the model.

In GLIMPSE, (Wolstenholme, O’Brien and Nelder, 1988), a
knowledge-based front-end for GLIM (Payne 1986), a model selec-
tion strategy is used that results in a tree of candidate models, with
the extreme node of each branch forming a possible parsimonious
model. The basic step in the algorithm has as input a kernel,
which contains terms already accepted as necessary, and a set of
free terms, whose status is currently uncertain. The maximal model
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contains the kernel and all the free terms. For each free term two
F-statistics are calculated, a forward F-statistic formed by adding
it to the kernel, and a backwards F-statistic formed by removing
it from the maximal model. The two F-statistics are classified by
a decision rule as being either large or small; and action is then
taken as shown in the table below.

Forward F Backward F Action
large large add term to kernel
large small leave as free term
small large leave as free term
small small discard term

The process is begun with a kernel of terms considered necessary
a priori and continues until the set of free terms is either null or
unchanging. If it is null we have a unique preferred model; if not
we add each remaining free term in turn to the kernel, producing a
branching in the tree and repeat the basic step. Further branching
may then occur, but eventually the final node on each branch will
contain a null set of free terms.

Unthinking use of automatic selection procedures has frequently,
and rightly, been criticized. Clearly the notion that a particular
subset is optimum is hard to sustain when many other subsets
of similar size produce almost equally good fits. It may also
happen that some covariates are much more expensive to measure
than others, and this is not allowed for in a criterion based on
purely statistical considerations. Expense may be an important
consideration if the goal is to produce good forecasts at reasonable
cost. However, if the goal is to understand the mechanism by
which the process is generated, cost is largely irrelevant. A
further criticism of automatic selection procedures is that they do
not take into account the marginality constraints among factors
nor functional marginality among polynomial terms (Section 3.5).
Further, certain factors, e.g. treatment and block effects, would
often be kept in the model whether statistically significant or not.

Further modification of these selection procedures is required for
models that require iterative solution, because of the presence of
weights and adjusted dependent variates, both of which are func-
tions of the fitted values, and so change as the fitted model changes.
The amount of computing is reduced by using an approximate
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procedure, which appears to work well in practice; this involves
doing the full iterative fit for a large but well-fitting model, and
afterwards following the same algorithms as for the non-iterative
case. In other words, the weights and adjusted dependent variate
are kept fixed throughout. The fully iterated fit may then be
recalculated at intervals as a check on the approximation.

3.10 Bibliographic notes

For a history of least squares, see a series of papers by Harter,
summarized in Harter (1976).

Among the many texts on linear models, see Atkinson, (1985),
Draper and Smith (1981), Mosteller and Tukey (1977), Plackett
(1960), Searle (1971), Seber (1977), Sprent (1969) and Williams
(1959).

Model formulae for linear predictors were introduced by Nelder
(1965a,b) and developed by Wilkinson and Rogers (1973).

Aliasing, marginality and the role of constraints are discussed
by Nelder (1977).

For numerical methods for least squares, see Lawson and Hanson
(1974), Gentleman (1974a,b), Healy (1986), Chambers (1977),
Thisted (1988) and Wampler (1979).

The statistical problems of covariate selection are discussed by
Akaike (1973), Mallows (1973), Stone (1977), and summarized by
Atkinson (1981b). For a discussion of the computing aspects of
covariate selection, see Efroymson (1960), Beale (1970), Stewart
(1973), Furnival and Wilson (1974) and Jennrich (1977). Lawless
and Singhal (1978) deal explicitly with generalized linear models.

3.11 Further results and exercises 3

3.1 Use the following data to familiarize yourself with a suitable
linear regression program (S, GLIM or Minitab should be fine).
1. Plot y against z;. Comment on any strong relationships or
unusual features of the plot.
2. Plot y against . Comment on any strong relationships or
unusual features of the plot.
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1 2 Y z1 Z2 Y
2.23 9.66 12.37 3.04 7.71 12.86
2.57 8.94 12.66 3.26 5.11 10.84
3.87 4.40 12.00 3.39 5.05 11.20
3.10 6.64 11.93 2.35 8.51 11.56
3.39 4.91 11.06 2.76 6.59 10.83
2.83 8.52 13.03 3.90 4.90 12.63
3.02 8.04 13.13 3.15 6.96 12.46

2.14 9.05 11.44

3. Plot z, against ;. Comment on any strong relationships or
unusual features of the plot.

Regress y on x,. Plot the residuals against z,.

Regress y on z2. Plot the residuals against z;.

Regress y on z, and z, simultaneously. Compare the co-
efficients obtained in the joint regression with those in the
marginal regressions. Compare the (multiple) correlation co-
efficients.

[Hamilton, 1987].

o o

3.2 Write out explicitly the model matrix corresponding to a
randomized blocks design with three treatments in each of four
blocks.

3.3 Suppose that the three treatments mentioned in the previous
exercise actually denote increasing concentrations of a chemical
used for weed control. Re-parameterize the model using linear and
quadratic treatment contrasts. Write out the corresponding model

matrix.

3.4 Suppose that two factors 4 and B with levels 7 and j
respectively have the property that observations are possible only
when i > j. Now define a new factor C' with levels k =i —j + 1.
Assuming that A and B have five levels each, and that each possible
combination is observed once, answer the following:

1. Which, if any, of the following models are equivalent:

A+ B, A+ C, B+C and A+B+C?
2. What are the ranks of the model matrices in part 17

3. Answer part 1 assuming instead that 4, B and C are quanti-
tative covariates taking values 7, j and k respectively.
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It may be helpful to construct the required factors and variates on
the computer and to fit the models to computer-generated data.

For an example of such a triangular arrangement of factors, see
Cox and Snell (1981, p. 58).

3.5 Suppose that x; and x; are positively correlated variates in
a two-variable linear regression model that includes the intercept.
Show that the regression coefficients i, 3 are negatively corre-
lated. Express the statistical correlation between Bl and ﬁz in
terms of the angle between the vectors x; and x; in RP.

3.6 In section 3.6.6 an expression is given for the determinant of
the Fisher information matrix in a two-variable regression model
with no intercept. Derive the corresponding expression when the
intercept is included.

3.7 Show that the sweep operator, as defined in section 3.8.1, is
self-inverse. What advantages accrue from this property?

3.8 The sweep operator has the property that a new variable can
be added to an existing regression equation with a single sweep.
This produces automatically the updated parameter estimates, the
new residual sum of squares and the Fisher information matrix
with minimal computational effort. Yet few statistical programs
make full use of this property. Discuss briefly the organizational
difficulties involved in making full use of the sweep algorithm on
an interactive computer system.

3.9 Suppose that A is a factor with 4 levels whose effects are
denoted by a,. Write out explicitly the model matrix X, of order
6x4, corresponding to the algebraic expression

Nrs = Qp — g, for r <s.

You may assume that all 6 combinations 1 < r < s < 4 are
observed. What is the rank of X? Does the constant vector lie
in the column space of X? Under what circumstances might such
a model formula arise?

3.10 Let A, B,C,D be four factors each with four levels, having
the exclusion property that no two factors can simultaneously have
the same level. There are thus only 4! possible factor combinations
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instead of the more usual 4* = 256 unrestricted combinations,
What are the ranks of the models

A+ B+ C+ D, A+B+C, and (A+B+C+ D)*x2?

You may assume that all 4! permutations are observed.
For what purposes might such models be used?

Table 3.1 Ascorbic acid concentrations of samples of snap-beans after a
period of cold storage.

Weeks of storage

Temp. °F 2 4 6 8 Total
0 45 47 46 46 184
10 45 43 41 37 166
20 34 28 21 16 99
Total 124 118 108 99 449

3.11 The data in Table 3.1, taken from Snedecor and Cochran
(1967, p.354), were obtained as part of an experiment to determine
the effects of temperature and storage time on the loss of ascorbic
acid in snap-beans. The beans were all harvested under uniform
conditions at the Iowa Agricultural Experiment Station before
eight o’clock one morning. They were prepared and quick-frozen
before noon the same day. Three packages were assigned at random
to each temperature and storage-time combination. The sum of the
three ascorbic acid determinations is shown in the Table.

Suppose for the purpose of model construction that the ascorbic
acid concentration decays exponentially fast, with a decay rate
that is temperature-dependent. In other words, for a given storage
temperature T, the expected concentration after time ¢ (measured
in weeks) is u = E(Y') = exp{a — Brt}. The initial concentration,
exp(a) is assumed in this model to be independent of the storage
temperature. Express the above theory as a generalized linear
model, treating temperature as a factor and storage time as a
variate.

[The above model is unusual in that it contains an interaction
between time and temperature, but no main effect of temperature.
By design, the concentrations are equal at time zero.]
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Estimate the times taken at each of the three temperatures for
the ascorbic acid concentration to be reduced to 50% of its original
value. Consider carefully how you might construct confidence
intervals for this half-life.

Compare your analysis with the factorial decomposition model,
using orthogonal polynomial contrasts, as described by Snedecor
and Cochran (1967, pp. 354-8).

The mean squared error for individual packets, obtained from
the replicates, was 0.706 on 24 degrees of freedom. Is this value
consistent with the above analyses?



CHAPTER 4

Binary data

4.1 Introduction

4.1.1 Binary responses

Suppose that for each individual or experimental unit, the response,
Y, can take only one of two possible values, denoted for convenience
by 0 and 1. Observations of this nature arise, for instance, in
medical trials where, at the end of the trial period, the patient has
either recovered (Y = 1) or has not (¥ = 0). Clearly, we could
also have intermediate values associated with different degrees of
recovery (see Chapter 5), but for the moment that possibility will
be ignored. We may write

pr(Y; =0)=1—my; pr(Y;=1)=m; (4.1)

for the probabilities of ‘failure’ and ‘success’ respectively.

In most investigations, whether they be designed experiments,
surveys or observational studies, we have, associated with each
individual or experimental unit, a vector of covariates or explana-
tory variables (z1,...,%p). In a designed experiment, this covariate
vector usually comprises a number of indicator variables associated
with blocking and treatment factors, together with quantitative
information concerning various aspects of the experimental mat-
erial. In observational studies, the vector of covariates consists
of measured variables thought likely to influence the probabil-
ity of a positive response. The principal objective of a statisti-
cal analysis, therefore, is to investigate the relationship between
the response probability m# = w(x) and the explanatory variables
x = (Z1,...,Zp). Often, of course, a subset of the zs is of primary
importance, but due allowance must be made for any effects that
might plausibly berattributed to the remaining covariates.

98
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4.1.2 Covariate classes

Suppose that, for the ith combination of experimental conditions
characterized by the p-dimensional vector (z;i,...,Z;p), observa-
tions are available on m; individuals. In other words, of the
N = my + my + ... + m, individuals under study, m; share the
covariate vector (Z;1,...,%;p). These individuals are said to form
a covariate class. If the recorded covariates are factors each having
a small number of levels, the number of distinct covariate vectors,
n, is often considerably fewer than the number of individuals, ¥V,
under study. In these circumstances, it is more convenient and
more efficient in terms of storage to list the data by the n covariate
classes than by the N individuals.

Table 4.1 Alternative ways of presenting the same data

(a) Data listed by subject No. (b) Data listed by covariate class
Subject Covariate Response Covariate Class size Response

No. (z1, z2) Y (z1, z2) m Y

1 1,1 0 1,1 2 1

2 1,2 1 1,2 3 2

3 1,2 0 2, 1 1 0

4 2,1 0 2,2 1 1

5 2,2 1

6 1, 2 1

7 1,1 1

To take an over-simplified example, suppose that a clinical trial
is undertaken to compare the effectiveness of a newly developed
surgical procedure with current standard techniques. In order
to recruit sufficient patients in a reasonable period, the trial is
conducted at two hospitals (z; = 1,2) (with different surgeons and
ancillary staff). In each hospital, patients judged by the protocol
as suitable for recruitment are assigned at random to one of the
two surgical procedures (z; = 1,2). One month into the study,
seven patients have been recruited. These patients are listed by
patient number in Table 4.1a and by covariate class in Table 4.1b.
Provided that only these two covariates are recorded, the number
of covariate classes remains equal to four however many patients
are recruited. Thus the efficiency of Table 4.1b increases as the
number of patients grows.
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Usually covariate classes are formed for convenience of tabu-
lation and to make the major effects of interest easier to detect
by visual scanning. In forming covariate classes from the original
data, information concerning the serial order of the subjects is
lost, so that we cannot, for example, reconstruct Table 4.1a from
Table 4.1b. If serial order of patients is considered irrelevant, no
information is lost when the data are grouped by covariate class.
On the other hand, the possibility of detecting whether serial order
is relevant is also lost in forming covariate classes. Thus, the claim
that no information is lost must be regarded either as a tautology
or as a self-fulfilling statement. In the example discussed in the
previous paragraph, the possibility of a learning effect on the part
of the surgeon or his staff should be considered. Such an effect, if
present, cannot be detected from an analysis of the grouped data in
the form displayed in Table 4.1b, but might possibly be detectable
as a serial trend in an analysis of the original data in Table 4.1a.

When binary data are grouped by covariate class, the responses
have the form y, /m1,...,yn/mn, where 0 < y; < m; is the number
of successes out of the m; subjects in the ith covariate class. The
vector of covariate class sizes m = (my,...,my,) is called the
binomial index vector or binomial denominator vector. Ungrouped
data, or data listed by individual subjects, can be considered as a
special case for whichm; =... =m, =1.

The distinction between grouped and ungrouped data is impor-
tant for at least two reasons.

1. Some methods of analysis appropriate to grouped data, par-
ticularly those involving Normal approximation, are not ap-
plicable to ungrouped data.

2. Asymptotic approximations for models applied to grouped
data can be based on either of two distinct asymptotes, either
m — oo or N — 0o. Only the latter limit is appropriate for
ungrouped data.

4.1.3 Contingency tables

Suppose that the data are indexed by three explanatory factors, 4
having a levels, B having b levels and C' having c levels. Among
the subjects observed, therefore, there are at most a x b x ¢
covariate classes. There may in fact be fewer covariate classes than
this maximum either because, by chance, one or more covariate
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classes were not observed or because certain factor combinations
are physically or logically impossible (Section 3.7.1). For each
covariate class, the number of successes and the number of failures
is counted. Such data may be presented as a 2 x a x b x ¢ table
of counts called a contingency table. For instance, the data in
Table 4.1 give rise to the 2 x 2 x 2 table

| y=0 y=1 [y=0 y=1
To=1 1 1 2 =1 1 0
z1=1 =2
Tg =2 1 2 2 =2 0 1

In constructing models for such data, one is normally interested
in how the response probabilities are affected by the covariates
rather than how the individuals are distributed over covariate
classes. If the prevalence of the various covariate classes were
of interest, it would be appropriate to analyse the marginal table
summed over the response. The methods discussed in Chapter 6
may be helpful here. However, if the response probabilities are of
interest, it is best to regard the marginal table of covariate class
totals, m, as fixed, whether or not they were predetermined by
design. The formal analysis then proceeds conditionally on the
observed value of the vector m.

4.2 Binomial distribution

4.2.1 (Genesis

The binomial distribution arises naturally in a number of contexts
where the observations Y are non-negative counts bounded above
by a fixed value. Two ways in which it can arise are now described.

Suppose that Y7,Y; are independent Poisson random variables
with means p1, us. It follows that the total, Y7 +Y2, has the Poisson
distribution with mean gy + g3. The conditional distribution of Y;
given that Y; + Y3 = m is given by

pr(Y1 =y |Yi+Yo2 =m) = <m>1ry(1—7r)m'y, y=0,1,...,m
y

(4.2)

where m = p3 /(1 +p2). This conditional distribution depends only

on the ratio of the Poisson means and not on u; + pz. Details of
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the derivation are given in Exercise 4.4. The notation Y’ ~ B(m, )
means that Y has the binomial distribution (4.2) with index m and
parameter .

The Bernoulli distribution (4.1) is a nearly degenerate case of the
binomial distribution for which m = 1. A second and more natural
way in which the binomial distribution arises in practice is as the
sum of independent homogeneous Bernoulli trials. For instance,
in the formation of covariate classes as discussed in section 4.1.2,
if the individuals so grouped are homogeneous and independent,
the totals have the binomial distribution with the same parameter.
Details of this and related derivations are given in Exercise 4.2.

4.2.2 Moments and cumulants

The cumulants of the binomial distribution (4.2) are most easily
derived using the representation of the binomial as a sum of in-
dependent homogeneous Bernoulli random variables whose distri-
bution is given in (4.1). The moment generating function of (4.1)
is

My (§) = Eexp(§Y) =1 — 7 + mexp(§). (4.3)
Hence, the cumulant generating function is
Ky (€) = log My (§) = log{1 — 7 + mexp(§)}-
It follows that the moment generating function of ¥; +... 4+ ¥y, is
{1—-7m+mexp(§)}™
and that the cumulant generating function is
mlog{l — = + mexp(£)}. (4.4)

From the Taylor expansion of (4.4), we find that the first four
cumulants are

K1 = mm, k3 = mm(l —m)(1 — 2m),

kg =mm(l —7), kg =mm(l—m){l —6x(1 —m)}.

All cumulants of Y have the form mxpolynomial in w. The
expressions for the moments are more complicated except in the
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special case m = 1 for which all moments of all orders are equal
to .

It is sometimes of interest in applications to examine what hap-
pens to the distribution of the sum when the Bernoulli components
lack homogeneity. Suppose, therefore, that ¥ = Y1 + ... + Y,
where Y; ~ B(1,7;) and the components are independent. From
the additive property of cumulants, it is readily seen that the cu-
mulants of ¥ are

K1 = E T = mm,

Kg = Zw,-(l —m)=ma(l —7) — (m — Dka(m) < ma(l —7),
kg =y m(l—m)(1—2m),
Kg = Zﬂ'i(l - 7'(','){1 — 67‘(’,‘(1 — 7T,')},

where ko (m) = S (m; — #)2/(m — 1) is the ‘sample variance’ of the
ws. Evidently, the sample variance of Y is deflated relative to the
binomial variance. This calculation appears to contradict the com-
mon intuition that lack of homogeneity should increase variability
rather than decrease it. The reason for the apparent contradiction
is that the calculations just given are not relevant to the problem
of heterogeneity as usually met. In practice, it is usually known
only that there is variability among the ms: the complete set of
values my,..., T, is rarely known. A more relevant calculation,
therefore, is to regard my,..., T, as independent random variables
with mean 7. It is then easily shown that, whatever the distribution
of m;, Y; ~ B(1, 7). Hence, thesum Y = Y1 +...4Y,, is distributed
as B(m, ) and the binomial distribution is recovered.

For an extension of these calculations, see Exercises 4.6 and 4.17.

4.2.3 Normal limit

From the cumulant generating function (4.4), we see that, for large
m, all cumulants of Y are of order m. Consequently, the cumulants
of the standardized random variable

Y —mm
mn(l — )

are 0, 1, O(m~2), O(m™!) and so on, decreasing in half powers
of m. For r > 2, the rth cumulant of Z is O(m!~"/2). As m —
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for any fixed w, the cumulants of Z tend to those of the standard
Normal distribution, namely 0,1, 0,0, .... Since convergence of the
cumulants implies convergence in distribution, approximate tail
probabilities may be obtained from

Y>y)~1-98(2"
pr(Y 2 y) ‘ (z7) (45)
pr(Y <y) =~ ®(27)
where ®(.) is the cumulative Normal distribution function, y is an
integer,

1 1
_ y—mm—3 +=y—m7r+§

The effect on probability calculations of the continuity correction
of :t-;— is of order O(m~%2) and hence asymptotically negligible. In
medium-sized samples, however, the effect of the continuity correc-
tion is appreciable and almost always improves the approximation.

An improved version of (4.5) utilizing third- and fourth-order
cumulants is given in Appendix B.

The rate of convergence to Normality is governed primarily by
the third cumulant and is fastest when = = -;— The error incurred
in using (4.5) is asymptotically O(m~?) in general: if 7 = 11)_ the
error reduces to O(m™1). In practice, the approximation is usually
satisfactory if mm(1 —7) > 2 and if |27| or |z*| does not exceed
2.5. Note that although the absolute error

e(y) = |pr(Y > y) — 1+ ®(27)]

. . . . 1
incurred in using (4.5) is asymptotically small even for large 2,
the relative error,

€(y)
pr(Y > y)

may be quite large if 2z~ is large.
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4.2.4 Poisson limit

Suppose that 7 — 0, m — oo in such a way that p = m= remains
fixed or tends to a constant. From (4.4), the cumulant generating
function of Y tends to

glog{l + m(exp(¢) — 1)} — p{exp(€) — 1},

which is the cumulant generating function of a Poisson random
variable with mean u: see section 6.2. In fact, in this limit, all
cumulants of Y differ from those of the Poisson distribution, P(u),
by terms of order O(m™!). Probability calculations based on the
Poisson distribution are in error by terms of the same order. By
contrast, the Normal approximation, with or without the continuity
correction, has an error of order O(m™12).

4.2.5 Transformations

There is a large body of literature concerning transformations of
the binomial and other distributions designed to achieve a specified
purpose, usually stability of the variance or symmetry of the
density. Such transformations are considered in Exercises 4.8-4.11.
In this section, we consider two transformations, one connected
with achieving approximate additivity in linear logistic models,
the other concerned with Normal approximation. We consider the
latter first.

Suppose that Y ~ B(m,r) and let £ = mn be the mean of Y. It
is shown in Appendix C that for large values of m, the cumulants
of the signed deviance statistic

W = w(Y) = £[2¥ log(¥/p) + 2(m — ¥) log{(m — ¥)/(m — u)}]"*

+ 1—-2nm (4.6)

6/ (mn(1—7x)) )

differ from those of a standard Normal random variable by terms

of order O(m™!). The sign used in (4.6) is that of ¥ — p and the

transformation is monotone increasing in Y. In other words, w(Y’)

is approximately symmetrically distributed as far as this can be
achieved in the discrete case. In fact, the variance of w(Y) is

5—2n(l —7)

2 _ -2
ow =1+ 36mn(l — ) +0(m™).



106 BINARY DATA

The cumulants of w(Y)/ow differ from those of N(0,1) by terms
of order O(m~%2), suggesting that a Normal approximation for W
ought to give accurate results.

In order to use the discrete Edgeworth approximation as pre-
sented in Appendix B, we define the continuity-corrected abscissa
and the Sheppard correction as follows:

wt =w(y+ 3)
1+ -
T = P E—
24mm(l — m)
From equation (B.3), approximate tail probabilities are given by

pr(Y < y) ~ ®(wrr/ow).

Note that the ratio of 7 to ow is

1-7(1-n)
mfow =1~ 36mn(l — )
1 1

36m 36mn(l—m)

Analogous approximations are available for the right-hand tail
probability. These approximations are more accurate than (4.5).

The empirical logistic transformation is a transformation of ¥
designed to achieve approximate additivity in linear logistic models.
These are discussed more fully in the section that follows. Suppose
therefore, that ¥ ~ B(m, 7) and that we require an approximately
unbiased estimate of the log odds,

A =10g(1 W7r>'

It is natural to begin by trying transformations of the form log[(Y+
c)/(m-Y + c)] for some constant ¢ > 0. The maximum-likelihood
estimator has this form with ¢ = 0 and has asymptotic bias of

order O(m™!). For the particular choice ¢ = %, we have the
transformation .
Y+3

Z=1 (——2—) 4.7

o8 m-Y + % 4.7



4.3 MODELS FOR BINARY RESPONSES 107

which has the property that
E(Z) =X+ 0(m™).

This is known as the empirical logistic transformation (Cox, 1970).
For any other choice of constant, the bias is O(m™!): see Exer-
cise 4.15.

Gart and Zweifel’s (1967) results support the estimation of
var(Z) by v = (y+ 3)™' + (m —y + 3)~'. The idea behind
transformation is that it may be simpler to use a linear regression
model for Z with weights v™! rather than to use a non-linear
model for the untransformed responses. This is often a simple
and attractive alternative to maximum likelihood. Because the
argument is asymptotic in nature, the transformation is useful only
if all the binomial indices are fairly large.

4.3 Models for binary responses

4.3.1 Link functions

To investigate the relationship between the response probability =
and the covariate vector (x,,...,,), it is convenient, though per-
haps not absolutely necessary, to construct a formal model thought
capable of describing the effect on 7 of changes in (z;,...,7p). In
practice, this formal model usually embodies assumptions such as
zero correlation or independence, lack of interaction or additivity,
linearity and so on. These assumptions cannot be taken for granted
and should, if possible, be checked. Furthermore, the behaviour of
the model should, as far as possible, be consistent with known
physical, biological or mathematical laws, especially in its limiting
behaviour.

Linear models play an important role in both applied and
theoretical work — and with good reason. We suppose therefore

that the dependence of 7 on (z,,...,Z,) occurs through the linear
combination »
n= Z ;B (4.8)
j=1
for unknown coefficients fi,. .., p. Unless restrictions are imposed

on # we have —00 < 7 < oo. Thus, to express m as the
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linear combination (4.8) would be inconsistent with the laws of
probability. A simple and effective way of avoiding this difficulty
is to use a transformation g(x) that maps the unit interval onto
the whole real line (—o00,00). This remedy leads to instances of
generalized linear models in which the systematic part is

Y=m = Zx”ﬂ], i=1,...,n (4.9)

A wide choice of link functions g(=) is available. Three functions
commonly used in practice are

1. the logit or logistic function
g1(m) = log{m/(1 - m)};
2. the probit or inverse Normal function
g2(m) = @~ (m);
3. the complementary log-log function
g3(m) = log{— log(1 — =)}.
A fourth possibility, the log-log function
ga(m) = —log{—log(m)},

which is the natural counterpart of the complementary log-log
function, is seldom used because its behaviour is inappropriate for
T < 11,-, the region that is usually of interest. All four functions can
be obtained as the inverses of well-known cumulative distribution
functions having support on the entire real axis. The corresponding
density functions are discussed in Exercises 4.22-4.23. The first two
functions are symmetrical in the sense that

g1(m) = g1 (1 — ).

The latter two functions are not symmetrical in this sense, but are
related via
g93(m) = —g4(1 — 7).

All four functions are continuous and increasing on (0, 1).
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Fig. 4.1. A graphical comparison of three link functions with the logistic
function: the 45° line is the logistic function.

Figure 4.1 compares the four functions. The logistic function is
taken as the standard and g»(7), g3(m), g4(m) are plotted against
g1(m) for values of 7 in the range 0.01 to 0.99.

The logistic and the probit function are almost linearly related
over the interval 0.1 < 7 < 0.9. For this reason, it is usually
difficult to discriminate between these two functions on the grounds
of goodness-of-fit; see, for example, Chambers and Cox (1967).
For small values of m, the complementary log-log function is close
to the logistic, both being close to log(n). As w approaches 1,
the complementary log-log function approaches infinity much more
slowly than either the logistic or the probit function. Similar
comments apply to the log-log function as can be seen from
Figure 4.1.

All asymptotic and approximate theory presented in this chapter
applies regardless of the choice of link function. However, we
shall be concerned mostly with the logistic function, not so much
because of its simpler theoretical properties, but because of its
simple interpretation as the logarithm of the odds ratio. Apart
from this, the logistic function has one important advantage over
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all alternative transformations in that it is eminently suited for the
analysis of data collected retrospectively. See section 4.3.3.

4.3.2 Parameter interpretation

In order to summarize the conclusions of an analysis in an easily
digested form, it is helpful to state the magnitudes of the estimated
effects on an easily understood scale. The scale most suitable for
this purpose is often different from the scale or link function used
to achieve additivity of effects, namely g(w). For instance, if a
linear logistic model has been used with two covariates z; and z,,
we have the model

™
108(m> = fo + f121 + P22

for the log odds of a positive response. Equivalently, the model
may be written in terms of the odds of a positive response, giving

™
-7~ exp(fo + Br121 + Ba23).

Finally, the probability of a positive response is

- exp (o + Biz1 + B22)
1+ exp(Bo + F121 + Boxa)’

This is the inverse function of g; (7). Assuming that z; and z,
are functionally unrelated, the conclusions based on such a model
may be stated as follows. The effect of a unit change in x5 is to
increase the log odds by an amount 2. Equivalently, but perhaps
preferably, we may say that the effect of a unit change in z; is
to increase the odds of a positive response multiplicatively by the
factor exp(8;). It is important here that x, be held fixed and not
be permitted to vary as a consequence of the change in z3. These
statements are fairly easy to comprehend because the direction and
magnitude of the stated effect are unaffected by the values of x,
and .

The corresponding statements given on the probability scale are
more complicated because the effect on 7 of a unit change in z3
depends on the values of z; and z;. The derivative of m with
respect to s is

or
6.’1)2

=7(1 —m)fa.
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Thus, a small change in z2 has a larger effect, as measured on the
probability scale, if 7 is near 0.5 than if 7 is near 0 or 1. Perhaps
the simplest device to assist in the presentation of conclusions is to
give the graph of

m(n) = exp(n)/{1 + exp(n)}

and to state the effect on 7 of changes in z3. The effect on the
probability can then be read from the graph. This method works
equally well whatever the link function used. The required inverse
link functions are

2 93 *(n) = ®(n),
m3(n) = g3 '(n) = 1 — exp(—e"),
91 "(n) = exp(—e™™).

and  my(n)

All of these functions are defined for —oo0 < 1 < oo and increase
continuously from zero at —oo to one at oo.

4.3.3 Retrospective sampling

One important property of the logistic function not shared by the
other link functions is that differences on the logistic scale can
be estimated regardless of whether the data are sampled prospec-
tively or retrospectively. To illustrate the difference between these
two sampling schemes, suppose that a population is partitioned
according to two binary variables, (D, D) referring to the presence
or absence of disease, and (X, X) referring to exposure or non-
exposure to the toxin or carcinogen under investigation. Suppose
that the proportions of the population in the four categories thus
formed are as shown in Table 4.2.

Table 4.2 Hypothetical frequencies of disease and ezposure status

Disease status

D D Total
Ezxposure X moo = 0.70 mo1 =0.02  mp, =0.72
status X mo = 0.25 m1 = 0.03 m. = 0.28

Total m.0 = 0.95 w1 = 0.05 1.0
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In a prospective study, an exposed group of subjects is selected
together with a comparable group of non-exposed individuals. The
progress of each group is monitored, often over a prolonged period,
with a view towards comparing the incidence of disease in the two
groups. In this way, the row totals, giving the numbers of subjects
in each of the exposure categories, are fixed by design. The column
totals are random, reflecting the incidence of disease in the overall
population, weighted according to the sizes of exposure groups in
the sample.

In a retrospective study, diseased and disease-free individuals
are selected — often from hospital records collected over a period
of several years. In this design, the column totals are fixed by
design and the row totals are random, reflecting the frequency of
exposure in the population, weighted according to the sizes of the
disease groups in the sample.

Considering the prospective study first, the logits for the two
exposure groups are

log(mo1/moo) = —log(35) = —3.555 and
log(my1/m0) = —log(8.3) = —2.120.

The difference of logits is thus
A =log(my) /mo) — log{mor /7o) = 1.435.

This difference could also be estimated by sampling retrospectively
from the two disease groups D and D because

A= 108(7711/7701) - l08(7710/7700)-

In fact, in the present example, the retrospective design is substan-
tially more efficient than the prospective design. This is because
the disease is rare even among those who are exposed to the toxin
or carcinogen. Thus, for a prospective study to be effective, a large
number of initially healthy subjects must be followed for a pro-
longed period in order that a sufficiently large number of subjects
may eventually fall victim to the disease. In a retrospective study,
on the other hand, the investigator has access via hospital records
to all cases of the disease recorded over a substantial period of time.
In the case of rare diseases, it is common to take a 100% sample of
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the diseased individuals and to compare these with a similar sized
sample of disease-free subjects. Since exposure is fairly common,
ranging from 26% among those who are disease-free to 60% among
those with the disease, a substantial number of exposed and non-
exposed subjects will be observed both among the cases (D) and
among the controls (D).

More generally, if there are several exposure groups and other
covariates, we may write the linear logistic model in the form

pr(D | x) = exp(a + B7x) /[1+ exp(a + f7x)] (4.10)

for the probability of contracting the disease given that the subject
has covariates x. Included in x is the information on the exposure
category to which the individual belongs, together with other
factors considered relevant to the incidence of the disease.

Model (4.10) is specified in a form appropriate for data sampled
prospectively. Suppose, however that the data are sampled retro-
spectively. Introduce the dummy variable Z to define whether an
individual is sampled or not, and denote the sampling proportions
by

mo=pr(Z =1|D) and m =pr(Z = 1| D).

It is essential here that the sampling proportions depend only on
D and not on x. We may now use Bayes’s theorem to compute the
disease frequency among sampled individuals who have a specified
covariate vector x.
pr(Z = 1| D, x) pr(D| x)

pr(Z = 1|D, x) pr(D|x) + pr(Z = 1|D, x) pr(D|x)

moexp(a + AT x)
7y + mo exp(a + BT x)

exp(a* + A7 x)
1+ exp(a* + BTx)’

pr(D|Z =1,x) =

where a* = a+log(mg/m1). In other words, although the data have
been sampled retrospectively, the logistic model (4.10) continues
to apply with the same coeflicients 8 but a different intercept. It
follows therefore, that the logistic models described here in the con-
text of prospective studies can be applied to retrospective studies
provided that the intercept is treated as a nuisance parameter.
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This derivation follows the lines of Armitage (1971) and Breslow
and Day (1980). No such simple inversion exists for probit or
complementary log-log models.

4.4 Likelihood functions for binary data

4.4.1 Log likelihood for binomial data

The responses ¥,...,y, are assumed to be the observed values
of independent random variables Yi,...,Y, such that ¥; has the
binomial distribution with index m; and parameter m;. It is
convenient initially to consider the log likelihood as a function of
the n-vector # = my, ..., T,. Subsequently, when we wish to study
specific linear models such as (4.10), the log likelihood is considered
as a function of the coefficients appearing in the model. Using (4.2),
the log likelihood may be written in the form

l{my) = z":[y, log(1 o ) + m;log(l — w,)] (4.11)

i=1

The constant function of y not involving x, namely

s ()

has been omitted because it plays no role.

The systematic part of the model specifies the relation between
the vector x and the experimental or observational conditions as
summarized by the model matrix X of order n x p. For generalized
linear models, this relationship takes the form

Y= = Z.’I:,],@], i=1,...,n, (4.12)

so that the log likelihood (4.11) can be expressed as a function
of the unknown parameters f,...,0,. It is a good tactical
manoeuvre, however, not to make this substitution but to keep
the two expressions separate. For instance, we may wish to
compare several models by adding or deleting covariates. This
operation changes the set of parameters, but leaves expression
(4.11) unaltered.
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In the case of linear logistic models, we have

g(m) = m =log{m /(1 —m)} = > ;5.
i

Substitution into (4.11) gives
y) = Z Zyi-’liijﬂj - Zmi log(l + epo:c“@-), (4.13)
i J i j

where we have written [(8;y) instead of I(x(8);y). The important
point to notice here is that, because the logistic link is also the
canonical link, the log likelihood depends on y only through the
linear combinations XTy. These p combinations are said to be
sufficient for 8. In fact, as will be seen shortly, the likelihood
equations in this special case amount to setting the observed linear
combinations XTy equal to their expectation, namely EXTY; ﬂ)
This may be viewed a special case of the method of moments.

Section 2.4.4 and Table 2.1 give the canonical link functions for
other distributions.

4.4.2 Parameter estimation

Following the general technique given in section 2.5, we now derive
the likelihood equations for the parameters @ that appear in (4.12).
First note that the derivative of the log-likelihood function, in the
form given in (4.11), with respect to m; is

ﬂ _ Y —myTy
67‘('1' B 7T«,',(1 —7T1')-

Using the chain rule, the derivative with respect to 3, is
Z yz m;m; Om;
6ﬂr i= 771 1 - 771 6ﬂr

In the case of generalized linear models, it is convenient to express
Om; /85, as a product

Omy _ dm Omi _ dmi
0B, B dn; 00 B dn;

Tip.



116 BINARY DATA

Thus the derivative with respect to G, is

O _ 5~ yi—mimdmy (4.14)

8, - mi(1 —m;) dn;

The Fisher information for g is
82l m; om; Om;
_E(aﬂraﬂ3> h 21: (1l — ;) 6ﬂr 00

d
—Z (dms/dn)° R e T

b (1-—m)

= {xwa} (4.15)

rs’

where W is a diagonal matrix of weights given by

W= d1ag{m1 (3:: )2/7r,-(1 - wi)}.

In the case of linear logistic models, equation (4.14) reduces to
ol/oB = XT(Y — p)

when written in matrix notation. The likelihood equations then
amount to equating the sufficient statistic, XTY, to its expectation
as a function of B In addition, the diagonal matrix of weights
appearing in the Fisher information reduces to

W = diag{m;m;(1 — m)}.

Following the lines of the general Newton-Raphson procedure
described in Chapter 2, parameter estimates may be obtained in
the following way. Given initial estimates BO, we may compute
the vectors #y and f);. Using these values, define the adjusted
dependent variate, Z, with components

L = A.+yi_mi7?ri an;
! Tk m; dﬂ'i,

all quantities being computed at the initial estimate B, Maximum-
likelihood estimates satisfy the equation

X"wxpg =X"wz, (4.16)
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which can be solved iteratively using standard least-squares meth-
ods. The revised estimate is

B, = (XTWX)'X"wWz

where all quantities appearing on the right are computed using the
initial estimate.

Failure to converge is rarely a problem unless one or more
components of B are infinite, which usually implies that some of
the fitted probabilities are either zero or one. Infinite parameter
estimates can occur if the data are sparse and y; = 0 or y; = m;
for certain components of the response vector. Although the
iterative procedure does not converge under these circumstances,
nevertheless the sequence of fitted probabilities, #() generally
tends quite rapidly towards # and the deviance towards its limiting
value. After a few cycles of (4.16) the fitted values m;; are
normally quite accurate but the parameter estimates and their
standard errors may not be. Two criteria ought therefore to
be tested to detect abnormal convergence of this type. The
primary criterion ought to be based on the change in the fitted
probabilities, for instance by using the deviance. A supplementary
test for parameter divergence can be based on the change in
B or in the linear predictor, 5. Abmnormal convergence means
that the log likelihood is either very flat or, more likely, has an
asymptote. Consequently, the computed parameter estimates and
their estimated standard errors are not to be trusted.

Some results concerning the existence and uniqueness of par-
ameter estimates have been given by Wedderburn (1976) and by
Haberman (1977). These results show that if the link function is
log concave, as it is for the four functions discussed in section 4.3.1,
and if 0 < y; < m; for each 7, then ﬁ is finite and the log likelihood
has a unique maximum at ﬁ

Starting values ﬂ(o) can be obtained using the method described
in Chapter 2, beginning with ‘fitted values’ i = (y+ 3)/(m+1). A
good choice of starting value usually reduces the number of cycles
in (4.16) by about one or perhaps two. Consequently, the choice of
initial estimate is usually not critical. A bad choice may, however,
result in divergence.
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4.4.3 Dewiance function

The residual deviance is defined to be twice the difference between
the maximum achievable log likelihood and that attained under the
fitted model. Under any given model, Hy, with fitted probabilities
#, the log likelihood is

l(x;y) = Z{yi log #; + (m; — y;) log(1 — #;) },

1

which is just (4.11) written in a more symmetrical form. The
maximum achievable log likelihood is attained at the point #; =
i /m;, but this point does not usually occur in the model space
under Hy. The deviance function is therefore

D(y; &) = 2l(w;y) — 2l(#;y)
= 22{% log(yi/fi) + (m; — yi)log(H>}-

This function behaves in much the same way as the residual
sum of squares or weighted residual sum of squares in ordinary
linear models. The addition of further covariates has the effect of
reducing D.

It is often claimed that the random variable D(Y;#) is asymp-
totically or approximately distributed as Xﬁ,p, where p is the num-
ber of fitted parameters under Hy. This claim is then used to justify<
the use of D as a goodness-of-fit statistic for testing the adequacy
of the fitted model. Proofs of the limiting x2_, distribution are
based on the following assumptions whose relevance in any given
application must be open to question.

Assumption 1: The observations are distributed independently ac-
cording to the binomial distribution. In other words, the possibility
of over-dispersion (Section 4.5) is not considered.

Assumption 2: The approximation is based on a limiting operation
in which dim(Y) = n is fixed, m; — oo for each ¢, and in fact
mimi(1 —m;) — oo.

In the limit given by assumption 2, D is approximately indepen-
dent of the estimated parameters B and hence approximately inde-
pendent of the fitted probabilities #. Approximate independence
is essential for D to be considered as a goodness-of-fit statistic, but
this property alone does not guarantee good power.
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If n is large and m;7; (1 — ;) remains bounded the whole theory
breaks down in two ways. First, the limiting x? approximation no
longer holds. Second, and more importantly, D is not independent
of # even approximately. As a consequence, a large value of D
could be obtained with high probability by judicious choice of 8
and x. In other words, a large value of D cannot necessarily be
considered to be evidence of a poor fit. For an extreme instance of
this effect, see section 4.4.5.

The deviance function is most directly useful not as an absolute
measure of goodness-of-fit but for comparing two nested models.
For instance, we may wish to test whether the addition of a further
covariate significantly improves the fit. Let Hy denote the model
under test and H4 the extended model containing an additional
covariate. The corresponding fitted values are denoted by i, and
ft 4 respectively. The reduction in deviance

R D(y; frg) — D(y; a) = 2U(frp3¥) — 2(fao;¥) (4.17)
is identical to the likelihood-ratio statistic for testing Hy against H4.
This statistic is distributed approximately like x? independently of
ft under assumption 1 above provided that either n is large or that
assumption 2 is satisfied. In particular, D(Y;fi;) need not have
an approximate 2 distribution nor need it be distributed inde-
pendently of fi,. The x? approximation is usually quite accurate
for differences of deviances even though it is inaccurate for the
deviances themselves.

4.4.4 Bias and precision of estimates

To a first order of approximation, maximum-likelihood estimates
are unbiased with asymptotic variance equal to the inverse Fisher
information matrix (4.15). Specifically, for large n,

BB~ ) =0 1)
cov(B) = (XTWX) {1+ O(n™V)}.
These approximate results are also true for the alternative limit in
which n is fixed and m — co. The errors are then O(m; ).
It is possible to give an expression for the bias of 8 that covers all
link functions. However, in order to keep the expressions as simple
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as possible, we shall restrict attention to linear logistic models. In
that case, the bias of £ involves the 3-way array

Kot = 3 Tir@isTit mims(1 — m;)(1 = 2m;),
i
which is just the skewness array of the log likelihood derivative
0l/0B. If we denote by k., the elements of the Fisher information
matrix XTWX, and by s™° the elements of the inverse matrix, we
have A o
blas(ﬂ,) ~ — Z Iﬁr’zlﬁ]’kni,j,k/l
ijk
The approximate skewness array of Bis

cum(,@r,,@sa,@t ‘2ZI€71I€3’]I€t kl{,,'] k-
ijk

Bias and skewness terms represent the major departures of the
distribution of B from the usual Normal approximation. Edgeworth
corrections will usually improve the accuracy of the approximation.

The corresponding expressions for other link functions are given
by McCullagh (1987, p.209). Computational tactics for generalized
linear models are discussed in sections 15.2--15.3.

4.4.5 Sparseness

By sparseness we mean that a sizeable proportion of the observed<
counts are small. An extreme instance of this phenomenon occurs
in Table 4.1a, where data are listed by subject number and hence
m; = 1 for each i. More generally, we say that the data are sparse
if many components of the binomial index vector are small, say 5
or less. Sparseness does not necessarily imply that there is little
information in the data about the values of the parameters. On
the contrary, if the data recorded are extensive, (n large), the
asymptotic approximation (4.18) is usually quite accurate. The
effect of sparseness is noticed mainly on the deviance function and
Pearson’s statistic, which fail to have the properties required for
goodness-of-fit statistics.

To illustrate the nature of the effect, suppose that ¥; ~ B(1,m;)
and that a linear logistic model such as (4.10) has been fitted by
maximum likelihood, yielding fitted values

#t; = exp(x! B)/[1 + exp(xT B)].
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The residual deviance function is
D= 2Z{y,- log(?—'i) + (1 —y) log(i : g’)}
= 2Z{y, logy; + (1 — ) log(1 — ;)

f’ﬁ ) — log(1 - fr,-)}.

i

Y - yilog(l

Since y = 0 or 1, we have ylogy = (1 — y) log(1 —y) = 0. Further,
log(#:/(1 — #;)) = xI'B. Thus

= —2BTXTY -2 log(1 - )
x— 22 log(1 — #;)

since XTY = XTjiis the maximum-likelihood equation. Ev1dently,
therefore, D is a function of ﬁ in this case. In other words, given 8,
D has a conditionally degenerate distribution and cannot be used
to test goodness of fit. Exact degeneracy occurs only for linear
logistic models if m; = 1, but near degeneracy occurs for any link
function provided that the m; are small.

The effect of extreme sparseness on Pearson’s statistic is less
obvious but can be seen from the following example. Suppose that
the observations are identically distributed and ¥; ~ B(1, 7). Then
# = ¢ and Pearson’s statistic reduces to

_ (yi—ﬂ)z_
=2 G "

The sample size is not very useful as a test for goodness of fit! The
deviance function fares no better, for

D = -2n{jlog§ + (1 —§)log(1 - 9)},

is a function of .

For intermediate cases in which the m; are small but mostly
greater than one, we may use D or X? as test statistics. However,
in the computation of significance levels it is essential to use the
conditional distribution of the statistic given the observed ﬁ Exact
conditional moments of X? can be computed in some important
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special cases: see, for example, the Haldane-Dawson formulae
for two-way tables in Exercise 6.16. More generally, however,
approximate formulae are available for the conditional mean and
variance of X? for linear logistic models (McCullagh, 1985). If n
is large, it is best to use a Normal approximation for X2 in which
the conditional mean and variance are

E(X*|B)~n—-p- %Z{l — 6y (1 — 7;)} Vi

+ 35 midr(1 — &)1 - 27 Vig Vi (1 — 275)
ij

var(X1B) =~ (1= p/m){2 3 (o) + Yo 281 - 2,)Vi, )

(] -
1]

where V;; are the elements of V = X(XTWX)7!XT, the ap-
proximate covariance matrix of f). These expressions are easy to
compute following the fitting of a linear logistic model because the
matrix V is readily available. Note that, unlike D, the conditional
variance of X? is ordinarily not zero for pure binary data.

Similar expressions are available for the conditional cumulants
of the deviance statistic but these are too complex for practical
use. See, for instance, McCullagh (1986).

It is good statistical practice, however, not to rely on either D or
X? as an absolute measure of goodness of fit in these circumstances.
It is much better to look for specific deviations from the model of a
type that is easily understood scientifically. For instance, we may
look for interactions among the covariates or non-linear effects by
adding suitable terms to the model and observing the reduction in
deviance. The reduction in deviance thus induced is usually well
approximated by a x? distribution.

4.4.6 Extrapolation

Extrapolation beyond the range of the observed z-values in order to
predict the probability of failure at extreme z-valdes is a hazardous
exercise because its success depends heavily on the correctness of
the assumed model, particularly on the choice of link function. It is
common to find that two models that give similar predictions over
the range of observed z-values may give very different predictions
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when extrapolated. The need for extreme extrapolation arises most
commonly in reliability experiments, where failure is a rare event
under naturally-occurring conditions. Experimentation is carried
out under an accelerated testing regime using extreme stresses or
high doses to increase the observed failure rate. For instance, in
certain toxicology experiments, laboratory animals are subjected
to unusually high doses of a suspected toxin or carcinogen. On the
basis of the observed responses at high dose levels, it is required
either to predict the failure rate at much lower dose levels, or to set
confidence limits on the dose z¢ that would produce an acceptably
low failure rate, mg, the so-called maximum safe dose or maximum
acceptable dose.

Suppose, by way of example, that the observed dose levels in log
units and the responses are as shown in Table 4.3. It is required to
predict the failure rate at dose levels equal to 1/50 unit and 1/100
unit, corresponding on the log scale to z = —3.912 and —4.605
respectively. On fitting the model

g(m) = Bo + P1x

for various choices of g(7), we find the fitted probabilities as
shown in Table 4.3. On treating (,@o, ,@1) as bivariate Normal with
covariance matrix (4.18), we find the predicted failure rates and
confidence intervals as shown in Table 4.4. Clearly, the predicted
failure probabilities are heavily dependent on the choice of link
function, although the fitted probabilities in Table 4.3 are almost
identical for the four link functions.

Table 4.3 Hypothetical responses in a tozicology erperiment

Dose Response Fitted probability
(log units) y/m logit  probit c-loglog log-log
0 3/10 0.280 0.281 0.288 0.278
1 5/10 0.540 0.540 0.519 0.558
2 8/10 0.780 0.782 0.793 0.766

The converse problem of setting approximate confidence inter-
vals for the dose zg that gives rise to a failure probability ¢ is most
easily accomplished using Fieller’s method. The linear combination

,éo + ,él-'L'O — g(mo)
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Table 4.4 Failure rates predicted by four models at low doses

90% Confidence interval

~4,
605 (3.5x107%, 0.25

c-log log  0.00994 (=7.76, —1.26
(107522 0.15

loglog  2.3x1072*  (-7.09, —0.63

To link (o) g-scale m-scale

logit 0.00513 (-9.47, —1.07)  (7.7x107%, 0.26)

3012 probit 0.00061 (-5.72, ~0.75)  (5.3x1077, 0.23)
c-log log  0.01684 (-7.04, —1.11)  (8.8x107%, 0.28)

loglog  11x107'?  (-6.13, —0.50) (1072, 0.19)

logit 0.00239  (—10.82, —1.25)  (2.0x107%, 0.22)

probit 0.00011 (—6.54, —0.87)  (3.1x107°, 0.19)

) )

) )

is approximately Normally distributed with mean 0 and variance
v3(z0) = var(Bo) + 2zo cov(fo, A1) + 2 var(B)

The resulting confidence ‘interval’ is the set of all zg-values satis-
fying
Bo + Prxo — g(mo) .
4.19
U(.’L‘o) a/2 ( )

where ®(k*) = 1—a. The set (4.19) may be a finite interval, a semi-
infinite interval or the complement of an interval. The numerical
values produced by (4.19) are again heavily dependent on the choice
of link function.

In practice, it is usually a good idea to compute the set (4.19) for
a suitable selection of link functions. Only if these are in reasonable
agreement can any real confidence be placed in the predictions.

An alternative method for constructing approximate confidence
intervals for zg using the likelihood function directly is outlined in
Exercises 4.19 and 4.20.

4.5 Over-dispersion
£
4.5.1 Genesis

By the term ‘over-dispersion’, we mean that the variance of the
response Y exceeds the nominal variance — in this case the nominal
binomial variance, mn(1— ). Over-dispersion is not uncommon in
practice. In fact, some would maintain that over-dispersion is the
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norm in practice and nominal dispersion the exception. The inci-
dence and the degree of over-dispersion encountered greatly depend
on the field of application. In large-scale epidemiological studies
concerning geographical vdriation in the incidence of disease, the
binomial variance is often an almost negligible component of the
total variance. Unless there are good external reasons for relying
on the binomial assumption, it seems wise to be cautious and to
assume that over-dispersion is present to some extent unless and
until it is shown to be absent.

Over-dispersion can arise in a number of ways. The simplest,
and perhaps the most common mechanism, is clustering in the
population, a mechanism previously proposed by Lexis (1979): see
Stigler (1986, p. 229-238). Families, households, litters, colonies
and neighbourhoods are common instances of naturally-occurring
clusters in populations. Clusters usually vary in size, but we shall
assume for simplicity that the cluster size, k, is fixed and that the
m individuals sampled actually come from m/k clusters. In the ith
cluster, the number of positive respondents, Z;, is assumed to have
the binomial distribution with index k¥ and parameter w;, which
varies from cluster to cluster. Thus, the total number of positive
respondents is

Y = Zl+Zz+...+Zm/k.

If we write E(m;) = 7 and var(m;) = 727(1 — 7), it may be shown
that the unconditional mean and variance of Y are

E(Y)=mn

var(Y) = mn(1 — m){1 + (k — 1)7%} (4.20)
= o?mm(l — 7).
Note that the dispersion parameter 62 = 1 4 (k — 1)7% depends on
the cluster size and on the variability of = from cluster to cluster,
but not on the sample size, m. This is important because it enables
us to proceed as if the observations were binomially distributed and
to estimate the dispersion parameter from the residuals.
Over-dispersion can occur only if m > 1. If m = 1, the mean
necessarily determines the variance and all higher-order cumulants.
In general, the preceding derivation via cluster sampling forces the
dispersion parameter to lie in the interval

1<o?2<k<m
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because 0 < 72 < 1. It is often desirable, in order to accommodate
under-dispersion, to extend the domain of definition to include
values of ¢2 in the interval 0 < ¢2 < 1.

The beta-binomial distribution (Exercise 4.17), is sometimes
used as an alternative model for over-dispersion. This distribution
has the property that the variance ratio var(Y)/{mn(1 — =)} is
a linear function of m, rather than a constant as in (4.20). By
plotting residuals against m it is possible, in principle at least, to
discriminate between these two models. The examples that we have
examined, however, seem to favour the constant dispersion factor
in (4.20) over the beta-binomial model.

4.5.2 Parameter estimation

With specific forms of over-dispersion, such as that described in
Exercise 4.17 leading to the beta-binomial model, one can use
maximum likelihood to estimate the regression parameters and the
dispersion parameter jointly. Though this is an attractive option
from a theoretical standpoint, in practice it seems unwise to rely on
a specific form of over-dispersion, particularly where the assumed
form has been chosen for mathematical convenience rather than
scientific plausibility. For that reason, in what follows we assume
that the effect of over-dispersion is as shown in (4.20). In other
words, the mean is unaffected but the variance is inflated by an

unknown factor o2.

With this form of over-dispersion, the models described in
section 4.3 may still be fitted using the methods of section 4.4, as if
the binomial distribution continued to apply. The only difference
occurs in section 4.3.3 where the x2_, and the x? approximations
are replaced by o?x%_, and 02} respectively. In section 4.4.4, the

covariance matrix of B is replaced by
cov(B) ~ s2(XTWX) L. (4.21)

For further details, see Chapter 9.

The expressions for bias and skewness given in section 4.4.4
are not valid without further assumptions concerning the effect
of over-dispersion on the higher-order cumulants: see, for instance,
Exercise 4.18. -

There remains only the problem of estimating the dispersion
factor, which is required for setting confidence limits on 8 and on
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components of #. This is exactly analogous to the problem of esti-
mating ¢? in ordinary Normal-theory linear or non-linear models.
Suppose first that there is replication: in other words, for each
covariate value x, several observations (yi,mi),...,(y,,m,) are
observed. These observations are independent and essentially iden-
tically distributed apart from the fact that the indices m;,...,m,
may be unequal. The estimate of m based on this covariate class
alone is
T =y, /m,.

and the expected value of the within-class weighted sum of squares

r

Z(yj — my#r)?/m;

j=1

is equal to (r — 1)o?n(1 — 7). In other words,

2= Z(y"_mﬁ)z (4.22)

r—1 mﬁr(l—fr)

is an approximately unbiased estimator of 02 on r — 1 degrees
of freedom. On pooling together these estimators, one for each
covariate class in which replication occurs, we obtain the replication
estimate of dispersion on ) (r — 1) degrees of freedom. This
estimator has a slight bias of order O(m!) in the binomial case
(for 02 = 1) and has comparable bias otherwise. The value of the
replication estimate of 2 is independent of the fitted model.

In the absence of replication, or if the number of degrees of
freedom for replication is small, an estimate of % may be based on
the residual sum of squares appropriately weighted. If the fitted
model is correct,

54 = 1 (ys — mi’;l',')z _
o= n—p Z mfi(l — ;) - Xz/(n —p) (4.23)

is approximately unbiased for g2 provided that p is small compared
with n. The estimated covariance matrix of 8 is then

estimated var(B) = 6%(XTWX) L.
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Note that if m; = 1 for each  we must have g2 = 1. The repli-
cation estimator (4.22) has this property to a close approximation
but (4.23) based on Pearson’s statistic does not.

The alternative estimator of o2 based on the normalized residual
deviance is approximately equal to 5% in the non-sparse case for
which all m; are large. In the sparse case, however, 5% is consistent
for 02 whereas D(y; i)/(n — p) is not. The latter claim is evident
from the discussion in section 4.4.5. For instance, if ¥; ~ B(1,x)
for each i, (4.23) and (4.22) give

02 =8s=n/(n~-1),
which tends to unity as n becomes large. By contrast,

D 2
- —n_nl{frlogfr + (1—#)log(1—1#)},

n—1

whose value ranges from 0 to 1.386 = 2log 2 as # ranges from 0 to
0.5.

The approximate bias and variance of % in the absence of
over-dispersion are given in section 4.4.5. In the presence of over-
dispersion satisfying (4.20), the bias of 2 is of order O(n™!). Both
the bias and the variance depend on the effect of over-dispersion
on the third and fourth cumulants of Y. If the effect of over-
dispersion on these cumulants is as described in Exercise 4.18,
explicit expressions can be obtained for the approximate bias and
variance of 2. These formulae are moderately complicated and are
of limited usefulness in practice because the higher-order dispersion
factors must be estimated from the available data. Even for
linear models, the estimation of higher-order cumulants is seldom
worthwhile unless the data are very extensive.

4.6 Example

4.6.1 Habitat preferences of lizards

The following data are in many ways typical of social-science
investigations, although the example concerns the behaviour of
lizards rather than humans. The data, taken from Schoener (1970),
have subsequently been analysed by Fienberg (1970b) and by
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Table 4.5 A comparison of site preferences of two species of lizard,
grahami and opalinus

T

Perch Early Mid-day Late
D H
S (in) (ft) G O Total O Total G O Total

G
Sun <2 <5 20 2 22 8 1 9 4 4 8
>5 13 0 13 8 0 8 12 12

4

0

>2 <5 8§ 3 11 1 5 5 8
>5 6 0 6 0 0 1 2

0

3

1
Shade <2 <5 34 11 45 69 20 89 18 10 28
>5 31 5 36 55 4 59 13 3 16
8

>2 <5 17 15 32 60 32 92 8 16
>5 12 1 13 21 5 26 4 4 8

, perch helght D, perch diameter; S, sunny/shady; T', time of day;
G, grahami; opalmus

Bishop et al (1975). Data concerning the daytime habits of two
species of lizard, grahami and opalinus, were collected by observing
occupied sites or perches and recording the appropriate description,
namely species involved, time of day, height and diameter of perch
and whether the site was sunny or shaded. Time of day is recorded
here as early, mid-day or late.

As often with such problems, several analyses are possible
depending on the purpose of the investigation. We might, for
example, wish to compare how preferences for the various perches
vary with the time of day regardless of the species involved. We find
by inspection of the data (Table 4.5) that shady sites are preferred
to sunny sites at all times of day but particularly so at mid-day.
Furthermore, again by inspection, low perches are preferred to high
ones and small-diameter perches to large ones. There is, of course,
the possibility that these conclusions are produced by an artefact
of the data-collection process and that, for instance, occupied sites
at eye level or below are easier to spot than occupied perches higher
up. In fact, selection bias of this type seems inevitable unless some
considerable effort is devoted to observing all lizards in a given
area.

A similar analysis, but with the same deficiencies, can be made
for each species separately.
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Suppose instead that an occupied site, regardless of its position,
diameter and so on, is equally difficult to spot whether occupied
by a grahami or an opalinus lizard. This assumption would be
plausible if the two species were similar in size and colour. Suppose
in addition that the purpose of the investigation is to compare the
two species with regard to their preferred perches. Thus we see
that, of the 22 occupied perches of small diameter low in the tree
observed in a sunny location early in the day, only two, or 9%,
were occupied by opalinus lizards. For similar perches observed
later in the day, the proportion is four out of eight, i.e. 50%. On
this comparison, therefore, it appears that, relative to opalinus,
grahami lizards prefer to sun themselves early in the day.

To pursue this analysis more formally, we take as fixed the total
number mi;z; of occupied sites observed for each combination of
i = perch height, j = perch diameter, ¥ = sunny/shady and
[ = time of day. In the language of statistical theory, these totals or
covariate-class sizes are ancillary provided that the purpose of the
investigation is to compare preferences or to examine the differences
between the site preferences of the two species. The response
variable y;ji; gives the observed number or, equivalently, the
observed proportion of the m;;x; occupied sites that were occupied
by grahami lizards. By symmetry, we could equally well work with
Mijki — Yijki, the number of sites occupied by opalinus lizards. We
take the random variable Yj;x; to be binomially distributed with
index mjr; and parameter 7k, Thus 7 is the probability that an
observed occupied site is in fact occupied by a grahams lizard. Of
course, the possibility of over-dispersion relative to the binomial
distribution must be borne in mind.

At the exploratory stage, probably the simplest analysis of these
data is obtained by transforming to the logistic scale. Using the
empirical logistic transformation (4.7), we have the transformed
value for y; /m; = 20/22, namely

21 = log(20.5/2.5) = 2.1041

with approximate variance 1/20.5 + 1/2.5 = 0.4488. A straightfor-
ward linear analysis of the transformed values is usually a satisfac-
tory method of analysis if all the observed counts are moderately
large. In this example not all the counts are large and for that
reason, we must-confirm our findings using a different technique. To
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Table 4.6 Computation of logistic factorial standardized contrasts for
lizard data N

Absolute
Transformed Estimated  Raw  Estimated standardized

value variance contrast variance Parameter contrast
2.1041 0.4488 30.9092 20.16 I —

3.2958 2.0741 11.0986 20.16 H 2.47
0.8873 0.4034 —12.4508 20.16 D 2.77
2.5649 2.1538 -5.3629 20.16 HD 1.19
1.0986 04159 —5.4698 20.16 S 1.22
1.7451 0.2136 —-0.1739 20.16 HS 0.04
0.1214 0.1217 3.9168 20.16 DS 0.87
2.1203 0.7467 5.4014 - 20.16 HDS 1.20
1.7346 0.7843 —8.3505 11.79 T 2.43
2.8332 2.1176 —1.9645 11.79 HT. 0.57
1.0986 0.8889 —-2.1333 11.79 DTy, 0.62
0.0000 4.0000 —6.2926 11.79 HDT}, 1.83
1.2209 0.0632 2.0122 11.79 STy 0.59
2.5123 0.2402 —1.7595 11.79 HST:L 0.51
0.6214 0.0473 —0.4950 11.79 DSTy, 0.14
1.3633 0.2283 2.0210 11.79 HDST;, 0.59
0.0000 0.4444 —3.2438 45.27 To 0.48
3.2189 2.0900 4.9987 45.27 HTq 0.74
0.4520 0.4675 3.2022 45.27 DTg 0.48
0.0000 1.3333 2.8773 45.27 HDT, 0.43
0.5664 0.1493 —5.6243 45,27 STq 0.84
1.3499 0.3598 —6.2738 45.27 HSTg 0.93
0.0000 0.2353 —1.2453 45.27 DSTq 0.19
0.0000 0.4444 0.4582 45.27 HDSTg 0.07

maintain balance, the observation (0, 0) is transformed to 212 = 0.0
with ‘variance’ 4.0.

The first two columns of Table 4.6 give the transformed values
and their estimated variances listed in the usual standard order
corresponding to the factors H, D, S and T. Four steps of Yates’s
algorithm (not given) produce the raw contrasts, again associated
with the four factors in the same standard order. In the case of
the factor 7', which has three ordered levels, linear and quadratic
contrasts were used to complete the decomposition. Variances are
computed in a similar way, the coefficients being squared. Thus, all
main effects and interactions involving H, D and S only have the
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Expected half-normal order statistic

Fig. 4.2.  Half-normal plot of ordered absolute standardized logistic
contrasts for the lizard data. The solid line is at 45°.

same variance, 20.16, which is the total of column 2. Similarly for
terms involving T7, and for terms involving Tg. Finally we compute
the standardized contrasts: of these, only the main effects of H
and D and the linear effect of time, with standardized contrasts in
excess of 2.4, appear to be significant.

A half-Normal plot (Daniel, 1959) of the ordered absolute stan-
dardized logistic contrasts against their Normal-theory expected
values (Fig. 4.2), suggests that the main effects of height and di-
ameter and the linear effect of time are significant though not over-
whelmingly so. The three-factor interaction H.D.Tp also deviates
from the theoretical line, but this appears to be an aberration well
within the sampling limits especially when due allowance is made
for the effect of selection. As a matter of policy, no allowance for
selection would normally be made when judging the significance
of main effects in a full factorial design. Such effects that are not
expected in advance to be null should be excluded from the half-
normal plot, though this has not been done in Fig. 4.2.

The unit slope observed in Fig. 4.2 is evidence that ¢ = 1 and
hence there is no suggestion of over-dispersion.

Because of the numerous small observed counts in this particular
example, some caution is required in the interpretation of contrasts
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in Table 4.6. It is possible, for example, that the addition of 1/2
to each count before transforming could swamp the data. Indeed
such an effect seems to have occurred for the sunny/shady contrast.
Here, few opalinus lizards were observed in sunny locations, so that
the addition of 1/2 to each of these counts has a marked effect on
the S contrast, reducing it towards zero and so diluting its apparent
significance. )

We now consider an alternative analysis using a generalized
linear model fitted by maximum likelihood, which avoids transfor-
mation problems. The preceding analysis in Table 4.6 and Fig. 4.2
suggests that the structure of these data is fairly simple; there
appear to be no strong interactions on the logistic scale. We are
therefore led initially to consider the linear logistic model including
all four main effects. Such a model can be written symbolically as
H+ D+ S+ T or, in subscript notation,

logit(mjkt) = p+ i + B + v + &, (4.24)

where a, 3, v and § refer to the four factors H, D, S and T. In
fact this model fits the data quite well with no evidence of over-
dispersion. All main effects including § are significant at the 5%
level, illustrating the drawbacks of the previous analysis where S
appeared to be insignificant. None of the two-factor interactions
appears significant; the relevant statistics are given in Table 4.7.
Parameter estimates associated with the model (4.24) are given in
Table 4.8, where we use the convention of setting the first level of
each factor to zero. It is possible here to replace T by a single
contrast corresponding to late afternoon versus earlier in the day
without unduly affecting the fit. This replacement reduces the
number of parameters by one but does not greatly simplify the
model or statements of conclusions.

Finally, an informal examination of the standardized residuals
reveals no unexpected features or patterns.

The principal conclusions to be drawn are as follows. An
occupied high perch is more likely to be occupied by a grahami
lizard than is an occupied low perch. The ratio of the odds for
high versus low perches is an estimated 3.10 = exp(1.13), and
this ratio applies under all conditions of shade, perch diameter
and time of day. It would be false to conclude from this analysis
that grahami lizards prefer high perches to low perches. We may,
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Table 4.7 Ezamination of two-factor interactions for lizard data

Model description® Degrees of freedom Deviance First difference

Main effects only 17% 14.20

Main + T'.S 15 12.93 1.27
Main +T.-H 15 13.68 0.52
Main 4+ T.D 15 14.16 0.04
Main+ S.H 16 11.98 2,22
Main + S.D 16 14.13 0.07
Main + H.D 16 13.92 0.28

* The factors here are time of day (T'), sunny/shady (S), height (H)

and diameter (D).
t Degrees of freedom are reduced by one because no occupied sites
were observed for (i,7,k,1) = (2,2,2,2).

Table 4.8 Parameter estimates for the linear logistic model (4.24)

Parameter Estimate S.E.
R 1.945 0.34
H, height > 5ft 1.13 0.26
D, diameter > 2in -0.76 0.21
S, shady —0.85 0.32
T(2), mid-day 0.23 0.25
T(3), late -0.74 0.30

however, conclude that grahams: lizards have less aversion to high
perches than do opalinus lizards, so that an occupied high perch
is more likely to contain a grahami lizard than an occupied low
perch,

Similar conclusions may be drawn regarding the effect of shade,
perch diameter and time of day on the probability that an occupied
site contains a graham: lizard. The odds are largest for small-
diameter lofty perches observed in a sunny location at mid-day (or
in the morning). In fact, only grehami and no opalinus lizards were
observed under these conditions. Because there is no interaction
among the effects, the odds are smallest for the converse factor
combinations.

These conclusions differ from those of Fienberg (1970b) and
Bishop et al. (1975), who found an interaction between H and D
and between S and T regarding their effect on species’ preferences.
The principal reason for this difference appears to be the fact
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that these authors attempted to consider several unrelated issues
simultaneously using only a single model, and did not condition
on the totals m;ji;, which are regarded as ancillary in the analysis
given here.

4.7 Bibliographic notes

The statistical literature on the analysis of discrete data is very
extensive and there is a wealth of excellent text-books treating the
subject from a number of different angles. Cox (1970) offers a
good introduction to the subject and combines a pleasant blend of
theory and application in a slim volume. Plackett (1981) is a good
introductory text covering much of the material in this chapter
and in the following three chapters, but with a slightly different
emphasis. Breslow and Day (1980) concentrate on applications in
cancer research. Fleiss (1981) discusses applications in the health
sciences generally. Haberman (1978, 1979) concentrates mainly
on social-science applications. Engel (1987) gives an extensive
discussion of over-dispersion.

There is some overlap with the survival-theory literature, where
success is sometimes defined rather arbitrarily as two-year or five-
year survival: see, for example, Kalbfleisch and Prentice (1980) or
Cox and Qakes (1984).

Other books dealing partially or wholly with binary data include
Adena and Wilson (1982), Aickin (1983), Armitage (1971), Ashton
(1972), Bishop, Fienberg and Holland (1975), Bock (1975), Everitt
(1977), Fienberg (1980), Finney (1971), Gokhale and Kullback
(1978), Maxwell (1961), Plackett (1981) and Upton (1978).

4.8 Further results and exercises 4

4.1 Suppose that Y),...,Y;, are independent Bernoulli random
variables for which

pr(Y;=0)=1—-7 and pr(¥;=1)=m.

Show that any fixed sequence comprising y ones and m — y zeros
has probability 7¥(1 — x)™~Y. Hence deduce that the total Y, =
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Y, +...+Y,, has the binomial distribution (4.2) with index m and
parameter w.

4.2 Suppose that Y3 ~ B(m,, ) and Y2 ~ B(m;, w) are indepen-
dent. Deduce from Exercise 4.1 that Y, ~ B(m_, 7).

4.3 Suppose that ¥} ~ B(m,,w1) and Yz ~ B(mgy,m;) are
independent. Show that
pI'(Y. = y.) = (1 - Wl)mlﬂg'(l - 772)m2_y. PO(wa mlamZay-)a

where ¢ = m(1 — m2)/{m2(1 — 71)} is the odds ratio and Py(%; -)
is the polynomial in ¢

b
Po(; mi,ma,g.) = ("J") (y’"_”j)wf.

j=a

The range of summation extends from ¢ = max(0,y, — my) to
b = min(my,y,). Show also that

m,
%wmmwyh<y>

which is consistent with the previous exercise.

4.4 Suppose that Y7,Y, are independent Poisson random vari-
ables with means u and pu respectively. Show that

Y =Y1+Y: ~ P(u+pu)
Y1|Y.=m ~ B(m, 1/(1+ p)).
Show how you might use this result to test the composite null
hypothesis Hg: p = 1 against the one-sided alternative Hy: p > 1.

4.5 Let Yi,...,Y, be independent random variables such that
Y; ~ B(m,m;) and let ¥ = >_Y; be the sum. Show that, given

EY)=mq
var(Y) = m (1 — @) — m(n — 1)ka(m)

where m, = nm. Give the expression for kz(w) in terms of
TyyeoeyTp.
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4.6 Inthe notation of the previous exercise, assume that 7,,..., 7,
are independent random variables with common mean m and com-
mon variance 72m(1 — 7). Show that, unconditionally,

EY)=mn
var(Y) = m,w(1 — m){1 + (m — 1)7?}
Deduce that 0 < 72 < 1, so that var(Y) > m,n(1 - «).
4.7 Define

Y
P(y) = e #u¥/y!.
Let m = u/m. Show that, for fixed u, as m —y — oo,

By) (_@_)1/2'

m-y

P(y)

4.8 Suppose that Y ~ B(m, ) and that m is large. By expanding
in a Taylor series, show that the random variable

Z = arcsin{(Y/m)"}

B(y) = (’") (1= )Y,

has approximate first two moments

1-2
E(Z) ~ arcsin(n'/?) — — T
8y/mn(l—m)

var(Z) ~ (4m)~L.

4.9 Let K(6) be a cumulant function such that the rth cumulant
of X is the rth derivative of mK(6). Let u = mK’(f) be the
mean of X and let k3(u), s3(u) be the variance and third cumulant
respectively of X, expressed in terms of u rather than in terms of 6.
Show that

K3 d
r3(p) = ka(p)ka(p) and i @log Ka(n)-

Verify that the binomial cumulants have this form with

K(6) = log(1 + €°).
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4.10 Show that if the cumulants of X are all O(m) for large m,
then Y = ¢(X) is approximately symmetrically distributed if g(.)
satisfies the second-order differential equation

3x3(1)g" (1) + ¢'(W)Ka(u) = 0.

Show that if k(1) and k3(u) are related as in the previous exercise,
then

9(x) = /z'ﬁf;l/s(u) dp.

[N.B. k2(u) is the variance function denoted by V(u) in section 2.2:
x3(p) is an obvious extension.]

4.11 Find the corresponding equations that give the variance-
stabilizing transformation of X.

4.12 Logistic discrimination: Suppose that a population of indi-
viduals is partitioned into two sub-populations or groups, G; and
G,, say. It may be helpful to think of G, in a epidemiological
context as the carriers of a particular virus, comprising 100m, % of
the population, and G2 as the non-carriers. Measurements Z made
on individuals have the following distributions in the two groups:

Gy: Z ~ Np(py, X)

G2:  Z ~ Np(p,y, X).
Let z* be an observation made on an individual drawn at random
from the combined population. The prior odds that the individual

belongs to G, are m, /(1 — m,). Show that the posterior odds given
Z* are i -

L

odds(Y =1|Z*) = x exp(a + B7z")
1

where the logistic regression coefficients are given by
o= LWIE y — TS,
B =" — ma)

Comment briefly on the differences between maximum likelihood
estimation of a and B via the Normal-theory likelihood and esti-
mation via logistic regression. [Efron, 1975].
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4.13 Go through the calculations of the previous exercise, replac-
ing the Normal distributions by exponential distributions having
the same means.

4.14 Suppose that Y ~ B(m,e*/(1 + ¢*)). Show that m — Y
also has the binomial distribution and that the induced parameter
is ' = — . Consider

Y+ )

/\leg(m—Y+cz

as an estimator of A. Show that, in order to achieve consistency
under the transformation ¥ — m — Y, we must have ¢; = c,.

4.15 Using the notation of the previous exercise, write
Y =mr+ mr(l —7) Z,
where Z = O,(1) for large m. Show that

l1—-m

E{log(Y + ¢)} = log(mm) + % - + O(m ™3,

2mm
Find the corresponding expansion for E{log(m -Y 4+ c)} Hence,
if ¢; = ¢ = ¢, deduce that

. (1-2m)(c—3)

EQ)= X+ + O(m™%?),

mn(l — )

[Cox, 1970, section 3.2].

4.16 Suppose that Y7,...,Y, are independent and that Y¥; ~
B(m;, 7). Show that the maximum-likelihood estimate is # =
Y,/m,, and

2 1

$=— Z(Yi — m#)? [ {mi®(1 - )}

has expectation
m,
E(s?) =

m, —1

Hence show how the estimator (4.22) may be modified to eliminate
bias in the null case of no dispersion. [Haldane, 1937].
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4.17 Show that if Y|P ~ B(m,p), where P has the beta
distribution

fe(p) =p*'(1 = p)’ ' /B(a, B), (0<p<1),
then Y has the beta-binomial distribution
m) B(a+y, m+ﬁ—y)

(¥ =y) = <y B(a, )

fory=0,...,mand a, 3 > 0. Show that
E(Y)=mr and
var(Y) = ma(1 — m){1 + (m — 1)7%}
and express m and 72 in terms of @ and 3. [Crowder, 1978; Plackett,
1981 p.58; Williams, 1982; Engel, 1987].

4.18 Suppose, following the cluster-sampling mechanism described
in section 4.5.1, that

Y:ZI+Zz+...+Zm/k

where Z; ~ B(k,7;) are independent. Assume in addition that the
cluster probabilities are independent random variables satisfying
E(m) =m, var(m)=mmn(l—-m), k3(m)=mrm(l—m)(1-2m).
Show that the marginal cumulants of Y are

EY)=mn
var(Y) = mr(1 — m){1 + (k — 1)1}

k3(Y) =mm(1l - )(1 —2m) {1 +3(k — )2 + (k — 1)(k — 2)73}.

[With obvious extensions, similar calculations for the fourth cumu-
lant give

£4(Y) =mn(1 —m){1 + 7(k — 1)13 + 6(k — 1)(k — 2)73
+ (k —1)(k — 2)(k — 3)74}
—6mn?(1 ~m)2{1 + 6(k — 1)1 + 4(k — 1)(k — 2)T3
+ (k= 1)(k — 2)(k — 3)74 + (k — 1)(2k — 3)72 }.

breaking the early pattern.]
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4.19 Consider the dose-response model
g(m) = Bo + Prz.

Under the hypothesis that the response probability at z¢ is equal
to mo, show that the model reduces to

g(m) = Bo(1 —z/x0) + g(mo)x/T0 .

How would you fit such a model using your favourite computer
program?

4.20 Let D(zq) be the residual deviance under the reduced model
in the previous exercise. How would you use a graph of D(zo)
against zo to construct an approximate confidence set for the .
parameter zo? For the logistic model, compute this interval using
the data in Table 4.3 for mo = 0.01. Compare the answer with that
given by (4.19).

4.21 Suppose that in a given population, the proportions of
individuals in the various categories are as shown in Table 4.2. In a
prospective study, 100 subjects in each of the exposure groups are
observed over the requisite period. Find the expected numbers in
each of the four cells. Show that the estimate of the log odds-ratio
has approximate variance

var(A)) ~ 0.472.

In a retrospective study, 100 cases with the disease and 100 disease-
free controls are obtained. Their exposure status is subsequently
ascertained. Find the expected numbers in the four cells. Show
that the estimate of the log odds-ratio has approximate variance

var(Az) ~ 0.093.

Hence compute the relative efficiency of the retrospective design.

4.22 Show that the logistic density
fx(z) = exp(z)/[1 + exp(z)]?

is symmetrical about zero. Find the cumulative distribution func-
tion and show that the 100p percentile occurs at

zp = log(p/(1 - p))-
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Show that the moment generating function of X is
Mx(t) = wt/sin(nt) = (1 + t)[(1 —¢t).
for —1 < t < 1. Hence deduce that the even cumulants of X are
_ .2 — o 4 _ 6 _ 8

kg =73, K4 =2m"/15, K¢ =167"/63, kg =167"/15,....
Deduce that k. ~ 2(2r — 1)!{1 + 2727} for large r. Check this
approximation numerically for the cumulants listed above.

The exact cumnulants are given by the series expansion

Kor = 2(2r — 1)1C(2r) = 2(2r — I {1+ 2727 437 4472 .},

where ((z) is the Riemann zeta function.

4.23 Let X be a unit exponential random variable. Show that
the density function of ¥ =log X is

fr(y) =exp(y—e¥) for —o0o<y<oo.
Plot the density. Find the cumulative distribution function and
obtain an expression for the 100p percentile.
Show that the moment generating function of Y is
My (t) =T(1+1¢).
Hence deduce that the cumulants of Y are
Rrar(Y) = $0(1) = (1)1 (r +1).
Show in particular that the first four cumulants are
Ky = —y >~ —0.57721, Ky =7Y6, K3 =—2.40411, K4 =n"/15.

Comment briefly on the relation between the even cumulants of ¥
and those of the logistic density.
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Table 4.9 Number of eggs recovered after 2 days out of 50 of each type'

Adult species

A B C
egg species egg species egg species
a b ¢ a b ¢ a b ¢
25 24 15 25 15 22 35 21 28
day1 26 14 26 day1 31 22 33 dey1 36 19 34
26 24 32 24 12 30 33 16 31
29 14 32 14 8 13 24 24 23
day 2 28 13 19 day 2 18 12 20 dey 2 38 24 27
27 19 16 - - - 34 36 27
26 10 13 13 6 14
day3 20 7 15 day 3 18 11 19
14 14 23 8 5 12

tData courtesy of Mr S. Teleky, University of Chicago.

4.24 Show how you would use your friendly computer program to
compute the approximate conditional mean and variance of Pear-
son’s statistic using the formulae given at the end of section 4.4.5.
[Hint: express 3 Vi;(1 — 27;) as the vector of fitted values in a
supplementary weighted linear regression problem. This step is un-
necessary if your friendly program permits matrix multiplication.]

4.25 Beetles of the genus Tribolium are cannibalistic in the sense
that adults eat the eggs of their own species as well as those of
closely related species. Any species whose adults can recognize
and avoid eggs of their own species while foraging has a distinct
evolutionary advantage. Table 4.9 presents the results of one
experiment conducted at the University of Chicago by Mr S. Teleky
of the Department of Evolutionary Biology. The aim of this study
was to determine whether any of the three Tribolium species,
castaneum (A), confusum (B), or madens (C) has evolved such
an advantage.

The experimental procedure used was to isolate a number of
adult beetles of the same species and to present them with a vial
of 150 eggs — 50 of each type — the eggs being thoroughly mixed
to ensure a uniform distribution on the vial. The number of eggs
of each type remaining after two days was counted and recorded
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and is displayed in Table 4.9. Eggs are coded here using the lower-
case letters of the adult species. Typically, several such experiments
with the same adult species were run in parallel, the adults for each
experiment being chosen from a large population of that species.
Thus, for adult species A, three experiments were run in paralle]
beginning on each of three days. Days 1, 2 and 3 are not necessarily
consecutive, nor is day 1 for species A the same as day 1 for species
Bor C.

Analyse the data bearing in mind the objective of the experiment
and the design of the experiment. Make due allowance for over-
dispersion in the computation of standard errors and confidence
intervals. Is there any evidence that any of the three adult species
has evolved a preference for eggs of the other species?

4.26 The data shown in Table 4.10 were collected by Sir Francis
Galton as part of his study of natural inheritance—in this case the
study of the inheritance of eye colour in human populations.

1. Set up a six-level factor, P, one level corresponding to each of
the distinguishable eye-colour combinations of the two parents.

2. Set up the corresponding factor, G, for the distinguishable eye-
colour combinations of the grandparents. How many levels
does this factor have?

3. Fit the linear logistic model P, treating the number of light-
eyed children as the binomial response. Examine the standard-
ized residuals and set aside any obviously discrepant points.

4. Re-fit the previous model to the remaining data. Compute
the fitted probabilities for all eye-colour combinations of the
two parents. Arrange these fitted probabilities in a 3x3 table.
Comment on any marked trends or other patterns.

5. Add the factor G to the previous model. Look for trends or
other patterns among the levels of G. What evidence is there
for a grandparent effect above and beyond the parental effect?

6. Outliers are often caused by transposing digits or otherwise
misrecording the data. What alternative explanation can you
offer for the most discrepant points in this example?

7. Is there any evidence of over-dispersion? Estimate the disper-
sion parameter.

8. What additional information could be extracted from these
data if the eye-colours of the father and mother were separately
recorded? Comment on the relevance of this information
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less than siz brothers or sisters each, classified by eye-colour of parents

and grandparents.!

Table 4.10 Number of light-eyed children in each of 78 families of not

Light-eyed
children

Total

Number of grandparents

Number of parents

children

Hazel Dark Light Hazel Dark

Light

12

12

10
12

12

10

10

10

10

10

11

Continued
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Table 4.10 Continued.

Light-eyed
children

Total

Number of grandparents

Number of parents

children

Hazel Dark Light Hazel Dark

Light

10

11

11

11

10

10
14

13

tSource: Galton (1889, p.216-217).
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(a) from a biological viewpoint and (b) from a sociological
viewpoint.

9. Fit the linear logistic model G. Compute the fitted probability
for each level of G. Label the levels of G appropriately and
comment on any trends or patterns in the fitted probabilities.

10. Examine the residuals from the previous model. Comment
briefly on any unusual patterns, particularly in families 32
and 56.

4.27 Using the notation of section 4.4.3 in which ¥; ~ B(m;,w;),
let Hy C H, denote two nested models for the probability vector
#, with deviances D(y, #¢) and D(y, #,) respectively. Show that,
in the case of linear logistic models, the deviances satisfy the
Pythagorean relationship

D(yaﬁ.O) = D(yvil) + D(i‘l,'frO)-

Hence deduce that for logistic models, but not otherwise, D(f,, %)
is the likelihood-ratio statistic for testing Hy against H; as alter-
native. :

4.28 In the previous exercise, suppose that Hy and H; denote
a constant and a single-factor model respectively. Show that the
fitted values and the deviance functions are then independent of the
link used for model specification. Show also that weighted squared
Euclidean distance with weights m; satisfies the Pythagorean rela-
tionship. What other discrepancy functions satisfy the Pythagorean
relationship in this special case? [Efron, 1978].

4.29 The asymptotic bias of the components of ﬁ in linear logistic
models is given by

E(’ér _ ,HT) ~ __%nr,snt,uns,t’u,
using the index notation of McCullagh (1987, p. 209), in which £™*
is the inverse Fisher information matrix. Express &, ;. in terms of
the components of the model matrix.
For small B, justify the approximation

E(B) ~ B x (1+p/m.),

showing that the bias vector is approximately collinear with the
Parameter vector.
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4.30 Let R; be the unobserved true response for unit ¢ with
m} = pr(R; = 1) satisfying the linear logistic model

logit(n}) = BT x;.

Suppose that the observed response is subject to mis-classification

as follows.
pr(Y,- = IIR,' =0) =6,'

pr(Y; =0|R; = 1) = ¢;.

Show that if the mis-classification errors satisfy

then the observed response probability m; = pr(Y; = 1) satisfies
lOgit(ﬂ',’) = ﬂTx,-.
Discuss briefly the plausibility of the assumption concerning the

mis-classification probabilities. [Bross, 1954; Ekholm and Palm-
gren, 1982; Palmgren, 1987; Copas, 1988].



CHAPTER 5

Models for polytomous data

5.1 Introduction

If the response of an individual or item in a study is restricted to
one of a fixed set of possible values, we say that the response is
polytomous. The k possible values of Y are called the response
categories. Often the categories are defined in a qualitative or
non-numerical way. A familiar example is the classification of
blood types, with unambiguous but qualitative categories O, A,
B, AB. Another example is the ILO scale, 0/0, 0/1,...,3/3, used
for classifying chest X-ray images according to apparent severity
of lung disease. These categories, defined rather arbitrarily using
‘standard’ reproductions, are not devoid of ambiguity. Other
instances of the type of response considered in this chapter are
rating scales used in food testing, measures of mental and physical
well-being, and many variables arising in social science research
which are, of necessity, not capable of precise measurement.

We need to develop satisfactory statistical models that distin-
guish several types of polytomous response or measurement scale.
For instance, if the categories are ordered, there is no compelling
reason for treating the extreme categories in the same way as the
intermediate ones. However, if the categories are simply an un-
structured collection of labels, there is no reason a priori to select a
subset of the categories for special treatment. Considerations such
as these lead us to consider qualitatively different classes of link
functions for different types of response scale. Whatever the nature
of the scale, we may talk without ambiguity about the response
probabilities m,,. .., 7. If the categories are ordered, however, we
may prefer to work with the cumulative response probabilities

Mm=m, Y2=m+m, ..., %=L

149
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Obviously, cumulative probabilities are not defined unless the
category order is unambiguous. It makes little sense to work with
a model specified in terms of «y; if the response categories are not
ordered.

5.2 Measurement scales

5.2.1 General points

Measurement scales can be classified at a number of levels. At
one level, we may distinguish between pure scales and compound
scales. Bivariate responses are perhaps the simplest instances of
compound measurement scales. One can contemplate bivariate
responses in which one response is ordinal and the other binary or
even continuous. Other examples of compound scales are discussed
in section 5.2.5. Among the spectrum of pure measurement scales,
we may 1dentify the following major types:

1. nominal scales in which the categories are regarded as ex-
changeable and totally devoid of structure.

2. ordinal scales in which the categories are ordered much like the
ordinal numbers, ‘first’, ‘second’,... . In this context it does not
ordinarily make sense to talk of ‘distance’ or ‘spacing’ between
‘first’ and ‘second’ nor to compare ‘spacings’ between pairs of
response categories.

3. interval scales in which the categories are ordered and numer-
ical labels or scores are attached. The scores are treated as
category averages, medians or mid-points. Differences between
scores are therefore interpreted as a measure of separation of
the categories.

Cardinal scales require quite different kinds of models, such as
those discussed in Chapters 3,6 and 8, and are not considered here.
Binary measurements are special cases of all of the above in which
k = 2. The distinction between ordinal, interval and nominal does
not then arise.

In applications, the distinction between nominal and ordinal
scales is usually but not always clear. For instance responses
relating to perception of food quality — excellent, good, ..., bad,
appalling — are clearly ordinal. Responses concerning preferences
for newspaper or television programme would usually be treated






