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Preface

The subject area of mathematical statistics is so vast that in undergraduate
courses there is only time enough to present an overview of the material.
In particular, proofs of theorems are often omitted, occasionally with a
reference to specialized material, with the understanding that proofs will
be given in later, presumably graduate, courses. Some undergraduate texts
contain an outline of the proof of the central limit theorem, but other
theorems useful in the large sample analysis of statistical problems are
usually stated and used without proof. Typical examples concern topics
such as the asymptotic normality of the maximum likelihood estimate, the
asymptotic distribution of Pearson’s chi-square statistic, the asymptotic
distribution of the likelihood ratio test, and the asymptotic normality of
the rank-sum test statistic. '

But then in graduate courses, it often happens that proofs of theorems are
assumed to be given in earlier, possibly undergraduate, courses, or proofs are
given as they arise in specialized settings. Thus the student never learns in a
general methodical way one of the most useful areas for research in statistics
— large sample theory, or as it is also called, asymptotic theory. There is a
need for a separate course in large sample theory at the beginning graduate
level. It is hoped that this book will help in filling this need.

A course in large sample theory has been given at UCLA as the second
quarter of our basic graduate course in theoretical statistics for about twenty
years. The students who have learned large sample theory by the route given
in this text can be said to form a large sample. Although this course is given
in the Mathematics Department, the clients have been a mix of graduate
students from various disciplines. Roughly 40% of the students have been
from Mathematics, possibly 30% from Biostatistics, and the rest from
Biomathematics, Engineering, Economics, Business, and other fields. The
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viii Preface

students generally find the course challenging and interesting, and have often
contributed to the improvement of the course through questions, suggestions
and, of course, complaints.

Because of the mix of students, the mathematical background required
for the course has necessarily been restricted. In particular, it could not be
assumed that the students have a background in measure-theoretic analysis
or probability. However, for an understanding of this book, an under-
graduate couise in analysis is needed as well as a good undergracuate course
in mathematical statistics.

Statistics is a multivariate discipline. Nearly, every useful univariate prob-
lem has important multivariate extensions and applications. For this reason,
nearly all theorems are stated in a multivariate setting. Often the statement
of a multivariate theorem is identical to the univariate version, but when it is
not, the reader may find it useful to consider the theorem carefully in one
dimension first, and then look at the examples and exercises that treat prob-
lems in higher dimensions.

The material is constructed in consideration of the student who wants to
learn techniques of large sample theory on his/her own without the benefit
of a classroom environment. There are many exercises, and solutions to all
exercises may be found in the appendix. For use by instructors, other exer-
cises, without solutions, can be found on the web page for the course, at
http://www.stat.ucla.edu/courses/graduate/M276B/.

Each section treats a specific topic and the basic idea or central result of
the section is stated as a theorem. There are 24 sections and so there are 24
theorems. The sections are grouped into four parts. In the first part, basic
notions of limits in probability theory are treated, including laws of large
numbers and the central limit theorem. In the second part, certain basic tools
in statistical asymptotic theory, such as Slutsky’s Theorem and Cramér’s

corem, are discussed and illustrated, and finally used to derive the asymp-
totic distribution and power of Pearson’s chi-square. In the third part,
certain special topics are treated by the methods of the first two parts, such
as some time series statistics, some rank statistics, and distributions of
quantiles and extreme order statistics. The last part contains a treatment of
standard statistical techniques including maximum likelihood estimation,
the likelihood ratio test, asymptotic normality of Bayes estimates, and
minimum chi-square estimation. Parts 3 and 4 may be read independently.
There is easily enough material in the book for a semester course. In a quarter
course, some material in parts 3 and 4 will have to be omitted or skimmed.

I would like to acknowledge a great debt this book owes to Lucien Le
Cam not only for specific details as one may note in references to him in
the text here and there, but also for a general philosophic outlook on the
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subject. Since the time I learned the subject from him many years ago, he
has developed a much more general and mathematical approach to the
subject that may be found in his book, Le Cam (1986) mentioned in the ref-
erences.

Rudimentary versions of this book in the form of notes have been in
existence for some 20 years, and have undergone several changes in computer
systems and word processors. I am indebted to my wife, Beatriz, for cheer-
fully typing some of these conversions. Finally, I am indebted to my students,
too numerous to mention individually. Each class was distinctive and each
class taught me something new so that the next year’s class was taught
somewhat differently than the last. If future students find this book helpful,
they also can thank these students for their contribution to making it under-
standable.

Thomas S. Ferguson, April 1996
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Modes of Convergence

We begin by studying the relationships among four distinct modes of
convergence of a sequence of random vectors to a limit. All convergences
are defined for d-dimensional random vectors. For a random vector
X =(X,,...,X,;) € R4 the distribution function of X, defined for x =
(xp,...,x5) €RY is denoted by Fy(x) =PX <x)=P(X,<x,...,
X, < x,). The Euclidean norm of x = (xy,..., x,) € R? is denoted by
x| = (x} + - +x3)'/2. Let X, X,,X,,... be random vectors with values
in R?,

DEerntTION 1. X, converges in law to X, X, X, if Fy (x) — Fy(x) as
n — o, for all pomts x at which Fy(x) is contmuous

Convergence in law is the mode of convergence most used in the
following chapters. It is the mode found in the Central Limit Theorem and
is sometimes called convergence in distribution, or weak convergence.

ExaMpLE 1. We say that a random vector X € R? is degenerate at a point
c € RYif P(X = ¢) = 1. Let X, € R! be degenerate at the point 1/n, for

=1,2,... and let X € R! be degenerate at 0. Since 1/n converges to
Zero as n tends to infinity, it may be expected that X, = X. This may be
seen by checking Definition 1. The d1str1but10n function of X, is Fy (x) =
It/ (%), and that of X is Fy(x) = I}y .(x), where IA(x) denotes the
indicator function of the set A (i.e., I,(x) denotes 1 if x € 4, and 0
otherwise). Then Fy (x) — Fy(x) for all x except x = 0, and for x = 0 we
have Fy(0) =0 » Fy(0) = 1. But because Fy(x) is not continuous at
x = 0, we nevertheless have X, = X from Definition 1. This shows the
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need, in the definition of convergence in law, to exclude points x at which
F,(x) is not continuous.

DEFINITION 2. X converges in probability to X, X, 5 X, if for every
e>0, P{IX, - X| >¢e} > 0asn— o,

DEFINITION 3. For a real number r > 0, X, converges in the rth mean to X,
X, > X,if EIX, - X|" > 0as n —

DEFINITION 4. X, converges almost surely to X, X, — X, if

P{lim,_.X, = X} =1.

n—«

Almost sure convergence is sometimes called convergence with probabil-
ity 1 (w.p. 1) or strong convergence. In statistics, convergence in the rth
mean is most useful for r = 2, when it is called convergence in quadratic
mean, and is written X, 2% X. The basic relationships are as follows.

THEOREM 1.

D)X, 25X =X, 5 X ,
b) X, = X forsomer >0 =X, — X.
oX,»-X=X,-X

Theorem 1 states the only universally valid implications between the
various modes of convergence, as the following examples show.

ExaMpLE 2. To check convergence in law, nothing needs to be known
about the joint distribution of X, and X, whereas this distribution must be
defined to check convergence in probability. For example, if X;,X,,...
are independent and identically distributed (i.i.d.) normal random vari-

ables, with mean 0 and variance 1, then X, 5 X, yet X, 5 X,.

EXAMPLE 3. Let Z be a random variable with a uniform distribution on
the interval (0,1), Z € #(0,1), and let X, =1, X, = I »(Z), X; =
o o(Z), Xy =g 1/4(2), X5 =14 1/2(Z),.... In general, if n =
2+ m, where 0 <m <2* and k>0, then X, = Lot (m+ 1y2-+(Z).

Then X, does not converge for any Z €[0,1), so X, 0. Yet X, 50
forall > 0and X, — 0.
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ExampLE 4. Let Z be #(0,1) and let X, = 2"l ,,,(Z). Then E|X,|" =

2" /n —> 2, 50 X, + 0 for any r > 0. Yet X, 250 ({lim, _ . X, = 0} =
(Z>0),and P{Z>0}=1), and X, >0 (f0<z <1, P(X,| >e)=
P(X, = 2") = 1/n —0).

In this example, we have 0<X, X and lim, _,, EX, > EX. That
we cannot have 0 < X 2x and llm,,_.m EX <EX tonlows from the
Fatou-Lebesgue Lemma. This states: If X, LN X andifforall n X, > Y
for some random variable Y with E|Y| < «, then liminf, ., EX, > EX.
In particular, this 1mplles the Monotone Convergence Theorem: If 0 <
X, <X, < and X, 2% X, then EX, — EX. In these theorems, X,
EX,, and EX may take the value +oc.

The Fatou—Lebesgue Lemma also implies the basic Lebesgue Dominated
Convergence Theorem: If X, ~>> X and if |X,| <Y for some random
variable Y with E[Y| < =, then EX, — EX.

The following lemma contains an equivalent definition of almost sure
convergence. It clarifies the distinction between convergence in probability
and convergence almost surely. For convergence in probability, one needs
for every & > 0 that the probability that X, is within & of X tends to one.
For convergence almost surely, one needs for every £ > 0 that the proba-
bility that X, stays within & of X for all k > n tends to one as n tends to
infinity.

LemMma 1. X, == X if and only if for every € > 0,
P{IX, - X| <e, forallk >n} — 1 asn — o, (1)
Proof. Let A, , = {IX, ~ X| < ¢ for all k > n}. Then Pflim, _ X, = X}

= P {for every ¢ > 0, there exists an n such that (X, — X[ < ¢ for all
k=n}=PN,,U, 4, Thus, X, 255 X is equivalent to

Pl UA) - o

e>0 n
Because the sets U, A4, , decrease to N,,, U, 4, as € >0, (2 is
equivalent to P{U, A4, .} = 1for all £ > 0. Then, because A4, , increases
to U, 4, . as n — o, this in turn is equivalent to

P{4,.) 2 lasn—»,  foralle>0, 3)

which is exactly (1). ®
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Proof of Theorem 1.
@) X, 25 X = X, 5 X: Let & > 0. Then
P{IX, - Xl <€} 2 P{IX;, - X| <e,forall k>n} > 1asn - o,

from Lemma 1. b
®) X, > X = X, — X: We let I(X € 4) denote the indicator random
variable that is 2qual to 1 if X € A4 and to (Q ctherwise. Note that

EIX, - XI" > E[IX, - XI'{IX, - X| 2 €}] = ¢'P{IX,, — X| > ¢}.

(This is Chebyshev’s Inequality.) The result follows by letting n — .

© X, 5 X=X, 3 X: Lete>0and let 1 €R? represent the vector
with 1 in every component. If X, < x,, then either X < x; + €1 or
X — X,| > ¢. In other words, {X, <xo} C{X <%y + e} U{IX -
X, | > &}. Hence,

Fy (Xg) < Fy(x, + &1) + P{IX - X, | > ¢&}.
Similarly,
Fy(X, — el) < Fy (xg) + P{IX = X, | > ¢}.
Hence, since P{|X — X,| > ¢} > 0as n — =,
Fy(xo — 1) < liminf Fy (x,) < limsup Fx (x,) < Fx(x, + el).

If Fy(x) is continuous at X, then the left and right ends of this
inequality both converge to Fx(x,) as ¢ — 0, implying that

Fy (xo) = Fx(x0)asn > . W

EXERCISES

1. Suppose X, € Be(1/n,1/n) (beta) and X €2(1,1/2) (binomial).
Show that X, 2 X. What if X e®e(asn, B/n)?

2. Suppose X, is uniformly distributed on the set of points
{1/n,2/n,...,1}. Show that X, 5 X, where X is #(0,1). Does
x. X xo

3. (a) Show that if 0 <7’ <r and E|X|" < «, then E|X|" < .

(b) Show that if 0 <7 <r and X, -5 X then X, -5 X. You may use
Hoélder’s Inequality: For nonnegative random variables X and Y
with finite means, EX?Y'? < (EX)P(EY)'? for 0 <p < 1.

4. Give an example of random variables X, such that E|X,| — 0 and

EIX|* -1
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Let u be a constant. Show that X, — u if and only if EX, — p, and
var(X,) — 0.

If the limiting distribution function, Fy, is continuous, then the defini-
tion of convergence in law is simply that Fx"(x) — Fy(x) as n — oo, for
all x. However, in this case, it automatically follows that the conver-
gence is uniform in x. Prove this in one dimension: If F, is continuous
and X, = X as n — o, then sup,|Fy (x) — Fy(x}l — 0as n — .
Using the Fatou-Lebesgue Lemma, (a) prove the Monotone Conver-
gence Theorem, and (b) prove the Lebesgue Dominated Convergence
Theorem.



Partial Converses to Theorem 1

Although complete converses to the statements of Theorem 1 are
invalid, as we bave seen, under certain additional conditions some impor-
tant partial converses hold. We use the same symbol ¢ to denote the point
¢ € RY, as well as the degenerate random vector identically equal to c.

THEOREM 2.

(@ IfceRY then X, S ¢ =X, 5 e

(b) If X, == X and [X,|” < Z for some r > 0 and some random variable Z
with EZ < «, then X, 5 X.

(c) [Scheffé (194D). If X, 25X, X, >0, and EX, — EX < =, then
X, — X, where r = 1. i

(d) X, 5x if and only if every subsequence n\,n,,...e {1,2,...} has a
sub-sequence m,, m,,...& {n,, n,,...} such that X, X asjo

REMARKS. Part (a), together with part (c) of Theorem 1, implies that
convergence i law and convergence in probability are equivalent if the
limit is a constant random vector. In the following sections we use this
equivalence often without explicit mention.

Part (b) gives a method of deducing convergence in the rth mean from
almost sure convergence. See Exercise 3 for a strengthening of this result,
and Exercise 2 for a simple sufficient condition for almost sure conver-
gence.

Part (c) is sometimes called Scheffé’s Useful Convergence Theorem
because of the title of Scheffé’s 1947 article. It is usually stated in terms of
densities (nonnegative functions that integrate to one) as follows: If f,(x)
and g(x) are densities such that f,(x) — g(x) for all x, then [|f(x) —
g(x)l dx — 0. [The hypotheses f,(x) >0 and [f,(x)dx — [g(x)dx are
automatic here. The proof of this is analogous to the proof of (c) given
below.]

8
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Pointwise convergence of densities is a type of convergence in distribu-
tion that is much stronger than convergence in law. Convergence in law
only requires that P(X, € A4) converge to P(X € A) for certain sets A4 of
the form {x: x < a}. If the densities converge, then P(X, € A) converges
to P(X € A) for all Borel sets A, and, moreover, the convergence is
uniform in A. In other words, suppose that X, and X have densities (with
respect to a measure v) denoted by f,(x) and f(x), respectively. Then, if
£, (x) — f(x) for all x, we have

sup| P(X, € 4) = P(X € )| - 0.
A

The proof is an exercise. We will encounter this type of convergence later
in the Bernstein—von Mises Theorem.

As an illustration of the difference between this type of convergence
and convergence in law, suppose that X, is uniformly distributed on the
set {1/n,2/n,...,n/n}. Then X, Lxe 2%(0, 1), the uniform distribu-
tion on [0, 1], but P(X, € A) does not converge to P(X € A) for all A.
For example, if 4 = {x: x is rational}, then P(X, € A) = 1 does not
converge to P(X €4) =0

Part (d) is a tool for dealing with convergence in probability using
convergence almost surely. Generally convergence almost surely is easier
to work with. Here is an example of the use of part (d). If X, — X with
probability one (i.e., almost surely), and if g(x) is a continuous function of
x, then it is immediate that g(X,) — g(X) with probability one. Is the
same result true if convergence almost surely is replaced by convergence
in probability? Assque X, — X and let g(x) be a continuous function of
x. To show g(X,) — g(X), it is sufficient, according to part (d), to show
that for every subsequence, n,, n;,...€ {1,2,...}, there is a sub-subse-
quence, m,, M,,...& {n,, n,,...} such that g(X ) 25 g(X) as i — ®. So
let n,,n,,... be an arbitrary subsequence and fmd usmg part (d), a
sub- subsequence m,, m, ... & {ny, n,,...}sothat X,, == X. Then gX,,)

22, g(X), since g(x) is contlnuous and the result is proved.

Proof of Theorem 2. (2) (In two dimensions)

PR, —cl <eV7) = Ple (] <X,z v off])

ol zesofl]) -plrzeso )]
_P{anc+s(_11)} +P{anc_8(})}
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Here is a picture:

c2+ ¢
oC
c2 — &
0 cl—-¢ cl+e

(b) This is the Lebesgue Dominated Convergence Theorem in d dimen-
sions. Note that X, == X and [X,|" < Z implies X|" < Z as., so that
X, — XI" < (X, | + XD < (ZV" + ZV/7Y < 2'Z as. Now apply the
Lebesgue Dominated Convergence Theorem in the form given in the
previous section replacing X, by IX, — X|” and X by 0.

(c) Let x* denote the positive part of x: x*= max{0, x}. In one
dimension, for a real number x, |x| =x + 2(—x)*; hence E|X, — X| =
E(X, — X) + 2E(X — X,)*. The first term converges to zero because
EX, — EX. The second term converges to zero by the Lebesgue Domi-
nated Convergence Theorem, because 0 < (X — X,)* < X* and EX* < oo,
For dimensions greater than one, use the triangle inequality, X, — X| <
i 1X, j — Xjl, and use the above analysis on each term separately.

The proof of part (d) is based on the Borel-Cantelli Lemma. For events
A;,j=0,1,..., the event {Ai i.0.} (read A, infinitely often), stands for the
event that infinitely many A; occur.

THE BOREL-CANTELLI LEmmA. If T7_, P(Aj) < o, then P{AJ- i.o}=0.
Conversely, if the A; are independent and Y., P(A;) = =, then

J
P{4;i0} =1

Proof. (The general half) If infinitely many of the A4; occur, then for all n,
at least one A; with j > n occurs. Hence,

P{4; i.o.}sP{GA,} < f}P(A,)—»O. m

J=n j=n

The proof of the converse is an exercise. (See Exercise 4.)
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A typical example of the use of the Borel-Cantelli Lemma occurs in
coin tossing. Let X, X,,... be a sequence of independent Bernoulli trials
with probability of success on the nth trial equal to p,. What is the
probablllty of an infinite number of successes? Or, equivalently, what is
P{X, =1 i.0.}? From the Borel- Cantelli Lemma and its converse, this
probablllty is zero or one depending on whether ¥ p, < « or not. If
p,.= 1/n?, for example, then P{X, = 1i0} = 0.1f p, = 1/n, then P{X,
=1lio}=1.

The Borel-Cantelli Lemma is useful in dealing with problems involving
almost sure convergence because X, 2% X is equivalent to

P{X, - XI>eio}=0, forall ¢ > 0.

(d) (If) Suppose X, does not converge in probability to X. Then there
exists an € > 0 and a & > 0 such that P{|X, — X|> &} > § for infinitely
many n, say {n;}. Then no subsequence of {n;} converges in probability,
nor, consequently, almost surely.

(Only if) Let &, > 0 and T7_, &; < . Find n; such that P{IX, — X| >
€ } < g; for all n > n;, and assume without loss of generality that n, < n2

. Let 4 ={X, —X|>¢}. Then, I}, P(4) < T}, ¢ <,
by the Borel ~Cantelli Lemma, P{A io} =0. Th1s says that With probabll-
ity 1, IX — X| > &; occurs only ﬁnltely many times. Since &; — 0, we
have for any € > O that with probablllty L, X, -X|>e¢ occurs only
finitely many times. Hence, X, 2%, X: that is P{IX —X|>ei10}=0
for all € > 0. Slmlla'ly, if n' is any subsequence X, — X, so we can find
a sub-subsequence n” of n’ such that X,» == X. l

EXERCISES

1. Let X, X,,... be independent identically distributed with densities
f(x) = ax‘("*"l(,,w)(x). (a) For what values of @ > 0 and r > 0 is it
true that (1 /n)X - 0? (b) For what values of @ > 0 is it true that
(1/m) X, == 0? (Use the Borel-Cantelli Lemma)

2. Show that if T E(X, — X)? < x, then X, 2% X and X, —> X. Show
that if £ E[X,, —XI'<°° thenX —>XandX 5 X,

3. Improve Theorem 2(b) and Theorem 2(c) by using Theorem 2(d) to
show
(a If X, 2 X and IX,|I” < Z for some > 0 and some random vari-

able Z such that EZ < o, then X, — X.
®) If X, —>X X, >0, and EX, —>EX<°° then X, -5 X, where
r=1.
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4. (a) Give an example of events A, 4,,... such that &7 P(4) = =
and P(AJ i0)=0
(b) Show that if A,, A,,... are independent events such that
L 1 P(A)) = , then P(4;i0)=1
(Hint: Show that P{A; finitely often} = P{U, N, A7} =
lim, . IT;, (1 - P{4)}) < lim, ,.exp{—L,. , P(4; )))

5. Let X, X,,... be mdependen* random variables such that P(X, = n°}
= 1/n and P{X =0=1-1/nfor n =1,2,...,where a is a con-
stant. For what values of @, —© < @ < o« is it true that
(a) X, 20
(b) X, = 0?

(©) X -5 0 for a given r > 0?
6. (a) Suppose f.(x) and g(x) are densities such that for all x, f (x) --»
g(x) as n — . Show that

J1£.(x) —g(x)|dx > 0as n — .
(b) Show that if X, has density f(x), if X has density g(x), and if
J1f.(x) — g(x)ldx — 0 as n — oo, then
sup|P(X, € A) — P(X€A)| > 0asn — .
A
7. Prove the following strengthening of Scheffé’s Theorem: If X, 25X

and1fE|X|—>E|X|<oothen E\X, X|—>0
8. Show if X, 2% X and if EX2—>EX2 then X, %



Convergence in Law

In this section, we investigate the relationship between convergence in
law of a sequence of random vectors and convergence of expectations of
functions of the vectors. The basic result is that X, & X if and only if
Eg(X,) — Eg(X) for all continuous bounded functions g. We conclude
with the Continuity Theorem that relates convergence in law of a se-
quence of random vectors with convergence of the corresponding charac-
teristic functions.

Let g represent a real-valued function defined on R® We say that g
vanishes outside a compact set if there is a compact set C C R? such that
g(x)=0forallx & C.

THEOREM 3. The following conditions are equivalent.

@ X, 5 X

(b) Eg(X,) = Eg(X) for all continuous functions g that vanish outside a
compact set.

(c) Eg(X,) — Eg(X) for all continuous bounded functions g.

(d) Eg(X,) —» Eg(X) for all bounded measurable functions g such that
P{X € C(g)} = 1, where C(g) = {x: g is continuous at x} is called the
continuity set of g.

The implication (a) = (b) or (c) or (d) is known as the Helly—Bray
Theorem. For example, it implies that E cos(X,) — E cos(X) whenever
X, 5 X, because cos(x) is continuous and bounded. We now give some
counterexamples to show the necessity of the boundedness and continuity
conditions.
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ExaMpLE 1. Let g(x) = x, and let

X = n  with probability 1/n,
" 10, with probability (n — 1) /n.

Then X, 5 X =0, but Eg(X,)=n-1/n =1 » Eg(0) = 0. Thus in (c)
and (d), one cannot remove the boundedness of g.

ExaMpPLE 2. Let
(1, ifx>0
g(x)_{o, if x = 0,

and let X, be degenerate at 1/n. Then X, 50, but Eg(X,)=1=»
Eg(0) = 0. Thus in (b) and (c) one needs continuity; likewise in (d) one
needs P{X € C(g)} = 1.

Proof of Theorem 3. Obviously, (d) = (c) and (c) = (b). We will show
(d) = (@) = ®b) = (c) = ().

(d) = (@): Let x° be a continuity point of Fy. Then Fy(x°) = Eg(X),
where g(x) is the indicator function,

_J1, ifx <x9,
g(x) {0, otherwise.

The continuity set of g contains all points x except those such that x < x°
with equality for at least one component. Because x° is a continuity point
of Fy, we have Fy(x° + £1) — Fy(x° — ¢1) — 0 as ¢ — 0, which implies
that the continuity set of g has probability 1 under the distribution of X.
Hence, Fy (x°) - Fy(x°). m

(a) = (b): Let g be continuous and vanishing outside a compact set, C.
Then g is uniformly continuous: For every ¢ > 0, there exists a number
6 > 0 such that |x —y| < & implies |g(x) — g < e.

Let € >0 and find such a 6> 0. Slice C by finite sets of parallel
hyperplanes at a distance of at most &/ Vvd apart, one set for each
dimension, each hyperplane having probability zero under Fy (only count-
ably many parallel planes can have positive mass). This cuts R? into
parallelepipeds of the form (b,c] = {x: b<x <¢} ={x: b, <x; <c;, for
all i}. On any such parallelepiped |g(x) — g(c)| < . Thus, |g(x) — §X)| < &
for all x, where g(x) = L, ¢, 8(6) Iy, (%). This is essentially a finite sum
since g vanishes outside a compact set, and it may be rewritten as a finite
sum of the form, §(x) = I, a;1(_a,x, (%) (as in the proof of Theorem 2(a)),
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with Fy continuous at each x,. Thus, X, & X implies that Eg(X,) =
L, a,Fx (x) > L, a,Fx(x) = EZg(X). Finally,

| Eg(X,) — Eg(X)|
<|Eg(X,) - Eg(X,)| +|E&(X,) — E&(X)| +|E&(X) — Eg(X)|
< 2e +|Eg(X,) — EZ(X)| - 2e.
Since this is true for all € > 0, Eg(X,) —» Eg(X). =

(b) = (c): Let g be continuous, |g(x)| < A or all x, and & > 0. Find B
such that P{|X| > B} < &/(2 A). Find A continuous so that

0, if|x|2B+1
h = \ .
(x) {1, if |x| < B and 0 < A(x) < 1foralix

Then,
|Eg(X,) - Eg(X)| <| Eg(X,) — Eg(X,)h(X,)]
+|Eg(X,) h(X,) — Eg(X)n(X)]
+| Eg(X)h(X) — Eg(X)|

The middle term — 0, because g- & is continuous and vanishes outside a
compact set. The first term is bounded by & /2,

|Eg(X,) — Eg(X,)h(X,)| < E|g(X,)|[1 - A(X,)| < AE(1 - K(X,))
= A(1 - En(X,)) - A(1 — Ek(X)) < /2,

and, similarly, the last term is bounded by &/2. Therefore, |Eg(X,) —
Eg(X)| is bounded by something that converges to &. Since this is true for
all € > 0,lim, _, |Eg(X,) — EgX)| =0. m

To prove (¢) = (d), we use the following lemma.
LEMMA. Let g be bounded measurable with P{X € C(g)} = 1. Then, for
every & > 0 there exist bounded continuous functions f and h such that
f<g<hand E(kX) - f(X)) < &.
Proof. Define for k = 1,2,...,
fi(x) = inf[g(y) + klx —yl] and hy(x) = sup[g(y) — klx —yl].
y

Then clearly, fi(x) < f,(x) < -+ <g(X) < -+ < hy(x) < h(x). First note
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that the f,(x) and 4, (x) are continuous and bounded. [Because

fi(x') ilylf[g(y) + klx' — yl]

IA

inf [g(y) + klx — yl] + klx — x| = f(x) + klx — x|,
y

so that |f,(x")—f,(®)| <k|x—x'|.] Let fo(x)=1lim, _, f,(x) and hy(x) =
lim, . 4, (X. Then fy(x) < g(x) < hy(x). Second, note that if g is contin-
uous at a point x, then fy(x) = g(x) = hy(x). [Let & > 0 be arbitrary. We
show fy(x) > g(x) — €. Find & > 0 such that |y — x| < & implies |g(y) —
g(x)| <€, and let B be a lower bound for the function g. Choose
k > (g(x) — B)/6. Then

fo(x) = fu(x)

- min{ inf [g(y) +klx—yl], inf [g(y) +klx— y|]}
8 ly-x|=>8

ly—x|<
> min{g(x) — ¢, B + ((g(x) — B)/8)8} =g(x) — &.]

Third, note that Efy(X) = Eg(X) = Ehy(X), because P{X € C(g)} = 1.
Now by the Monotone Convergence Theorem, Ef (X) » Efy(X) and
Eh,(X) \ Ehy(X). So, for every & > 0, there exists k such that E(h,(X) —
(X)) <e. ®

Proof of (c) = (d). Let g be bounded measurable with P(X € C(g)) = 1,
let £ > 0, and find f and 4 as in the lemma. Then,

Eg(X) — e < Ef(X) = lim Ef(X,) < liminf Eg(X,)
< limsup Eg(X,) < lim Eh(X,) = Eh(X) < Eg(X) + ¢.
Let ¢ = 0, and conclude Eg(X) = lim Eg(X,). W

For X € R? and t € RY, the characteristic function of X is defined as
ox(t) = E explit’ X} = E expli(t, X, + -+ +t,X,)}, where i = V— 1.

THEOREM 3(e) (the Continuity Theorem)

X, 5 X o g (t) > ox(t), forallte R

Proof. (=) This follows immediately from the Helly-Bray Theorem, be-
cause exp{it’X = cost”X + isint” X is bounded and continuous.

(=) Let g be continuous and vanishing outside a compact set. Then g
is bounded, |g(x)| < B say, and uniformly continuous. Let & > 0. Find
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8> 0 such that |x —y| < &= |g(x) —g(y)| <e. To show Eg(X,) —
Eg(X), let Y, €10, o*I) be independent of the X, and X. Then
|Eg(X,) — Eg(X)| <|Eg(X,) - Eg(X, +Y,)]
+|Eg(X, +Y,) - Eg(X +,)]
+|Eg(X +Y,) - Eg(X)|.
The first term is
< E{lg(X,) - (X, + Y,) (1Y, < 8))
+ E{lg(X,) — 8(X, + Y,)I(IY,i > 8))
<&+ 2BP{lY,| > 8} <2¢

for o sufficiently small. Similarly, the third term < 2e. It remains to show
that

Eg(X,+Y,) > Eg(X+Y,).
The characteristic function of /0, a*I) is

1
o(t) = [“/2—“‘

Using this with @ = 1/0, and making the change of variables u = x + y
for y, we find

d
] fentrz—zrz/(Zaz)dz — e—trtaz/Z

Ju—.

d
| [ [a(x + yyey "2 dy dF,(x)

d
= W fg(u)fe—(u—X)’(u—x)/(Zo’) dF,(x) du

Eg(X, +Y,)

L‘?,
= 3
q

ﬁ
= 3
q

ik o 14
- . fg(u)f[—zﬁ] fe“r‘“"‘)“’z'r‘/z dt dF (x) du

d
fg(u) fel'tru—o tht/z‘Pxn( _t) dt du

]

[ 1

27
1 d

” [E] Ja(w) [ 2oy (~) dt d,

using the Lebesgue Dominated Convergence Theorem (Ie“r“<pxn(—t)| <1
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and g has compact support). Undoing the previous steps, we see that this
last expression is equal to Eg(X +Y,). ®

EXERCISES

1. If X, 5 X € (), is it necessarily true that Eg(X,) - Eg(X) for
(@) g(x) = L 1oy(x),

(b) g(x) = exp{—x%},

(c) g(x) = sgn(cos(x)) [where sgn(x) = +1if x>0, 0 if x =0, and
—1if x < 0]

(d) g(x) =x?

If not, give a counterexample

2. Show that if a”X, % a” X for all vectors a, then X, 5 X.

3. Show that if X, has a density f,(x), if X has dens1ty f(x), and if for all
x, f(x) - f(x) as n -» o, then for all bounded measurable functions
g. Eg(X,) — Eg(X).

4. The Poisson Approximation to the Binomial Distribution.

(a) Let S, have the binomial distribution, %{n, p,), and let Z have the
Poisson distribution, (1), and suppose that np, > Aas n— o,
Using characteristic functions, show that S, 5 Z.

(b) Generalize as follows. Let X, ., X, ,,...,X,, be independent
Bernoulh trials with P(X, , =1)= Pj - Suppose that as n — o,
PLn+ " +P, . — A and max,s,,p“——rO Then, S, 5 9(A).

5. Le Cam’s Inequalzty The following inequality gives a bound on the
worst error that may be made using the Poisson approximation. Let
X,X,,..., X, be independent Bernoulli trials with P(X; = 1) = p; for
i =1,...,n,and let S, = L{X,. Let A = L} p,, and let Z be a random
variable with the Poisson distribution, (). Show that for all sets A,

|P(S, €A) —P(ZeAd)|< ) pl
i=1

Note that if each p; = A/n, this gives Exercise 4(a). (See J. Michael
Steele, “Le Cam’s Inequality and Poisson Approximation,” Am. Math.
Monthly (1994), pp. 48—54, for a survey article.) [Hint: The following is
a coupling argument; it couples S, and Z by defining them on the
same probability space, and making them as close as possible. For
i=1,...,n,let U be independent #{0,1) random variables, let X; =
IU;>1—p,), and let ;=0 if U, <e™? and let Y, be defined in
terms of U] in such a way that Y; € %( p,). Show this can be done, and
let Z=2LY, €(A). Then show (1) |P(S, € 4) — P(Z € 4)| <
P(S, # Z); (2) P(S, #+ Z) < T} P(X; # ¥)), and (3) P(X; # Y)) < p?]



Laws of Large Numbers

The law of large numbers expresses the notion that the mean of a
sample from a distribution converges to the mean of the distribution in
some sense. When the convergence is in probability or, equivalently, in
law, this is known as the weak law of large numbers. When the conver-
gence is almost surely, it is the strong law of large numbers. The simplest
law of large numbers, and the most useful for statistical work, is for
distributions with finite second moments, and the convergence is in
quadratic mean.

All three laws of large numbers are stated in a multidimensional setting.
We give the proof of the weak law based on characteristic functions and
the continuity theorem. For this and for the proof of the central limit
theorem in the next section, we first review the properties of derivatives of
vector-valued functions of a vector variable, including a Taylor-series
expansion to the second order. We also review the relevant properties of
characteristic functions.

These laws are related to the notion of consistency of statistical esti-
mates and application is made to the Glivenko—Cantelli Theorem, which
states that the sample distribution function is uniformly strongly consistent
as an estimate of the true distribution function. Applications to estimating
regression coefficients and autoregressive parameters and to finding prob-
abilities of large deviations are left for the exercises.

NotaTioN. If f: R? — R, the derivative of f is the row vector,

Coy d B d d
f(x) = -f(x) = Ex—lf(x)""’ (9—xdf(x) :

19
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The derivative of g: R? — R¥, thinking of g as a column vector,

is
§1(x)
§(x) =

gu(x)

L

81

0
3}781(")

0
%, gk(x)

0
(9xdgl(x)

Egk(x)

B

(a k X d matrix). The second derivative of f: R? — R is defined as

. d . .
fx) = —f)7 =

RULES

() If £ R? > R, g R* - R, and h(x) = g(f(x)), then h(x) = g))(x).
(2) If £ R? —» Rk, g: R —» R, and A(x) = f(x)"g(x), then A(x) = g(x)"f(x)

+ f(x)7g(x).

(3) The Mean-Value Theorem. If £ R? — R* and if f(x) is continuous in
the sphere {x: |x — x,| < r}, then for [t| <r,

82

(‘9)51)2

f(x)

az.

f(x)

82

dx, dx,

2

(9x,)°

f(x, + t) = f(x,) + [if(x, + ut) dut.

Proof. Let h(u) = f(x, + ut), so that h(u) = f(x, + ut)t from rule (1).

f(x)

f(x)

Then, [}M(x, + udt du = [Ih(u) du = (1) — h(0) = f(x, + t) — f(x,).

(4) Taylor’s Theorem. If f: R* —» R, and if f(x) is continuous in the
sphere {x: [x — x4| <}, then for [t| <r,

f(xo +t) =f(xq) +f(x0)t + tTfolfoluf"(xo + uvt) dudv t.
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PROPERTIES OF CHARACTERISTIC FUNCTIONS. @y (t) = E exp{it'X}.

(1) @x(t) exists for all t € R? and is continuous.

) @4(0) = 1 and |@4(®| < 1 for all t € R”.

(3) for a scalar b # 0, @y, (t) = @x(t/b).

(4) for a vector ¢, ¢y, (t) = exp{it’ clox(t).

(5) for X and Y independent, ¢y, y(t) = ¢x(Dpy(1).

(6) if E|X| < o, px(t) exists and is continuous and ¢4(0) = ip”, where
p=EX

(7) if EIX|? < o, {(t) exists and is continuous and ¢4(8) = —EXX”.

(8) if X is degenerate at ¢, p4(t) = explit’c}).

9) if X is Ap, T), ox(t) = explit’p — 5t7%¢).

THEOREM 4. Let X, X, X,, ... be i.i.d. (independent, identically distributed)
random vectors, and let X, = (1/n)L] X J

(a) (Weak law) IfE|X| < o, then X, 5 p = EX.
B — m
®) IfEIX|* < @, then X, > = EX.
(c) (Strong law) X, 255 u & E|X| < © and p = EX.

Proof. (a) Let @4(t) = E exp{it” X). Then

ext) = ex, - ex (t/n) = [Tox(t/n) = ox(t/n)"

< [ox ¢ [[ntrm at)’

Because @x(8) = 1, and @y(e) = ip as € — 0,

1
ex (t) — exp{ lim [f ex(ut/n) du]t} = exp{ipn't}.
el

Here, we use the fact that for any sequence of real numbers, a,, for which
lim, ., na, exists, we have (1 + a,)" — exp{lim,_, na,}. Because
exp{ip’ ¢} is the characteristic function of the distribution giving mass 1 to
the point p, we have _frong the Continuity Theorem X, = p which implies
from Theorem 2(a), X, — .

(®)

Elin - "12 = E(in - F)T(in - ll) = (1/'12) )» ZE(X;' - IL)T(X,' —n)
i
= (I/n*) LEX, - 1) (X; ~ 1)

= (I/n)E(X - p) (X - ) - 0.
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(Note that this proof requires only that the X, be uncorrelated and have
the same mean and covariance matrix; it does not require that they be
independent, or that they be identically distributed.)

(c) Omitted. [See, e.g., Chung (1974), Rao (1973).] =

The method of proof of part (b) is very general and quite useful for
proving consistency in statistical estimation problems. In such problems,
the underlying probability, Py, depends upon a parameter 6 in @ in R,
and we are given a sequence of random vectors, 9,, considered as
estimates of 8. We . say that 0 is a consistent sequence of estimates of @ if
for all 8 € O, 6 %, 0 when P Py is the “true” probability distribution.
This is sometlmes called weak consistency, or con51stency in probability.
We may similarly deflne strong consistency (8, 2%, 9), or consistency in
quadratic mean (6 2%, 9), both of which imply (weak) consistency. The
weak (strong) law of large numbers states the sample mean is a weakly
(strongly) consistent estimate of the population mean.

Exercises 1 and 2 give extensions of the law of large numbers. In the
first, the X; are not identically distributed, and in the second, they are not
independent.

The weak law of large numbers says that if X,..., X, are i.i.d. random
variables with finite first moment, u, then for every ¢ > 0 we have
P(IX, — ul >€) > 0 as n — « The argument of Theorem 2(b) only
shows that P(|X, — u| > &) — 0 at rate 1/n. Actually, the rate of conver-
gence of P(|X, — ul > &) to zero is typically exponential at a certain rate
that depends on € and on the underlying distribution of the X’s. That is,
P(|X, — n| > €) behaves asymptotically like exp{—na} for some « > 0,
in the sense that P(|X, — u| > £)'/" — exp{—a} or

(1/n)log P(1X, — pl > &) » —aasn — .

The study of the rate of convergence of P(|X, — p| > &) to zero is in the
domain of large deviation theory. (See Exercises 5-8.)

Consistency of the Empirical Distribution Function. Let X,,..., X, be
independent identically distributed random variables on R with distribu-
tion function F(x) = P(X < x). The nonparametric maximum-likelihood
estimate of F is the sample distribution function or empirical distribution
function defined as

Fo(x) =

S| -

Y ix,m (%)
i=1

Thus, F,(x) is the proportion of the observations that fall less than or
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equal to x. For each fixed x, the strong law of large numbers implies that
F, (x) 235 F(x), because we may consider Ly, (%) as iid. random vari-
ables with mean F(x). Thus, F(x) is a strongly consistent estimate of
F(x) for every x.

The following corollary improves on this observation in two ways. First,
the set of probability one on which convergence takes place may be chosen
to be independent of x. Second, the convergence is uniform in x. This
assertion, that the empirical distribution function converges uniformly
almost surely to the true distribution function, is known as the Glipenko-
Cantelli Theorem.

CoRrOLLARY. P{sup |F,(x) — F(x)| - 0} = 1.

Proof. Let &€ > 0. Find an integer kK > 1/& and numbers —o = x; <x, <
Xy < v <X,y <x, =, such that F(x;) <j/k < F(x;) for j=
1,.. — 1. [F(x;) may be considered notation for P(X < x, S] Note that
if x,_ <x then F(x;) — F(x;_;) < e. From the strong law of large
numbers F(x)—»F(x)and F(x)—»F(x)for]—l Lk — 1.
Hence,

A, =max(|F(x;) — F(x)|,|1F(x]) = F(x;)l,j= Jk—1) 250,

Let x be arbitrary and find j such that x; ; <x <x;. Then, F(x) —
F(x) < F(x;) = F(x;_y) <F(x]) — F(x;) + & and F(x) - F(x) 2
Fx,_y) — F(x ) > F(x, D - F(x ,) — &. This implies that sup,|F,(x)
— F(x)l <A, Yedt g Since this holds for all & > 0, the corollary
follows. W

EXERCISES

1. (Consistency of the least-squares estimate of a regression coefficient.)
Suppose that for given constants z,,z,,... the random variables
X,, X;,... are independent with linear regression, E(X,) = a + Bz,
and constant variance, var(X;) = o2 The least-squares estimates of «
and B based on Xj,..., X, are

= Z’::Xi(zi —2,,)/$(z, —-Z

&n = Xn - Bn 2n’
where Z, = (1/n)L{z; . qm
(a) Under what condltlons on zy, z,,... is it true that g, — B?

(b) When does &, 2 a?
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2. (An autoregressive model.) Suppose €, €., ... are independent random
variables all having the same mean u and variance o . Define X, as
the autoregressive sequence,

X, =g,
and for n > 2,
X,=BX,_, te,

where —1 < B < 1. Show that X, - p/(1 — B).

3. (Bemnstein’s Theorem.) Let X, Xz, ... be a sequence of random vari-
ables with E(X,) = 0, var(X,) = o/, and corr(X,, X,) = p,. Show that
if the variances are uniformly bounded (o, < c, say) and if p, — 0 as
li —j| = o (ie., for every & > 0, there is an integer N such that
i —j| > N implies |p,| < &), then X, o

4. (Monte Carlo.) One strategy for evaluatmg the integral

w1
I= [ —sin(2mx) dv=0.153...
1 X

by Monte Carlo approximation is as follows. Write integral with a
change of variable, y = 1/x, as

11 [ 27
I=| —sin|—]dy,
0y y

and approximate / by

, 121 (27
I,, = ; ; ZSln(—Y-i-),
where Y,...,Y, is a sample from the uniform distribution on [0, 1].

How well does this approximation work? Does f,, converge
to I1?

The following four exercises deal with large deviations for sums of i.i.d.
random variables. For an accessible introduction to the general theory, see
the book, Large Deviation Techniques in Decision, Simulation and Estima-
tion by James A. Bucklew, John Wiley & Sons, New York, 1990.

Let X,,...,X, be iid. random variables with moment-generating
function M(@) finite for all 8. Let u denote the first moment of X. To
show that P(|X, — ul > &) converges to zero exponentially, it is sufficient
to show that both P(X, > u + &) and P(X, < u — €) tend to zero
exponentially. We concentrate on the first of these two quantities, since
the other is treated by symmetry. The main result is that if the large
deviation rate function, H(x), defined in Exercise 5, is continuous at
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u + &, then (1/n)log P(X, > p + &) = —H(u + ¢). This is done in two

steps in Exercises 6 and 7.

5. Let X be a random variable with moment-generating function, M(8)
= E exp{0X]} finite in a neighborhood of the origin and let x denote
the mean of X, u = EX. The quantity,

H(x) = sup(0x — log M(6))

is called the large deviation rate function of X.

(a) Show that H(x) is a convex function of x.

(b) Show that H(x) has a minimur value of zero at x = pu.

(¢) Evaluate X(x) for the normal, Poisson, and Bernoulli distributions.
6. Show that

P(X',, >+ s) <exp{—6(un+ &) +nlog M(6/n)}
< exp{ —nH( u + &)}

for all @ and n. (Use a Chebyshev inequality type of argument.)
7. Let f(x) denote the density of the common distribution of the X;, and
introduce an exponential family of distributions having density

f(x16) = e™f(x)/M(6).

This reduces to the original density, f(x), when 6 = 0. Let P, denote

the probability measure induced by this density, and note that P = P,

Let & be an arbitrary positive number, and let y = u + ¢ + 8. Find 6’

such that E, X =y, or equivalently, M'(68')/M(6') =y.

(a) Show that P,.(|1X, — y| < 6) < exp{nH(y + 8)}P(1X, — y| < 8).

(b) Note that P(X, > p + &) > P(IX, —y| < &) > exp{—nH(y +
8WP,(1X, — y| < &), and conclude that liminf, ,.(1/n)log P(X,
>u+e)> —H(p+ e)

8. For the Bernoulli distribution with probability p of success, the rate
function H(x) is not continuous at x = 1. Establish the rate of conver-
gence of P(X, > 1) and P{(X, > 1) to zero directly in this case.



Central Limit Theorems

In this section, we present the basic Central Limit Theorem for i.i.d.
variables. We do this for vector variables since the proof is essentially the
same as for one-dimensional variables. The extension to independent
nonidentically distributed random variables, due to Lindeberg and Feller,
is stated without proof. Applications are given to some important statisti-
cal problems: to least-squares estimators of regression coefficients, to
randomization tests for paired comparison experiments, and to the
signed-rank test.

THEOREM S. Let X|,X,,... bei.i.d. random vectors with mean p. and finite
covariance matrix, 3. Then vn (X, — n) 5.0, 3).

Proof. Because Vn(X,, — p) = (1/ Vn)ZH(X; — p), we have
‘P,/n‘(i,.—u)(t) = ‘P):;'(x,—p)(t/‘/’?)
- Ilox (/) = ot/ )
where ¢(t) is the characteristic function of X; — . Then, because ¢(8) =

1, (@) = 0, and ¢(g) —» —3 as € — 0, we have, applying Taylor’s Theo-
rem,

Lo, "
P&, -t = (1 + ;t’fo fo uw(uut/\/;) dudv t)

- exp{ lim t’flfluéb(uut/\/;) du dv t}
n-o Jy
= exp{ —(1/2)t'2t}. (2)

26
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In the convergence statement, we have used the fact that for any sequence
of real numbers, a,, for which lim, . na, exists, we have (1 + a,)" —
exp{lim, ., na,}. W

The extension of the Central Limit Theorem to the independent non-
identically distributed case is very important for statistical work. We state
the basic theorem in one dimension without proof. See Feller (1556)
(Vol. 2) or Chung (1974) for a proof quite similar to the proof of Theorem
5. It is useful to state this extension in terms of a triangular array of
random variables,

Xll
XZI’ X22
X3I’ X32’ X33

?

where the random variables in each row are assumed to be independent
with means zero ad finite variances.

THE LINDEBERG-FELLER THEOREM. For each n = 1,2,..., let X,,, for
j=12,...,n, be independent random variables with EX, =0 and
val(X,) = o} Let Z, = T}, X,;, and let B} = van(Z,) = 7_, 0,>. Then,

Z,/B, =»#0,1), provided the Lindeberg Condition holds: For every € > 0,

1 n
=7 L E{X5I(1X,| = eB,)} - 0asn - . (3)

n j=1

Conversely, if (1/B})max; _, a,5 — 0 as n — o« (that is, if no one term of

the sum B? plays a significant role in the limit), and if Z_ /B, g/t/(O, 1), then
the Lindeberg Condition holds.

The important special case where there is a single sequence, X, X,,...,
of independent identically distributed random variables with mean p and
var(X;) = o2 can be obtained from this theorem by putting X,; = z,(X;
— u) to obtain the asymptotic normality of Z /B, where Z, =
Tr.12,(X, — w)and B? = ¢>L]_, z},. (See Exercise 5.)

ExampLE 1. Application to the asymptotic normality of the least-squares
estimate of a regression coefficient. Suppose X; = a + Bz; +¢; for j =
1,2,..., where the z; are known numbers not all equal and the ¢; are
independent random variables with means zero and common variances
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o 2. In Exercise 1 of Section 4 we saw that the least-squares estimate, 8,,
of B was consistent provided L , (z, — Z, ) > o as n — ®. We now show
that if the conditions are strengthened to include

(a) the e, are identically distributed, and
(b) maxls,,(z - Z) /58 (z;— %) > 0as n - o,

then [§,, is asymptotically normal.
Note that

o>
=
[
P
-
—~~
N
|
NI
E)
—~~
N
-
|
NI
=
N—
~

Il
™
-+
39
S
—~~
N
|
N
3
—~~
N
|
NI
3
A
~

(4)

We show that the conditions of the Lindeberg—Feller Theorem are satis-
fied with X, ez,(z —z,). Since EX,, = 0 and var(X, ) = o ¥(z; — 2,)%,
we have 32 = o’L/_(z, - 2,)%, and

1

— Zl E{x21(X,| > ¢B,)}
n =

1 N _
T -
n /=
1 = Cal,
< I P (z, - z,) E{ejI(Iejl > sg'/—yn)}, (5)
n j=1
where ¥, = max,s,,( ~2,)/5I\(z, — £,)*. From assumption (a), the

expectation term is 1ndependent of ] and may be factored outside the
summation sign. The terms B? cancel, and the expectation tends to zero
because the variance of ¢; is finite and vy, — 0 from assumption (b). We
may conclude that

Vrs.(B, - B) S0, 0?), (6)

where 52 = L7_\(z; — 2,)*/n.

EXAMPLE 2. The randomization t-test for paired comparisons. In a paired
comparison experiment for comparing a treatment with a control, 2n
experimental units are grouped into n pairs such that within each pair the
units are as much alike as possible. Then for each pair, it is decided at
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random which member of the pair receives the treatment and which serves
as control. We let (X, Y)) represent the resulting measurements on the jth
pair, for j = 1,...,n, with X, being the result of the treatment and Y,
being the result of the control.

The usual paired comparison ¢ test for comparing treatment and control
is based on the assumption that the differences, Z;=X — Y, are inde-
pendent and identically distributed with finite second moment. The hy-
pothesis H;, of no difference between treatment and control becomes the
hypothesis that the distribution of the Z is symmetric about zero. The
usual test of H; is based on the one- sample ¢ statistic, t =vn — 1Z n/S; =

\/n —1(X, — Y,)/s,, where s, is the standard deviation of the sample,
=(1 /n)Z"(A -Z) Under the hypothesis that the Z, are i.i.d. nor-
mally dlstnbuted t has t distribution with n — 1 degrees of freedom.

Randomization tests (sometimes called Permutation tests) may also be
used for this problem. This test is based solely on the fact that the
assignment of treatment and control to the pairs is made independently
and at random. The analysis of the test is done conditionally on the
observed values of the Z;. Because of this, the random variables Z,
conditional on the values |Z;| = |z;|, are independent under H, with
P(Z; = +z)) = P(Z; = {z ) = % Thus under H,, the vector
(Zl, v Z )has 2" equally llkely possible values, (£ 1z,1,..., £ |z,]). Any
statistlc based on(Z,,...,Z,) has at most 2" values as well.

The randomization ¢ test uses the one-sample ¢ statistic, ¢ =
vn — 1Z, /s,. The rejection criterion is not based on the ¢ distribution but
rather on the discrete distribution generated by these 2" equally likely
values of (Z,, ..., Z,). For example, testing against one-sided alternatives,
one computes the ¢ statistic for all 2" values and rejects H, if the
observed ¢ falls in the upper 100a@% of them. For small values of n, this
distribution can easily be tabled by a computer by evaluating the ¢ statistic
at each of these 2" values. For large values of n, other methods must be
employed. One method is the Monte Carlo method of approximate ran-
domization, where a random sample of a few hundred is drawn from the
distribution and the observed ¢ statistic is compared to the sample. The
method we use here looks at the large sample distribution of the statistic
under the randomization hypothesis.

First, consider the randomization test applied to the statistic Z,. We
show that if the z; satisfy the condition

max z? Zz - 0, (7N

J<n

then VnZ, /o, g/t’(O, 1) under H,, where o= (1/n)L{z}. We let
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X,, = Z, in the notation of the L1ndeberg —Feller Theorem. Then EX, =0

and var X, = z%, so that B = iz}, We show L} Z /B, —-vt/(O 1) by
checking the Lindeberg Condition. Because |X, | is degenerate at |z,

1

1 » n
3—3 ;E{X,,ZJI(IX,U-I > an)} = ;Z,ZI(|Z,| > e:Bn)

B?

IA

Bz ZZZI\maxlzl > ¢B )

]1<n

I(max z}/B? > 82). (8)

]<n

From condition (7), this is equal to zero tor all n sufficiently large. Thus,

we conclude that VnZ, /o, = 7 Z )/ By —»/1/(0 1).

The randomization ¢ test is based on the ¢ statistic rather than Z,.
However, one can show that these two randomization tests are equ1valent
This is because t=+Vn —1Z, /s, is an increasing function of v =

VnZ,/0,. To see this, note that t and v always have the same sign, and
that

-1
vP=nZl/at=nZ}/(s:+ Z}) = n(n o ! + 1) .

The conclusion to be drawn from this is that the randomization ¢ test is

asymptotically normal and has asymptotically the same cutoff points as the

usual ¢ test provided (7) is satisfied. This result can be considered as a

nonparametric justification of the usual ¢ test for paired comparisons

when the sample size is large.

ExampLE 3. The signed-rank test for paired comparisons. One may also
apply the signed-rank test to this problem. This test, like the randomiza-
tion ¢ test, is based on the assumption that under H, the random variables

Z;, conditional on the values IZ | = Iz |, are 1ndependent with P(Z
+lz)=P(Z; = —iz;) = 3 . The s1gned rank statistic is defined as fol-
lows Let R; denote the rank of |z;| in the ranking of z],...,[z,| from

smallest to largest (We assume that all the |z;| are different ‘and that no
|z;| is zero.) Then the signed-rank statistic, W+, is the sum of the ranks R;
for those Z; that are positive:

W, = iR,.I(z,. > 0). (9)
1
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If we reorder the subscripts of the Z, so that 0 < |z;| < |z,| < -+ <
|z,|, then we have W, = L} jI(Z, > 0). Because under H,, the I(Z, > 0)
are i.i.d. Bernoulli varlables equally likely to be zero as one, we ﬁnd

ro, n(n+t 1)(2n + 1)
21:1 = ” : (10)

To show asymptotic niormality of (W, — EW,)/ /var W, note that W_ =
£} JI(Z; > 0) may be reduced to a form of the randomization test based
on Z,. In fact, if W, denotes the sum of the ranks of the positive Z,,
minus the sum of the ranks of the negative Z;, then (assuming no z; = OS,
W, =L1jKZ; > 0) — L} jI(Z; < 0) = 2W,— LT j. This shows that W,

is linearly related to W,. But (1 /n)W, is exactly of the form of Z, of the
randomization test w1th |z;| =j. We merely have to show that the se-
quence |z;| =] satisfies (7) This follows because max, _, j*> = n? and
rrjt= n(n + 1)(2n + 1)/6. We may conclude that W and hence W,

are asympotically normal; (W,— EW,)/ y/var W —-vt/(O 1).

Improving the Approximation

The convergence in the Central Limit Theorem is not uniform in the
underlying distribution. For any fixed sample size n, there are distribu-
tions for which the normal distribution approximation to the distribution
function of Vi (X, — p)/o is arbitrarily poor. However, there is an upper
bound, due to Berry (1941) and Esseen (1942), to the error of the Central
Limit Theorem approximation that shows the convergence is uniform for
the class of distributions for which E|X — u|’/0® is bounded above by a
finite bound. We state this theorem without proof in one dimension.

BERRY—ESSEEN THEOREM. If X, X,,..., X, are i.i.d. wzth mean ., vari-
ance o > 0, and absolute third moment p = E|X — wl? < oo, then

|F(x) — ®(x)| <cp/(Vna?), forall xand n, (11)
where F.(x) is the distribution function of Vn (X, — w)/ o, where ®(x) is the

distribution function of #(0, 1), and where c is a universal constant known to
be greater than 0.4097 and less than 0.7975. [See van Beek (1972).]
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When we have information about the third and higher moments of the
underlying distribution, we may often improve on the normal approxima-
tion by considering higher-order terms in the expansion of the characteris-
tic function. This leads to asymptotic expansions known as Edgeworth
Expansions. We present without proof the two next terms in the Edge-
worth Expansion approximations of F,(x):

B(x*-1
F(x) ~®(x) - ;6‘/;—)90(")
Ba(x* —3x)  BE(x* — 10x* + 15x)
- 2an T2n #(x). (12)

where B, = E(X — p)’/o? and B, = E(X — p)*/o* - 3 are the coeffi-
cient of skewness and the coefficient of kurtosis, respectively, and where
@{x) represents the density of the standard normal distribution. This
approximation is to be understood in the sense that the difference of the
two sides when multiplied by n tends to zero as n — . Assuming the
fourth moment exists, it is valid under the condition that

limsup | E(exp{itX})| < 1. (13)

|t} oo

This condition is known as Cramér’s Condition. It holds, in particular, if
the underlying distribution has a nonzero absolutely continuous compo-
nent. The expansion to the term involving 1/ Va is valid if the third
moment exists, provided only that the underlying distribution is nonlattice,
and even for lattice distributions it is valid provided a correction for
continuity is made. See Feller (Vol. 2, Chap. XV1.4) for details.

Let us inspect this approximation. If we stop at the first term, F,(x) ~
d(x), we have the approximation given by the Central Limit Theorem.
The next term is of order 1/ yn and represents a correction for skewness,
since this term is zero if B; = 0. In particular, if the underlying distribu-
tion is symmetric, the Central Limit Theorem approximation is accurate
up to terms of order 1/n. The remaining term is a correction for kurtosis
(and skewness) or order 1/n.

The Edgeworth Expansion is an asymptotic expansion, which means
that continuing with further terms in the expansion with n fixed may not
converge. In particular, expanding to further terms for fixed n may make
the accuracy worse. There are a number of books treating the more
advanced theory of Edgeworth and allied expansions. The review by
Bhattacharya (1990), treats the more mathematical aspects of the theory
and the book of Barndorff-Nielsen and Cox (1989) the more statistical.
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Table 1. Normal and Edgeworth approximations of the normalized
mean of a sample of size 5 from an exponential distribution

x O(x) E(x) Ey(x) Exact
- 20 0.023 —0.001 ~0.007 0.000
-18 0.036 0.010 0.000 0.003
-1.6 0.055 0.029 0.017 0.015
-14 0.081 0.059 . 0047 0.042
-1.2 0.115 0.102 0.091 0.086
-1.0 0.159 0.159 0.151 0.147
-0.8 0.212 0.227 0.223 0221
-0.6 0.274 0.306 0.305 0.305
-04 0.345 0.391 0.392 0.392
-0.2 0.421 0.477 0.478 0.478
0.0 0.500 0.559 0.559 0.560
0.2 0.579 0.635 0.634 0.634
04 0.655 0.702 0.700 0.701
0.6 0.726 0.758 0.758 0.758
0.8 0.788 0.804 0.808 0.807
1.0 0.841 0.841 0.849 0.847
1.2 0.885 0.872 0.883 0.881
1.4 0.919 0.898 0.910 0.908
1.6 0.945 0919 0.931 0.929
1.8 0.964 0.938 0.947 0.946
2.0 0.977 0.953 0.959 0.959

Hall (1992) is concerned with the application of Edgeworth Expansion to
the bootstrap.

We conclude with a simple example to illustrate the improvement in
accuracy afforded by the Edgeworth Expansion. Suppose that n = 5 and
that X, X,,..., X, is a sample from the exponential distribution with
density exp{—x} on (0,). For this distribution, u =1, o2 =1, B, =2,
and B, = 6. In Table 1, the exact values of F,(x) may be compared with
the normal approximation, ®(x), and the Edgeworth Expansions to terms
of order 1/ vn and 1/n, denoted by E(x) and E,(x), respectively. The
exact values may be obtained from the x? distribution with 10 degrees of
freedom, normalized to have mean 0 and variance 1.

It may be seen that the normal approximation is only moderately good,
being off by 0.060 at x = 0. The approximation E(x) is much better, the
maximum error having been reduced to .018, occurring at x = —14.
Finally, the approximation E,(x) is remarkably good, having a maximum
error of 0.005 at x = —1.2. The negative values of E, and E, may be
replaced by zeros.
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EXERCISES

1.

s

(@) If X, X,,... areiid. in R? with distribution giving probability 8,

tol(l)], 6, to [‘1’], and (1 — 6, — 8,) to [g], where 6, > 0, 8, > 0,
8, + 6, < 1, what is the asymptotic distribution of X, given
by the Central Limit Theorem?

(b) Let X, X,,..., X, be a sample from the Poisson distribution
with density f(xIB) =e¢ 9% /x! for x=0,1,..., and let Z, be
the proportion of zeros observed, Z, = (1 /n)Z" 1I(X = (). Fmd
the joint asymptotic distribution of( ws L)

Let X, X, 2 be mdependent and suppose that X, =vVn with

probability 5 and X, = — Vn with_probability 3, for n = 1,2,.

Find the asymptotic dlstrlbutlon of X,. (Check the Lindeberg Condl-

tion.)

Show that the Lindeberg—Feller Theorem implies the Central Limit

Theorem in one dimension.

Give a counterexample to the conjecture: If X, X,,... are indepen-

dent random variables, and EX, =0 and var X; = 1 for all j, then

VnX, —-)/V(O 1). (Consider distributions of the form P{X, = v;} = p;/2,
P{X -y} =p,/2, and P{X =0}=1- p;, for some numbers v,
and p,..)

. (All the applications of this section may be based on the following

special case of the Lindeberg—Feller Theorem.) Suppose X;, X,,...
are ii.d. random variables with mean wu and variance o?. Let T, =
Lj. 2z,;X;, where the z,; are given numbers. Let p, = ET, and
o> = var T,. Using the Lmdeberg--Feller Theorem, show that (T, —
)/ 0, =0, 1) provided max; _, 22, /T7_ 22, = 0as n —» .

Records. let Z,,Z,, ... be ii.d. continuous random variables. We say
a record occurs at k if Z, > max, ., Z;. Let R, = 1if a record occurs
at k, and let R, = 0 otherwise. Then R,, R,,... are independent
Bernoulli random variables with P(R, =1)=1-P(R, =0)=1/k
fork=1,2,....Let S, = LR, denote the number of records in the
first n observations. Find ES, and varS,, and show that (S, —

ES,)/ Jvars, 3410, 1). (The distribution of S, is also the distribu-
tion of the number of cycles in a random permutation.)

. Kendall’s r. Let Z,,Z,, ... be ii.d. continuous random variables, and

let X, denote the number of Z; for i < k that are out of order, that
is, have values greater than Zk, X, =X I(Z,> Z). 1t is known
that the X, are independent random variables and that X, is uni-
formly distributed on the set {0, 1, ..., k — 1}. The statistic T,, = L] X,
represents the total number of discrepancies in the ordering. It is zero
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if the observations are in increasing order, and it takes on its maxi-
mum value of Lf(k — 1) = n(n — 1)/2 when the observations are in
decreasing order. It may be used as a nonparametric test of random-
ness against the hypothesis that there is a trend in the observations,
increasing or decreasing. The statistic, 7, = 1— 4T, /(n(n — 1)), is
always between —1 and +1 and is called Kendall’s coefficient of rank
correlation. It is a measure of agreement between two rankings
of n objects. Find ET, and varT,, and show that (T, — ET)/

yvar T, —%/1/(0, 1).

8. If X,, X,,..., X, are i.id. in R' with distribution giving probability 1

to —1and +1, find ¢, for n = 1 and 2 such that sup, |F,(x) — ®(x)|
= ¢, p/(¥n o*). What do you conjecture for lim,, _, , c,? (Use Stirling’s
formula: n!= (n" /e")¥2sn .) What does this say about the constant ¢
in the Berry—Esseen Theorem?

9. Show that if X, X,,..., X, are samples from a distribution with

10.

coefficient of skewness B, and coefficient of kurtosis B,, then the
coefficient of skewness B;, and the coefficient of kurtosis B,, of
S, =X, +X,+ - +X, are given by B,, = B,/ Vn and By, = By/n.
Conclude that Table 1 also represents the Edgeworth Expansion
approximations for the mean of a sample of size 10 from the x?
distribution with 1 degree of freedom, or the Edgeworth Expansion
approximations for a sample of size 1 from the x? distribution with 10
degrees of freedom.

Suppose that X, X,, X; is a sample of size 3 from the uniform
distribution on (0, 1). Compare the exact probability, P(X, + X, +
X3 < 2), to its normal and Edgeworth approximations.
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Slutsky Theorems

A common problem in large sample theory is the following. Given a
sequence of random vectors, {X,}, and given its limit law, say X, = X,
find the limiting distribution of f(X,) for a given function, f(x). The
Slutsky Theorems provide a powerful technique for attacking this prob-
lem. For example, it gives a simple method for showing that the r-statistic
for a sample from a distribution with finite variance is asymptotically
normal, as we shall see.

THEOREM 6. (2) If X, € R? X, 5 X, and if £ R? > R is such that
P(X € C(0} = 1, where C(E) is the continuity set of £, then £(X,) 5 f(X).
®) If X, 5 Xand (X, -~ Y,) 50, then Y, 5 X.
© If X, €R%LY, €RK X, 3K, and Y, 5 c, then

%)= )

Note: We say X,, and Y, are asymptotically equivalent if (X, — Y,) 5o
Thus, part (b) states that asymptotically equivalent sequences have the
same limit laws.

EXAMPLE 1-.9,Suppose X, E ¢ €40, 1), Then, using f(x) = x2, part (a)
gives X2 > X2, because f is continuous. Since X 2€ x? when X €
A1(0,1), we have X2 = y2.

39
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ExameLE 2. If X, 5 X €/0,1), then 1/X, 5 Z, where Z has the
distribution of 1/X, even though the function f(x) = 1/x is not continu-
ous at 0, because P(X = 0) = 0. Z has the reciprocal normal distribution
with density,

RIS

ExampLE 3. However, if X, = 1/n and

1, ifx>0,
f(x)_{o, if x <0,

& &z
then X, = 0, but f(X,) » f(0).

EXaMPpLE 4. Part (c) cannot be improved by assuming Y, £ Y and con-
cluding (f{) A (’f{) For example, if X is #(0,1) and X, = X for all n,
and Y, =X for n odd and Y, =1 -~ X for n even, then X, £ X and

Y, 5 %(0, 1), yet (i) does not converge in law.

n

ExaMpPLE 5. Suppose X, £ X and Y, 2, ¢. Does X, + Y,,.‘—?; X+ c?
First we note from (c) that (;‘,’) £A (f ), and then from (a) with f(x, y) =

x +y that X, +Y, < X + c. This combination of (a) and (c) is worth
stating as a corollary.

n

CoroLLARY. If X, € R Y, € R¥, X, S X, Y, 5 ¢, and £ R¥** - R is

I3

such that P{(f) = C(f)}'= 1, then £(X,,Y,) S5 (X, ¢).
This follows directly from (a) and (c).

EXaMPLE 6. If X, 5 X and Y, 5 ¢, then Y'X, 5 c’X.

EXAMPL-%} In one dimension, if ¢ # 0 and X, EA X and Y, LA ¢, then
X,/Y, = X/c. In this last, we are using the function

_|xsy, ify#0,
f(x7y)_{0’ lfy=0,

which is discontinuous at all points of the line y = 0. However, the

limiting distribution of (’: ) gives mass 0 to this line if ¢ # 0, so the result
follows from the corollary.
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Proof of Theorem 6. (a) Let g: R* - R be bounded and continuous. From
Theorem 3(c), it is sufficient to show that Eg(f(X,)) — Eg(f(X)). Let
h(x) = g(f(x)). Then, a point of continuity of f is also a point of continuity
of h; that is, C(f) ¢ C(h), so from Theorem 3(d), Eg(f(X,)) = EnX,) -
Eh(X) = Eg(f(X)).

(b) Let g be continuous vanishing outside a compact set. From Theo-
rem 3(b), it is sufficient to show that Eg(Y,) — Eg(X). Because g is
uniformly continuous, let £ > 0, and find & > 0 such that

Ix =yl < 8=|g(x) —g(y)| <e.
Also g is bounded, say |g(x)| < B. Thus,
|Eg(Y,) — Eg(X)| <| Eg(Y,) — Eg(X,)| +|Eg(X,) - Eg(X)|
= E|g(Y,) - 8(X)H(IX, - Y,| < 5)
+ E|g(Y,) — g(X)I(IX, — Y,| > &)
+1Eg(X,) — Eg(X)|
<&+ 2BP{IX, - Y,| > 8} +|Eg(X,) — Eg(X)| = ¢

© P(3) = (%)1> o = PY, = ¢l > &) 0.

So from (b), it is sufficient to show that (*r) = (¥). But if g is
continuous bounded, Eg(X,,c) = Eg(X, c) because X, LX =

Asymptotic Normality of the t Statistic. If X, X,,... is a sample from a
distribution with mean w and variance o > 0 (on the real line), then

X, EA ¢ and (l/n)in2 EA EX?,
1
from the Law of Large Numbers, so from the corollary,
52 = (l/n)inz ~X2 L EX?— 2 = o2,
1
In addition,
\/;(X,, ~u)/o '—?;./V(O, 1)

from the Central Limit Theorem. Hence, again from the corollary,

Vi (X, - u)/s, S#0,1).
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The left side is defined as zero (or anything else) if s, = 0, as in Example
7. From this it follows that the ¢ statistic is asymptotically normal,

tyey =V = 1(X, = n)/5, S4(0,1). m

n—1

The Slutsky Theorems for convergence in probability are quite analo-
gous to Theorem 6, but part (c) can be strengthened:

THEOR=M 6. (@) If X, € R% X, LN X, and £ RY - R¥ is such thas
P{X € C(B)} = 1, then £(X,) > £(X).
®) If X, 5X and X, - Y, 50, then Y, > X.

© I X, BX and Y, 5> Y, then (’;:) 5 (x).

The Slutsky Theorems for convergence almost surely, obtained by
replacing — wherever it occurs in Theorem 6 by =, are also valid
and easy to prove.

EXERCISES

1. Prove Theorem 6'. Hint: For (a), use Theorem 2(d).

2. Show that if {X,} and {Y,} are independent, and if X, £ X and

Y, 4 Y, then (X) LA (X), where X and Y are taken to be indepen-

Y, Y
dent.
3. Consider the autoregressive scheme,
X, =BX,_, + ¢&,, forn=1,2,3,...,

where &y,¢,,... are iid, Ee, = p, var(e,) = 0%, -1 < B <1, and
X, = 0. Show that X, = (1/n) L} X; is asymptotically normal:

I (X, — p/(1 - B)) B0, 02/(1-B)), if-1<B<],
Vi (X, — n/2) BM0,0%72), ifB=-1.

Note the discontinuity at g = —1. What happens at g = +1?

4. (a) Show that two sequences of normalized random variables are
asymptotically equivalent if their correlation converges to one. (A
random variable is normalized if it has mean 0 and variance 1.)
Conclude that if (X, — EX,)/ varX, < X and if core(X,,Y,)
— 1, then (Y, ~ EY,)/ y/var ¥, Zx.

(b) Suppose X, and Y, have zero means and equal variances. Is it true
that if X, 5 X and cor(X,,Y,) - 1, then Y, 5 X?
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Show that if E(X, — Y,)?/var X, — 0, then cor(X,,Y) — 1. Cop-
" clude using Exercise 4,

X, —EX, & E(Xn—Y,,)Z
X —_—

T and
Vvaan - g var Xn

0

imply

Y — EY

T g X.

‘/ vary,
 The following version of Theorem 6(b) is often useful for nonnegative
random variables.

(2) Show that if X, 5 X > 0 and X, /Y, 5 1, then Y, 5 X.
(b) Extend this result to random vectors.



Functions of the Sample Moments

We continue investigating the implications of the Slutsky Theorems.
Here we study Cramér’s Theorem on the asymptotic normality of func-
tions of the sample moments through a Taylor-series expansion to one
term. In some situations, the rate of convergence to normality is exceed-
ingly slow. Hence, we conclude this section by studying improvements to
the normal approximation that take more terms of the series expansion
into account.

The analysis of the asymptotic distribution of the t-statistic given in the
previous section may be extended to d d1mens1ons as follows. From the
central limit theorem, we have Vi (X, — p) Z M0, 3) where 3 = var(X),
and from the Law of Large Numbers with some help from the Slutsky
Theorems, we have S, = (1/n) L(X, -X JX; - X )T—>2 if 3 is
non- smgular then P(S is nonsmgular} -1 and S:'/%n(X, -

w) 3 3712Y where Y €46, 3). Since $7'2Y €0, 52537 1/2)
= 10,1), we conclude that S;1/2Vn (X, — p) 5.9, D).

This is an example of a more general theorem, due to Cramér, that
states that smooth functions of the sample moments are asymptotically
normal. First, it is clear from the Central Limit Theorem that the sample
moments about zero, things like (1/n) L7 X;, (1/n) Z"X3, and
(1/n) L XY, are jointly asymptotically normal if the expectatlons of the
squares of all terms exist. Then, repeated application of the following
theorem shows that moments centered at the sample mean and smooth
differentiable functions of them are also asymptotically normal.
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TEOREM 7 (Cramér). Let g be a mapping g: R? — R* such that §(x) is
continuous in a neighborhood of . € RY. If X, is a sequence of d-dimen-
sional random vectors such that Vn X, - |L) EA X, then Vn gX,) -
g(p) EA g(wX. In particular, if Vn(X, — w) —>/t/(0 3) where X is a
d X d covariance matrix, then

Vr (g(X,) — 2(w)) S0, 8(n)2é(n)"). (1)

Proof. First note that yn (X, — p) £ implies that X, =4 i. Now if g(x)
is continuous in {x: {x — | < 8}, then for |x — p| < 8,

0 =g + [t ox-w)dlx—w), ()

so for |X, — pl <8,

Vi (8(X,) ~g(w) = [+ o(X, — W) do (X, = ). (3)

Since X, EA p, we have P(]X,, — ul < 8) — land [} g(p + (X, — ) dv

Z s, so Y (@X,) — gw) > WX, If X €.4(0,3), then because
Eg(p)X = 0 and var@(p)X) = g(p)Zg(n)” we have g(u)X €
A0, E(R)Z g(p)7).

ExampLE 1. For a sample from a one-dlmensmnal distribution with mean
w and variance o2, Vn (X, - p) 5.0, 0?). What is the asymptotic
distribution of X?2?

Solution. Let g(x) = x2. Then g(x) = 2x, and g(u) = 2u. Hence, from
Theorem 7,

V(X2 = 1) S(0,40%2). (4)

Note: This example and those that follow bring out several points to be
aware of in large sample theory. First, the rate of convergence to normal-
ity in Theorem 7 can vary widely with variation in either g or p.

Second, the asymptotic variance can be zero as in Example 1 when
p = 0. All this example says when g = 0 is that Va X2 EA 0, and this is
not what one means by asymptotic distribution. We would like to find an
asymptotic scaling sequence a, such that a,X? has a nondegenerate
distribution. In fact, when g = 0, nX? 3 %2, because by Slutsky nX? =
(WnX,)? - Y? where Y € /0, 0'2) so that (Y/0)? € x2.
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Third, the moments of the limit need not be the limit of the moments,
as the following example indicates.

ExAMPLE 2. Suppose that Vn (X, — ) Z;/t/(O, o?). What is the asymp-
totic distribution of 1/X,? Let g(x) =1/x. Then g(x) = —1/x? and
g(u) = —1/u2 Therefore, by Cramér’s Theorem, when u # 0,

(TZ

ut

1 1
— — |3
X p,)

n

vn 0,

(5)

However, when X, €4y, 02/n), E(1/X,) does not exist, because for
any distribution with density positive and continuous at the origin,
E(1/1X1) =

ExaMpLE 3. Assuming finite fourth moments what is the asymptotlc
distribution of the sample variance, s> = (1/n) Z"(X X )?? Since 52
(1/m) T} X? — X2, we must flrst find the asymptotlc joint distribution of
the first two moments Since s2 does not depend on location, we may as
well assume u =0 (or equ1valently, work with X; — p). Let m,, =
(1/m) L} X; 2and m_ = (1/n)L" X,. From the Central Limit Theorem,

ZM0,3).

where

B var X cov( X2, X)
cov( X2, X) var X2 |

To find the asymptotic distribution of s2, let g(m,, m,,) =m , — m2 = 52,
and note that g(m,, m, ) = (—2m_,1) and £(0, 02) = (0, 1). Hence,

Vi (s2 = 0?) S0, 4(0, 02 24(0, 02)")
=41(0,var X?) =/_V(O, EX* - (EXZ)Z)

=0, py — 0%). (6)

If the parent distribution is normal, then x, = 30%, so

Y (s2 = o?) B0,204).
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Improuing the Approxlmatzon We return to the observation in Example 1
that if Vn(X, — p) ZM0,0?) and g(x) = x?, then Cramér’s Theorem
yields

Vn (X2 - p2) S(0,4p%7). (7)

When u = 0, this gives Vn. )_(,,2 g/f’(O, 0), but more accuracy can be
obtained using instead

nX? =4 o?x2, (8)

This clearly implies a danger from using (7) when u is close to but not
equal to zero. No matter how large n is, there is a u sufficiently close to
zero for which the approximation (7) is very poor. One can often obtain a
definite improvement in the approximation by taking more terms in the
expansion of the function g into account in the proof of Cramer’s
Theorem.

Suppose that Vi (X, — 1) 5.#0, o'2), and suppose we are interested
in estimating g( ) where g( 1) has a continuous second derivative with
g"(w) # 0. To improve upon the approximation given in Theorem 7, we
expand g(x) about u to second-order terms and complete the square in
x —

8 8w ~ £ (w(x - ) + L (-
AN A ORI (0
2 [( ‘”g"(ﬂ«)) g"(n)z]' @

Replacing x by X,, we may conclude that

2 ”

n(g(X,) —g( ) ~ —— (”‘) (X, - wy e+ w) - 2] (0)
where

Vng'(m)
og'(p)

h =

The distribution of the square of a normal random variable with mean y
and variance 1 is the noncentral chi- square distribution with 1 degree of
freedom and noncentrality parameter y2, denoted by x2(y?2). Therefore,



48 A Course in Large Sample Theory

we may rewrite (10) with the notation

a’g" (1)

n(g(X,) - () ~ —

[ xt(v}) - W] (11)
When g(x) = x2, this gives in comparison to (7)
n(X] = ?) ~ o[ xt(¥) - W] (12)

where y, = Vn n/(20). When p = 0, this reduces to (8). For 2 close to
zero, this provides a big improvement over (7). Even for y2 large, (12) is
approximately the same as (7), because x7(y2) — v’ is approximately
M0, 4v?) [see Exercise 2(b) of Section 10].

We conclude with a numerical example of the accuracy of these approxi-
mations. The function g(x) =x* is a little too simple, because the
expansion (9) becomes exact. Instead we take g(x) = exp{x}, and we
suppose that Vi (X, — ) is exactly 40, o). To keep things simple, we
take =0 and o2=1 Let Z = Vn(exp{X,} — exp{ ) /(o exp{ u})
= Vn(exp{X,} — 1). Under the normal approximation (7), the distribution
of Z is ®(z). From the noncentral y2 approximation (11), the distribution
of Z is (using y, = Vn)

P(Z <z) ~ P((#0,1) + 3,)° < %2 + 2/n 2)
=(1)(\/n+2\/r7 —\/;)—d)(—\/n+2\/r72 —\/;) (13)

The exact distribution of exp{X,} is lognormal, and

P(Z < z) = P(exp{#(0,1/n)} <1+2z/Vn) = ®(Vn log(1 + z/Vn)).
(14)

In Table 2, we take n = 5 and compare the two approximations with the
exact probabilities.

If X, is not exactly normal, for example, if it were the mean of a sample
for an exponential distribution, the above approximations can be improved
by considering the Edgeworth Expansion, E,(x), of Table 1 in place of
&(x) in Table 2.



Table 2. Normal and noncentral y? approximations of the distribution

Functions of the Sample Moments

of Yn (g(X,) — £(0))/g'(0) for a sample of size n = 5 from a
standard normal distribution with g(x) = exp{x}.

z O(2) 13) (14)
=20 0.0228 0.0000 0.0000
-1.8 0.0359 0.0000 0.0001
-1.6 0.0548 0.0000 0.0025
-14 0.0808 0.0000 0.0139
-12 0.1151 0.0000 0.0427
-10 0.1587 0.0641 0.0925
-08 0.2119 0.1481 0.1610
—-0.6 0.2743 0.2375 0.2424
-0.4 0.3446 0.3285 0.3297
-02 0.4207 0.4169 0.4170
0.0 0.5000 0.5000 0.5000
0.2 0.5793 0.5760 0.5760
0.4 0.6554 0.6441 0.6436
0.6 0.7257 0.7040 0.7025
0.8 0.7881 0.7558 0.7530
1.0 0.8413 0.8000 0.7958
1.2 0.8849 0.8374 0.8316
14 0.9192 0.8686 0.8615
1.6 0.9452 0.8944 0.8863
1.8 0.9641 0.9156 0.9067
2.0 0.9772 0.9330 0.9234
EXERCISES

1. Find the asymptotic distribution of log s2.

2. Show that the joint asymptotic distribution X, and s?

%) -(

)

s

3. Find the asymptotic distribution of
(a) s5,/X, (the coefficient of variation).
(0 my = (1/nLH(X; — X).

,X, be a sample of size n from the beta distribution,

Be(0,1), 6 > 0. The method-of-moments estimate of 8 is 6, =X,/(1

— X,). Find its asymptotic distribution.

4 Let Xy, ..

o?
0,
M3

M3

g — O

is

49
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A Course in Large Sample Theory

The Poisson Dispersion Test. A standard test of the hypothesis H, that a

distribution is Poisson, Z(A) for some A, is to reject H, if the ratio of

the sample variance to the sample mean, s2/X,, is too large. This test

is good against alternatives whose variance is greater than the mean,

such as the negative binomial distribution or any other mixture of

Poisson distributions.

(a) Find the asymptotic distribution of s2/X, for general distributions.

(b) Find the asymptotic distribution of x2/X, urder H, and show that
it is independent of A.

Suppose we are interested in estimating the variance, g(p) = p(1 — p),

of the Bernoulli distribution with probability p of success, based on a

sample of size n. Let X, denote the proportion of successes, X, = X /n,

where X has the binomial distribution, #(n, p), and consider the

estimate g(X,) = X,(1 — X,).

(a) Findlthe asymptotic distribution of g(X,). What happens when
p=7?

(b) What is the asymptotic expansion (11) for the distribution of g(X,)?

(c) Take p =06 and n = 100. Compare the approximations to
P(g(X,) <y) given by (a) and (b) at the points y = 0.23, 0.24, and
0.25.



The Sample Correlation Coefficient

The last example of Section 6, namely, that
Loy = VR — 1(Xr - /‘L)/Sn _-_?;_/;/(0,1),

shows that the ¢ test is asymptotically robust or asymptotically distribution-
free within the class of distributions with finite second moments. In
particular, the confidence interval for the mean p of a distribution, given
by

X, = (5p/Vn = 1)ty <p <X, + (s,/Vn = 1)t,_y,,,

has approximate probability 1 — 2« whatever be the true distribution of
the X;, provided it has a finite variance and n is sufficiently large.

The usual test or confidence interval for the variance of a distribution
when sampling from a normal distribution is based on the statistic (ns2) /o2
which has a x2_, distribution. Example 3 of Section 7 shows that this test
is not asymptotically distribution-free. The asymptotic distribution of
(ns?) /o0 depends on the fourth moment of the true distribution. For the
normal distribution, p, = 304, and so the usual test will be asymptotically
valid for any true distribution with u, =30* But we often expect
sampling distributions to have somewhat thicker tails than the normal. For
example, p, = 6.111... 0* for the double exponential distribution with
density f(x) = (1/2)e” 1,

Even worse in this regard is the sample correlation coefficient, r =
Sxy/S:S,,» when used for testing hypotheses concerning the correlation
coefficient, p = 0,,/0,0,. The asymptotic distribution of r, when sam-
pling from distributions with finite fourth moments, may be found by the
methods of Section 7.
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THEOREM 8. Let (X,,Y)),(X,,Y,),... bea sample from a bivariate distribu-
tion with finite fourth moments, EX* and EY*. Then,

(a)
2 2
Ly o, C(XX,XX) C(XX,XY) C(XX,YY)
llso | =10 || 2400, |cxx, xvy cxy,xv)y cxy,yy)
52 o7 C(XX,YY) C(XY,YY) C(YY,YY)
where

COXX, XX) = cov((X — m)% (X — w)?) = E(X — ) = (BOX = g)?)’

C(H) XY) = COV((X - “‘x)zy(X - “‘x)(Y_ “y))

=E(X - /,LX)3(Y— By) — (rxzaxy, etc.
®) Wi (r = p) S4(0.77),

where

[ C(XX,XX) C(XX,YY) C(YY,YY)
Y =Zp 4 +2 7 2 + 3
| oy 0,0y 9y

[ C(XX, XY) . C(XY,YY)] . C(XY.XY)

P 3 3 2 2
o, 9y 0, 0y ] 0, 0y

Outline of Progf. The proof follows the steps of the last example of Section
7. Assume without loss of generality that u, = u, = 0. First, use the
Central Limit Theorem to find the joint asymptotic distribution of M, =
(mem,m ,m. .m0, where m,=U/n)L} X;, m, =(1/n)L} X}
and m,, = (1/n) L} XY, etc. Then, apply Cramér’s Theorem to the
function, gM,) = (m,, —m%,m,, —mm,m, —m}).

Moments of the Bivariate Normal Distribution. To find the value of y?2 for
the bivariate normal distribution, we may assume the means are 0 and the
variances are 1, because y? is independent of a change in location and
scale in X or Y. The moments EX?Y, et cetera, may be found by

integrating, or by taking the appropriate derivatives of the characteristic
function,

o(ty, ) = exp{—(1/2)(£? + 2pt,1, + 13)},

b

b
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and setting (¢,,¢,) = (0,0). We find
E(X-p)" =301,
E(X - )Y - n,) =3po,
and
E(X - p) (Y- ) = (1 +2p*) 002,
Hence,
y2 = (1/4)p[2+ 2(2p*) + 2] — p[(3p— p) - 2] + (1 + 2p — p?)
= p2[1 4 p?] —4p? + 1+ p2 = (1 - p?),
so that for normal populations,

\/;(r -p) -%/V(O, a- pz)z).

Robustizing. The usual x? test for a variance is based on the fact that for
normal distributions (ns?)/c? has a y?2 , distribution. For n large, the
x2_, distribution is approximately #{n — 1,2(n — 1)). Hence, the confi-
dence intervals for o2 obtained from this test are asymptotically those
obtained from

ns?/a* — (n-1 Vn | s2
/o (o) mis Z.40,1).

V2(n — 1) V2 | o2

If the population is not normal, we should be using, as seen at the end of
Section 7,

\/rT[sf/az - 1] _9,/’/(0 1)
\,/I~’«4/‘74_1 e

Because u, is not known, this statistic cannot be used directly. However, it
may be robustized by replacing the coefficient of kurtosis, 8, = u,/a*, by
an estimate, b, = m,/s}, the sample coefficient of kurtosis. The confi-
dence interval resulting from

5 1 b2 — l/t/
—— <.__.___
0,2 ﬁ a/2
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may be written

s? s?

o <ogl< =
¥l AL

\/f_l_ a/? ‘/; a/2

The usual confidence interval based on the x distribution may be
obtained from this, approximately for large n, by replacing b, by the
coefficient of kurtosis for the normal distribution, namely, 8, = 3.

One may similarly robustize tests and confidence intervals for p by
replacing the moments in y2 by their sample estimates to obtain 42 and
using Vn(r — p)/¥ i’;/t/(O, 1). However, these procedures must be used
with caution; estimates of fourth and cross-second moments have large
standard error.

Vanance -stabilizing Transformations. For normal populations, vn(r —
p) —>/t/(0 (1 — p?)?). We seek a transformation, g(r), such that Vn (g(r)

—g(p)) Z M0,1). Such a transformation is called variance-stabilizing.

From Cramér’s Theorem vn (g(r) — g( p)) L0, $( )1 — p?)?), so we
must solve the differential equation

§(p)(1-p2) =1 or g(p)=1/(1-p%).

The solution is known as Fisher’s transformation:

1 172 1/2 1 1+p
= dp = dp= =1 .
g(p) fl_ p= f[ 1,977 2t
also known as tanh™! p. Therefore,
1 14r 1 @
— - = 1).
\/rT[zlogl_ Slog > 4#(0,1)

EXERCISES

1. Find the asymptotic distribution of the estimate of the regression
coefficient, B = Syy /s2, when sampling from a bivariate distribution.
What is its asymptotic variance when sampling from a bivariate normal
distribution?

2. Find an asymptotically robustized version of the confidence intervals
for o,.
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3. Find variance-stabilizing transformations for X, when sampling from
(a) the Poisson distribution, (A), (b) the Bernoulli distribution,
g(l’ p) . .

4. The usual F test for the equality of variances of two independent
normal populations is based on the ratio of the two sample variances,
52 /syz. Show that this test is not asymptotically distribution-free within
the class of distributions with finite fourth moments, by finding the
asymptotic distribution of Vn (s2/s? — o,>/0?) within this class. Sup-
pose both samples are of size n.



Pearson’s Chi-Square

In this section we derive the asymptotic distribution of the Pearson x?
statistic as another application of the theorems of Slutsky. We first present
three general lemmas relating quadratic forms in normal or asymptotically
normal variables to the chi-square distribution. After describing multino-
mial experiments and the Pearson x? statistic for testing a simple null
hypothesis, we present two derivations of the asymptotic distribution of
Pearson’s 2 under the null hypothesis. The first, contained in the proof
of Theorem 9, is based on the matrix theory notions of rank and projec-
tion. The second uses the fact that Pearson’s y? is just a version of
Hotelling’s 72 and is postponed to the exercises (Exercise 3). We also
mention two important variations of Pearson’s x2, one based on transfor-
mations (Hellinger’s x2) and the other based on the principle of modifica-
tion (Neyman’s y? of Exercise 1).

Recall that the x? distribution with d degrees of freedom, denoted by
x4 is defined as the distribution of XX, where X is d-dimensional with
X €10,1) [the sum of squares of d independent .#(0, 1)’s].

LEMMA 1. If X €4, 2) with 3 nonsingular, then
Z=X-p)'2'(X-n)exs
Proof. Let Y=3%"12(X — ). ThenYeAN®,Dand Z=Y'Y. =

LeEmMA 2. If X,,X,,... arei.i.d. with mean p. and nonsingular covariance
matrix 2, then

12 = (n-1)(X, - 1) 5, (X, ~ 1) S .
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where S, is the sample covariance matrix,
n
= —\T
S, = (1/n) X (X, - X)(X, - X)
1

Proof. By the Central Limit Theorem, v (X, p,) S Y eno, 2) and
by the Weak Law ofSI;arge Numbers and Slutsky’s Theorem S, 33,
Hence by Slutsky, T2 S YT 'Y € y2.

Note: T? is known as Hotelling’s T*. It is known that if X ,X,,...,X,
is a sample from .#(j, %) with % nonsingular, then ((n — d) /(n — 1)d )T2
has an exact F, ,_, distribution.

The characteristic function of the x? distribution is @(t) = (1 -
2it)7¢ /2.

A square matrix X is a projection if 32 =3, (If y = Xx, then y is the
projection of x onto the range space of %. Further appllcatlon of % toy
does not change it: Sy =3%2x=X%x =y) If in addition ¥ is symmetric,
the projection is perpendicular onto its range. [That is, y = % x is perpen-
dicular tox —y =0 - Z)x: GTA - D)x=x"3TA - Z)x = x"(2? -
S = 0]

LEMMA 3. Let X €41(0,%). Then X'X € x? if and only if 3 is a
projection of rank r.

Proof. Since %, is symmetric, there exists an orthogonal matrix Q (Q7Q = I)
such that D = QX Q7 is a diagonal matrix. Then,
3?2 =3 and ¥ has rank r
e D? = D and D has rank r
< r of the diagonal elements of D are 1 and the rest 0.
Let Y = QX. Then Y €40,D) and Y'Y = X7Q7QX = X"X. If ‘ff de-
notes the jth diagonal element of D, the characteristic function of Y'Y =

L Y2 is IT,(1 — 2id;t)~ 172 'which is equal to the characteristic function of
P (1 - 2zt) /2 if and only if r of the d; are 1 and the rest arc 0. W

Note: The d; are the eigenvalues of X. For any symmetric projec-
tion, X,

rank (X) = trace (%),

because both are equal to the sum of the eigenvalues.
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Multinomial Experiments. Consider n independent trials, each resulting in
one of ¢ possible outcomes or cells and each trial having the same
probability p, > 0 of resulting in outcome j for j = 1,...,c. Let n, denote
the number of trials that result in outcome j for j=1,...,c, so that
T n, = n. Pearson’s x* is defined to be

=T (obs—exp) zc:(nj—npj) .

exp 1 np,

cells

To find the asymptotic distribution of this statistic as n — o, we use the
following vector notation. Let e, denote the jth unit vector in ¢ dimen-
sions (1 in the jth coordinate, (’s elsewhere), and define the random
vector X, to be e , if the ith trial resulted in outcome j. Then X,,..., X,
are i.i.d. with mean vector EX = p and covariance matrix X = cov(X),
where

(1 -p1) PP —P1P.
P —p\p p(l —py) - 2y
p=| | and 3= 1P PR TR 2be
P, ; . ;
—P1Pc —P2P: o p(l-p.)

and Pearson’s y? may be written

? ((m/m) = p)’

- n(X, ~p) P7(X, - p)

pj
where
p, O 0
po| P ’
0 0 P

Note that 3 = P — pp.

THEOREM 9
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proof. From the Central Limit Theorem, vn ()_(n - p) 2y eNo, X).
Hence, from Slutsky’s Theorem

x =V (X, - p) P Vu(X, - p) SYTPy.

To show that Y'P~'Y € x2 |, let Z=P~/2Y, so that Z'Z = YTp~!Y
and Z €70, P~1/2 3, P~1/2) To show that the covariance 1atrix of Z is a
projection, replace X by P - pp’ to find that P~'/2XP~'/2 =] -
p-172ppTP™ /2 1t is easy to check that this is a projection and has trace,
and hence rank, ¢ — 1, using the fact that trace(AB) = trace(BA). W

Transformed x*. We may extend Theorem 9 by combining it with Cramér’s
Theorem. We consider differentiable transformations of the form g(x) =
(g(x1), - - -» 8(x )", such that the jth component of the transformation is
a function only of the jth component of x. As a consequence, the gradient
g(x) is a diagonal matrix with the derivatives g,(x,),..., §.(x,) down the
diagonal. As in the proof of Cramér’s Theorem, Vn (g(X,) — g(p)) is
asymptotically equivalent to Vn g(pXX, — p), so that in Pearson’s y2, we
may replace Vn (X, — p) by Vn g(p)~'(@X,) — g(p)) and obtain the trans-
formed x2,

X2 =n(g(X,) — &) &@) P '&(p) ' (s(X,) - &(p))

(gj(nj/n)—gj(pj))z =z .2
pjgj(pj)2 o

c
=nZ
1

ExampLE. Although the variance-stabilizing transformation for the bino-
mial distribution is the arcsin function (Exercise 3 of Section 8), the
transformation that makes the denominator in Pearson’s y2 a constant is
the square-root function. We are led to investigate the transformed x?2
with g(x) = (/x,, yx,, ..., /x.)". The transformed x2, with g,(p;) = 0.5/

p;, becomes

i =4n (V7 - B

This is known as the Hellinger x> because of its relation to Hellinger
distance. [The Hellinger distance between two densities, f(x) and g(x), is

d(f, g) where d(f,g)* = [(Jf(x) — g(x))*dx]
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EXERCISES

1. Modified x*®. Pearson’s y* may be modified by replacing the expected
number of observations in the denominator by the observed number.
The resulting x? is known as Neyman’s x2, x};:

(obs — exp)2 (n, — npj)2

n,

Xi= X

cells obs

c

-%
1
Show that y2 5 x2,.

2. Let X €10,1), P symmetric. Show that X"PX € x2 « P is a projec-
tion of rank r.

3. Alternate Proof of Theorem 9. Define the (¢ — 1)-vector Y, to be X, with
the last component deleted, let q denote p with the last component
deleted, and let ® denote X with the last row and column deleted.
Show the identity

Pearson’s x* = n(Y, — q)T(I)"(T(,, - q).

Thus, Pearson’s x? is just a version of Hotelling’s 72, and we may
conclude Theorem 9 directly from Lemma 2. (Let Q denote P with the
last row and column deleted. Show ® = Q — qq” and &' = Q! +
1-17/p,, where 1 denotes the (¢ — 1)-vector of all 1’s.)

4. What is the transformed x2 for the transformation that replaces each
cell frequency by its logarithm? What is the modified transformed x>
for this transformation?
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Asymptotic Power of the Pearson
Chi-Square Test

It is important to be able to judge the sensitivity of the x? test in
distinguishing the null hypothesis from nearby alternatives. We would like
to find the probabilities of rejecting the null hypothesis when some
relevant alternatives are true; that is, we would like to find the power
function of the test. In this section, we find an asymptotic approximation
to the power function based on the noncentral x? distribution. In addition
to allowing us to measure the sensitivity of the test, this approximation
helps solve the important problem of finding the sample size required to
obtain a fixed power at a fixed alternative for a given level of significance.
The Fix Tables (Table 3) for noncentral x2 are in a convenient form for
solving this problem for levels 0.05 and 0.01.

Consider a multinomial experiment consisting of n independent trials
with c possible outcomes having probabilities p,,..., P as in Section 9.
Let p?,..., p° be a given set of probabilities w1th p > 0 for all j and
with Z{p’ = 1, and consider testing H0 p = p; for j=1,...,c. The
goodness- of fit test based on Pearson’s x? rejects H, if

2
yie Y (obs — exp)’ _ ZC: (nj — np})
1

0
cells €xp np J

is too large, where n; denotes the number of trials that resulted in
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Table 3. Fix Tables of Noncentral y2. The quantity tabled is that value of the
parameter A that satisfies the equation

e~ (A/2) Z

Ak

k' 2(1/2f+2k I)I“(f/z + k) [f(a)
where f = number of degrees of freedom and y,(a) is such that

f+2k—1e—(1/2)x1dx = B,

-1 —(l/2)x dx = a.
2(1/2)f ‘F(f/2) [,(a)
a = 0.05
f B 01 0.2 03 04 05 0.6 0.7 0.8 0.9
1 0426 1242 2058 2911 3.841 4899 6.172 7.849 10.509
2 0624 1,731 2776 383z 4957 6213 7702  9.635 12.655
3 0779 2096 3.302 4501 5.761 7154 8792 10903 14.172
4 0.9i0 2401 3737 5050 6420 7924 9.683 11935 15.405
5 1.026 2667 4.117 5529 6.991 8591 10453 12828 16.470
6 1131 2907 4458 5957 7503 9187 11.141 13.624 17419
7 1228 3128 4770 6349 7971 9.732 11.768 14.35C 18.284
8 1319 3333 5059 6.713 8405 10236 12349 15022 19.083
9 1404 3525 5331 7053 8811 10708 12892 15650 19.829
10 1485 3707 5588 7375 9194 11153 13404 16241 20.532
11 1.562 3880 5831 7680 9557 11575 13.8900 16.802 21.198
12 1636 4.045 6.064 7971 9903 11977 14353 17336 21.833
13 1.707 4204 6287 8250 10.235 12362 14796 17.847 22.440
14 1775 4357 6502 8519 10554 12733 15221 18338 23.022
15 1.840 4501 6.709 8777 10862 13.090 15.631 18.811 23.583
16 1904 4646 6909 9.027 11159 13435 16.027 19.268 24.125
7 1966 4784 7.103 9269 11447 13.768 16411 19710 24.650
18 2026 4918 7.291 9505 11.726 14.092 16.783 20.139  25.158
19 2085 5.049 7474 9734 11998 14407 17.144 20.556 25.652
20 2142 5176 7.653 9956 12262 14.714 17.496 20961 26.132
a = 0,01
f B 01 0.2 0.3 0.4 0.5 0.6 0.7 0.8 09
1 1.674 3.007 4.208 5394 6.635 8.004 9.611 11.680 14.879
2 2299 3941 5372 6758 8190 9.752 11.567 13.881 17.427
3 2763 4.624 6.218 7.745 9.311 11008 12970 15458 19.248
4 3149 5.188 6.914 8557 10231 12039 14.121 16749 20.737
5 3.488 5.682 7.523 9.265 11.033 12936 15.120 17.871 22.033
6 3794 6.126 8069 9.899 11.751 13.738 16.014 18.873 23.187
7 4075 6534 8569 10480 12.408 14473 16.831 19.788 24.238
8 4337 6912 9.033 11.019 13.017 15.153 17.589 20.636 25.211
9 4583 7.267 9.469 11.524 13.588 15.790 18.297 21429 26.122
10 4816 7.603 9.880 12000 14.126 16391 18.965 22177 26.981
1 5.038  7.922 10271 12453 14.638 16961 19599 22887 27.797
12 5250 8.227 10.644 12.885 15.126 17505 20204 23.563 28.575
13 5453 8520 11.002 13299 15594 18.027 20.784 24211 29.319
14 5.649 8.801 11.346 13.698 16.043 18.528 21.341 24.833 30.034
15 5838 9.072 11678 14.082 16476 19.011 21878 25433 30.722
16 6.021 9335 11.999 14454 16.895 19478 22396 26.013 31.387
17 6.198 9590 12310 14814 17301 19930 22.898 26.574 32.031
18 6.371  9.837 12612 15163 17.695 20369 23.385 27.118 32.655
19 6.539 10.078 12.906 15502 18078 20.796 23.859 27.647 33.262
20 6.702 10312 13.192 15.833 18451 21211 24320 28.162 33.852
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outcome j. Under H,, this statistic has approximately a y2 , distribution
when n is large.

If some alternative p = (py,...,p,) # (p%,..., p%) = p° is the true
value of the parameter, then the probability of rejecting H,, using this test
with a fixed size a, tends to 1 as n — «. To obtain an approximation to
the power, we fix p and consider a sequence of null hypotheses, say H,(n):

p = P2, where p? = (pd,,..., p2.)" is a fixed sequence of values converg-
ing to p at rate 1/ vn, say pf’, =p—-Q/ Vn )8 for some fixed vector
6 =(8,,..., 8,)". Note that because both p and p® are probability vectors,

we have {8, = 0. We show that the limiting distribution of the above x?
statistic is a noncentral x? distribution with ¢ — 1 degrees of freedom and
noncentrality parameter

c c
A=38TP718 = 21:812/p] ~ ;sz/p,?j.

The noncentral x* distribution with d degrees of freedom and noncentral-
ity parameter A = 878, denoted by xZ(1), is defined as the distribution of
Z = XTX, where X €448, 1) is a d-dimensional vector. (It should be first
noted that this distribution depends on & only through A = 873.) We
need the following generalization of the important half of Lemma 3 of
Section 9.

LEMMA. Suppose X € #(8,2). If X is a projection of rank r, and %8 =
3, then XTX € x2(879).

Proof. Find Q orthogonal such that D = Q3.Q7 is diagonal. Then D is a
projection of rank r, so that r of the diagonal elements of D are ones and
the rest zeros. Assume that Q has been chosen so that the first r diagonal
elements of D are 1’s.Let Y = QX. Then Y €(Q8,D) and Y'Y = XX,
and DQ8 = QXQ"Qd = QX8 = Q3. The Y] are independent normal
with variance 1 for j = 1,...,r and variance 0 for j =r + 1,..., d. Since
Q& = DQ3, the last d — r components of EY are zero; thus, Y, ,,...,Y,
are identically zero, so that Y'Y = Y2 + --- +Y,2. Moreover, the sum of
squares of the means on the first r components is then (Q8)7(Qd) =

87QTQ5 = 875. Thus, Y'Y € x2(375). m

The converse to this lemma can be proved, as for Lemma 3, Section 9,
using characteristic functions.
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THEOREM 10. Let p be the vector of true cell probabilities, and let & =
Jn (p — p). Then

2
i /n Pn <z
Z ( ! J) - Xcz—l(A)’

1 n]
where A = L] 8,-2 /P,

REMARK. There is a simple, easily remembered principle embodied here,
namely that the noncentrality parameter may be found by replacing the
observed frequencies, n;/n, in Pearson’s x? by the expected values, D,

Proof. As in the proof of Theorem 9, let

P Iz)l 0 g-l
p=|-|, P= p.2 , X=P-pp,
Pe 0 0 - p
P,?I rP,(.)l (()) ]
S R :
Pre _ 0 0 o Pﬁ’c,
and
n,/n
=] I
n./n

Then, Vn(X, - p9) =Vn(X, - p) + £Yens, %) and P’ > P.
Hence from Slutsky’s Theorem,

x*=Vn (X, - p0) PO Wn (X, - pt) S YPlY.
LetZ =P '/2Y. Then Z7Z = Y'P~'Y and

Z E./V(P_l/z S,P—I/Z EP_I/Z) =/V(P—l/2 8,1 _ P—l/2 ppTP—l/Z).
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-1,2 172

As in Theorem 9, I — P~'/2pp™P~1/? is a projection of rank ¢ — 1. In
addition, (I _ P—I/ZPPTP—I/Z)P—I/ZB = P—1/28 _ P-—l/2ppTP—l8 —
p-'/%8, since p’P~'8 = Lf 8 = 0. Therefore, the theorem follows from
the lemma. N

ExAMPLE. A die is tossed 300 times. Let H, denote the hypothesis that all
faces are equally likely, Hy: p;=%,i=1,...,6. To test H,, the x? test
would reject Hy if x* = I{(n, — 50)* /50 were too large, where n, is the
number of times that face j turned up. At the 5% level, we reject H, if
x? > 1107, and at the 1% level, we reject Hy if x* > 15.09. What is the
approximate power at the alternative p, =p, =0.13, p; =p, = 0.17,
ps = ps = 0.207 We compute the noncentrality parameter, A = ¥ 8}.2 /p;
or A’ = L% 8%/p. (They are asymptotically equivalent.) Since 8 = Vn (p
— p°), we have A° = If n(p, — p/)?/p}, and

n(pl —p?)2 n(p2 —pg)2 _ 300(0.13 — %)2 _
0 - 1 -

5 242,
P P 3

”(P3 _17(3))2 _ "(P4 “Pg)

= 0.02,
p3 P!
_0y2 _ o 0y?
"(Ps Ops) _ "(Ps 0P6) — 2.00.

Ps Pe

Hence, A = 2.42 + 2.42 + 0.02 + 0.02 + 2.00 + 2.00 = 8.88. From the Fix
Tables (Table 3) of noncentral 2, we find power approximately 0.61 at
the 5% level, and power approximately 0.38 at the 1% level.

Approximately how large a sample size is needed to obtain power 0.90
at this alternative when testing at the 5% level? We must increase n so
that A = 16.470. Solving (n/300) 8.88 = 16.470, we find n approximately
556.

EXERCISES

1. In a multinomial experiment with sample size 100 and 3 cells with null
hypothesis Hy: p, = %, p, = 3, P; = %, what is the approximate power
at the alternative p, = 0.2, p, = 0.6, p; = 0.2 when the level of signifi-
cance is a = 0.05? a = 0.01? How large a sample size is needed to
achieve power 0.9 at this alternative when a = 0.05? a = 0.01?
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. (@) Show x*(A) has mean r + A and variance 2r + 4A.

() Show [ xX(D) = (r + DI/ V2r + 4x S.10,1) as max(r, A) - .

(c) Assuming (b), compare the value of A given in the Fix Table for
a = 0.05 and B = 0.5 and r = 20, with the asymptotic value.

. Show that the transformed x? has the same (first-order) power as

Pearson’s y?; that is, show

c —ofnY. 2
Xe=nL -(gl(n’/on.z ?(21)"})) L xE(W)
1 pnjgj(pn])

as n — o, where A = £{8%/p,.
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Stationary m-Dependent Sequences

In this section we prove a theorem that allows us to show asymptotic
normality for sums of random variables for certain statistical problems
with a limited amount of dependence between the variables. A sequence
of random variables, Y,,Y,,..., is said to be m-dependent if for every
integer, s > 1, the sets of random variables {Y,,..., Y} and
{Y, .ci1sYmiss2,---) are independent. (For m = 0, this is equivalent to
independence of the sequence.)

A sequence of random variables Y;,Y,,... is said to be (strict sense)
stationary if for any positive integers s and ¢, the joint distribution of the
vector (Y,,...,Y,,,) does not depend on ¢. In other words, a sequence is
stationary if the distribution of a sequence of any s consecutive observa-
tions does not depend on the time one starts observing.

We are interested in the asymptotic distribution of S, = L], Y, for a
stationary, m-dependent sequence of random variables Y;,Y,,... . Such a
sequence arises in time-series analysis, for example, in computing the
asymptotic distribution of the autoproduct moment at lag m, which is
defined for a sequence of random variables, X, X,,... as S,/n=
(1/n) T, X, X, If the X, are assumed to be i.i.d., then the sequence,
Y, =X, X, om forms a stationary m-dependent sequence.

Let the mean of the Y, be denoted by u = EY, the variance by
o = var(Y;), and the covariances by o; = coW(Y}, ¥, +,) These quantities
are independent of ¢ due to the stationarity assumption. Also,o; = 0 for
i > m from m-dependence. The mean and variance of S, are easily found
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tobe ES, =nu, and for n > m

M:

var(S,) =

[

n
Zcov(Y,,Yl)
=1

1
=noyp +2(n— 1oy +2(n—2)og + - +2(n —m)oy,,.
(1)
We have var(§,)/~ - o?, where
0% =0g + 200 +20p + - +20,,. (2)

For large n, the distribution of S, /n is approximately normal with mean
u and variance o2 /n, as in the following theorem. For an extension to a
special stationary sequence without the assumption of m-dependence, see
Exercise 7.

THEOREM 11. Let Y,Y,,..., be a stationary m-deperdent sequence with
finite variance and let S, = L}_, Y. Then

(S, - ES,)/(var(S,))"* 5

4(0,1),
or, equivalently,

Vi (S,/n — ) S0, 0?),

where . = EY,, and o®

is given by (2).

Before presenting the proof, we give a useful lemma. First note that we
may assume without loss of generality that u = 0, because we can work
equally well with Y; — . The method of proof involves splitting the sum
S, into two parts, one a sum of independent terms to which the Central
Limit Theorem may be applied, and the other a hopefully negligible
dependent part. Take n very large and break S, into s pieces of length
k + m, where k > m. Write n = s(k + m) + r, where r is the remainder,
O<r<k+m.LetS,=S§, +S8+R,, where

s—1 s—1 r

Sy = Z ij7 SZ = Z ij7 and R, = Z Ys(k+m)+i7
j=0 j=0 i=1
where

k+m

k
ij= Z};'(k+m)+i and Wki= Z };(k“")“'

i=] i=k+1
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Then the ¥, for j =1,..., s, are i.i.d. random variables with distribution
depending on k. For k fixed and s large, S, has an approximate normal
distribution with mean 0 and variance var(S,) = s var(§,). The theorem
would follow if the other terms are negligible and we could take the limit
first as n —  and then k — . This requires that the piece involving S
be negligible uniformly in n as k — . For this purpose the following
lemma is used.

LeMMA. Suppose T, = Z,, + X, forn=1,2,... andk =1,2,... . If

D X, 20 uniformly in n as k — =,
) Z,,k; Z, as n > =, for each k, and
B) Z, > Z as k - o, then

T, £ Zasn - o
Proof. Let € > 0 and let z € C(F;), the continuity set of F,. Find- 6 > 0

such that P(IZ - z| < 8) < ¢ and such that z + & and z — & are in the
continuity sets C(F;) and C(F,) for all k. From condition (1), we may

find K such that P(|X,;| > &) <e for all k> K and all n. From
condition (3), we may find K’ > K such that for k > K', |IP(Z, <z + §)
—P(Z<z+8) <eand |P(Z, <z—8)— P(Z <z— 8)| >e. Nowfix
k>K'.

P(T,<2) =P(Z,+ X, <2)
<P(Z, <z+8) +P(lX,l = 8)
<P(Z,<z+38)+e.
Now apply condition (2):
lim sup P(T, <2) <P(Z, <z+8) + ¢
n

<P(Z<z+38)+2
<P(Z <z) + 3e.

Similarly,
P(T,<2) =P(Z, + X,; <z)
2P(Z,, <z-8)—P(IX,l > 8)
>P(Z,,<z—9) — &,
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and
liminf P(T, <z) > P(Z, <z—-8)—¢
n

>P(Z<z-86)—2¢
> P(Z <z) — 3e.

Since this holds for all £ > 0, we must have lim, P(T, <z) = P(Z < z).
|

Proof of Theorem 11. We let T, =S, /vVn, Z,, = (S, + R,)/ Vn, and
‘Xnk = SI’:/ \/I'T, so that
SS+R, S,

S
y e R e R Ny S O
n ﬁ ﬁ ﬁ nk nk

and we check the conditions of the lemma. First note from the Central
Limit Theorem that for fixed k, S/ Vs g/f’(O,var(Sk)). Then, since
,S/n =2k, we have S,/ Vn = (s /Vr)S,/ Vs g;/i’(O,var(Sk)/k). The
term R,/ Vn has mean 0 and variance var(S,)/n. Now all covariances
are bounded by the variance, |oy;l < oy [var(Y)) = oy for all ¢
and the correlation is bounded by 1], so var(R,/Vn) < rioy/n <

(k + m)oy/n — 0 for fixed k. Thus R,/ Vn —> 0, and hence Z,,
has the same limit law as S’/ vV, namely, Z,, = Z, €M0,van(S,)/k).
Thus condition (2) is satisfied. Moreover, since var(S,)/k = o2 as k — o,
we have Z, £ 7 e M0, o2), and condition (3) is satisfied.

To check condition (1), we note that van(X,,) = s var(S,)/n <
var(S$,,)/k, independent of n, and by Chebyshev’s inequality, P(1X, ,~| > 8)
<vanX,,)/8% < vax(S,)/(k6?) > 0 as k - o, uniformly in n. W

Application to the mth product moment. As an application, let us find the
asymptotic distribution of S, = ¥}, X;X;,,, for an iid. sequence
X,, X, X,,... with mean g and variance 72 Then, Y; = X,X;,,, forms

. o~ T h
an m-dependent stationary sequence so that the theorem applies. The

mean of the Y, is EX,X;,,, = u? and the covariances are
0, = V(X X, X, X, ) = EX X, X, X,,,, — 1,
o = (17 + p,z)z —pt =1t 4+ 2752,
Tom = BA(72 + p?) — pt = 132,

oy = 0, forj#0, j#m.

)
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Hence by the theorem, Va (S, /n — u?) g;/f’(O, o ?), where

ol =0y + 20y, =" + 41792,

EXERCISES

1.

Success runs. Consider a sequence of i.i.d. Bernoulli random variables
X,, X,,..., with probability p of success, P(X=1)=1 - P(X = ()
=p. For j > 1, we say a run of successes begins at j if X; =1 and
X;, =0.LetY = a- X, _ l)X denote the indicator of the event that
a run starts at ] Then S, =Y, + - +Y, denotes the number of runs
of successes in the first n trials. We are interested in the asymptotic
distribution of the number of success runs, and to simplify the algebra
we have omitted the run, if any, that begins at the zeroth trial, because
that will not affect the asymptotic distribution. Find the mean and
variance of §,. What is its asymptotic distribution?

. Runs of length r. In a sequence of i.i.d. Bernoulli trials, X, X, X, ...

with probability p of success, a run of length r is a string of r
consecutive 1’s preceded and followed by zeros. Let Z, denote the
product Z;=(1 -X_)X; - X, _,01—-X,;,,). Then S, =2, +

- 4+Z, represents the number of runs of length r in the sequence
Xo,.--» X,,,. Note that the Z; form an m-dependent stationary se-
quence (for what m?). Find the asymptotic distribution of S,.

. Badminton scoring. Let X, X,,... be a sequence of i.i.d. Bernoulli

trials with probability p of success. Your side scores a point each time
you have a success that follows a success. Let S, = LI, X;_, X; denote
the number of points your side scores by time n. Find the asymptotic
distribution of §,.

. Autocouvariance. Let X, X;,... be iid. random variables with mean u

and variance 7% (a) Find the joint asymptotic distribution of X, =
a/mrr, X; and Z,=(1/n)ZT!, X;X,,,. (Hint: Find the asymptotic
d1str1but10n of aX, + bZ, for all a and b, and apply Exercise 2 from
Section 3.) (b) Flnd the asymptotic distribution of the autocovariance,
z, -Xx

. Runs of increasing values. Let X, X, X,,... be ii.d. random variables

from a continuous distribution, F(x). Let Z; be one if there is a
relative minimum at j, ad zero otherwise; that is, Z; = RX;_, > X; <

Xii1). Then S, = X7, Z; represents the number of relat1ve m1n1ma in
the sequence XO, X .. X +1- It is also within one of the number of

n
runs of increasing values in Xy, X;,..., X, ,1, because, except for the

n

possible run starting at zero, a run of increasing values begins at j if
and only if Z; = 1. S, may be used as a statistic for testing the null
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hypothesis of randomness of a sequence. Find the asymptotic distribu-
tion of §,.

. Autocorrelation. Let X,, X,,... be a sequence of i.i.d. random vari-
ables with finite fourth moment. Let us define the autocorrelation of
lag 1 based on the first n + 1 observations to be

n
(1/n) ¥ X.X,,, - X}
i=1

(vmiﬁ—ﬁ
i=1

Assume the mean of the distribution of the X; is zero. (The limiting
distribution of r, does not depend on this assumption.)

(@) Let Z, = (X, X2, X,X,,,” and show Vn(Z, — p) Z.M0,3),

where
0 o’ M3 0
K= ol and X = M #4—04 0
0 0 0. o

(b) Show Vnr, A0, 1). 1t is interesting to compare this robustness of
the autocorrelation with the drastic nonrobustness of the correla-
tion coefficient found in Section 8.

. Let ..., X_|, Xy, X},... be a sequence of unobservable i.i.d. random

variables with mean ¢ and variance 7%, and let ..., z_,, 2y,21,... bEQ

sequence of real numbers such that X7 |z;| < . The observations are

Y, =L .zX,_; for t=0,1,2,.... Although not m-dependent for

any finite m, they form a stationary sequence with mean u = EY, =

¢ L7, z; and covariances

+o
oo = cOv(Y,, Y}) = 7? Z 2244
j== — o0
Let S, =L/, Y.
Show that Vn (S,/n — ) Z»/V(O, o ?), where

0'2=0'm+2z 0’0,.
t=1
[Hint: The truncated version of Y;, Y, = T, _, zX,_,, is a (2k)-
dependent stationary sequence to which Theorem 11 applies. Let
§O = T Y,® show that S, — S® L5 0 uniformly in n as k - o,
and use the lemma of this section.]
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Some Rank Statistics

Let Ry, Ryas---» Ryy denote a random permutation of the integers 1
through N, with each of the N! permutations being equally likely. In this
section, we investigate the asymptotic distributions of sums of functions of
the form

N
Sy = Z ZNjaN(RNj)’ (1)
J=1

where zyq,..., 2yy and ay(1),...,a,(N) are given sets of numbers. To
simplify the notation, we will usually drop the subscript N-for z, a, and R,
and so write

Sy = 2. za(R)). (1)

For most of the discussion to follow, N is fixed and no confusion will
result. When we let N tend to infinity, we will remind you that the
distribution of R depends on N and that z and a may depend on N.

Note that the distribution of §, in (1) is unchanged if we reorder all
subscripts. Thus, we may assume without loss of generality that the a(j)
(or the z; or both) are arranged in increasing order. Similarly, the
distribution of Sy is unchanged if we interchange a(j) and z;, because we
may write S, = L}, a( j)zR;, where R; is the inverse permutation of R;;
that is, R, =i iff R; = . From this, we expect the conditions for asymp-
totic normality of S, to be symmetric in z and a.
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ExaMpLE 1. Sampling. Suppose that a random sample of fixed size n > 1
is drawn from a population of values {z,,..., z5} without replacement. If
Sy denotes the sum of the sampled values, then S, may be written in the
form (1), where

for 1<j<n,
for n+1<j<N.

1

. — k] 2
a(i) = {, @
This is equivalent to including z, in the sample if in a random permuta-
tion, R, R,,..., Ry, of 1,..., N, we have R, < n. We may use Sy/n to

estimate the populationi mean, or NS, /n to estimate the population total.

ExaMpLE 2. The Two-Sample Randomization t-Test. In the two-sample
problem of comparing treatment and control, a set of N experimental

units is given and a set of size m < N is chosen at random, all (’IX)

choices being equally likely. Members of this set of size m receive the
experimental treatment and the remaining n = N — m units serve as
controls. Let X),..., X,, denote the outcomes of the ireatment group,
and let Y,,...,Y, denote the outcomes of the control group. The usual
test of the hypothesis of no treatment effect is based on the statistic
X,, — Y, divided by some estimate of its variance. The randomization test
is done conditionally on the values of the observations and is based only
on the randomization done by the statistician. If the values of X,..., X,,,
Y),..., Y, are denoted by z,,..., z,, then by virtue of the randomization,
each of the subsets of size m is equally like to be X|,..., X,,. The statistic
X,, — Y, may then be written in the form (1) if we define

N 1/m, for 1<j<m,
“(’)_{—1/n, for m+1<j<N. )

EXAMPLE 3. The Rank-Sum Test. The Wilcoxon rank-sum test is similar to
the randomization ¢ test, but the actual values of the observations are
replaced by their ranks in the ranking of all N =m + n observations.
Instead of using the difference of the mean ranks, it is customary to use
the sum of the ranks of the treatment observations. The rank-sum statistic
under the hypothesis of no treatment effect may be written in the form (1),
where

. ) 1, for l1<j<m,
z=J and a(])_{O, for m+1<j<N. (4)
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EXAMPLE 4. Randomization Test against Trend. When observations
X,,..., Xy are taken sequentially, one is often interested in testing
randomness against a tendency of the observations to increase (or de-
crease) in time. A simple test statistic for use in this problem is based on
the product moment of the observations with time, Sy = L:_, jX . As the
null hypothesis in the randomization model, it is assumed that the obser-
vations are put in random order, all N! orderings being equally likely. This
leads to a statistic of the form (1), where the z, are the values of the

observations in some order, and a(j) =J.

EXAMPLE 5. Spearman’s Rho. Another nonparametric model for testing
against trend arises if, in the randomization test against trend, the obser-
vations are replaced by their ranks. The resulting statistic is Sy = L)_, jR;,
where R; is the rank of the jth observation. This is related to Spearman’s
rank correlation coefficient, p,, which is defined as the correlation coeffi-
cient between the time of observation and the rank. Because both have
mean (N + 1)/2 and variance (N2 — 1)/12, the correlation coefficient
may be written p, = 12[(1/N)ZX., jR, — (N + 1)/2)*]/(N? — 1). This
statistic and Kendall’s T (see Exercise 7 of Section 5) are competiiors used
for measuring the agreement of two rankings of N objects.

EXAMPLE 6. The Hypergeometric Distribution. 1f

zZ. =

{1, for 1<j<m,
J

0, for m+1<j<N, )
and

. 1, for l1<j<n,
a(j) = .
0, for n+1<j<N,

then the statistic (1) has a hypergeometric distribution, An, m, N).

Asymptotic Normality. The remarkably simple theorem, presented below,
giving conditions under which the statistic (1) is asymptotically normal,
stems from the work of Wald and Wolfowitz (1944), Noether (1949) and
Hoeffding (1952). Our treatment follows the method of Hajek (1961),
which gives the result as an application of the Lindenberg—Feller Theo-
rem. See the book of Héjek and Sidak (1967) for a fuller account and for
generalizations.
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First we compute the mean and variance of the statistic S, given in (1).
Note that the means and variances of the a(R)) are

Ea(R;) = (1/N) ‘_/:, a(i) =ay
and
var(a(R,)) = (1/N) :,:l (a(i) — ay) = o

mdependent of j. We use zy = (1/N)LY., z; to denote the mean of the
nand of = (1/N)ZNL, (z; —Zy)* to denote the variance.

LemMa 1. ES, = Nzya,, and

NZ

var S, = N 10120,,7‘. (6)

Proof.

ZzEa( Nk ZzaN—NzNaN

j=1

Note that cov(a(R;), a(R,)) for j # k is independent of j and k. Since
P(R, =i,R, =) =1/(N(N — 1)) for all i #j, we have

cov(a(R,),a(R,))

Z Z(a( ) —ay)(a(j) —ay)

i#j

N(N

1
-3 L@ -,
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From this, the variance of S, is

var S, = i z}vara(R)) + X Y 7.z, cov(a(R,), a(R,))
)-1

j#k
|n2-——1 ¥
=0 | )z — ——— 2,z
Lj=l] N-1 jsek]k
1 2 1 ]
— 2 2 _ 2
| Ly - yo(Xa) Y T I
N2
=7V—10120”2 u

To prove the asymptotic normality of S,, we find a related sum S}, of
independent random variables to which the Central Limit Theorem ap-
plies and show that the normalized versions of the sums S, and S}, are
asymptotically equivalent.

For this purpose, Let U}, U,,. .., U, be iid. Z(0,1) random variables,
and let R; denote the rank of U, in the ordering of U,,...,U; from
smallest to largest. Then (R,,..., R, ) is a random permutation of the
integers 1 through N and may be used in (1). Moreover, R;/N should be
fairly close to U;. [One can show corr(U, R;/N) — 1 as n — ] Thus we
may hope that in replacing the R; in the sum (1) by [NU/] to obtain a sum
of independent identically distributed terms, we have not changed the
value of the sum much. We note

N
Sy—ESy= X (7 - EN)(a(Rj) - ay),
Jj=1
and define

Sy =

(7~ 2v)(a([NU]) — ).

=

]

Then ES) = 0, and

N
var(Sy) = ‘_/:,1 (z — EN)Zvar(a(R,)), (7
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since the [NU] are i.id. with the same distribution as R,, namely, the
uniform on the integers from 1 to N. The normalized versions of Sy and
Sy are asymptotically equivalent if their correlation tends to one (Exercise
4 of Section 6). We first reduce the correlation to a simpler form.

LemMa 2. Corr(Sy, Sy) = YN/(N — 1) corr(a(R,), a( NU,1)).

Proof.

cov(Sy, Sy) = Z ; (2, = Zy)(2 — Zy) cov(a(R,), a([ NU. 1))

=1

The value ¢, = cov(a(R)), a(NUD) is independent of j and the value
= cov(a(R)), a( NU, D) for j#  is 1ndependent of j and k. We find

cov(Sy, Sy) = ¢, Z( zN) +CZZ Z (7, — 2y )2 —

j=1k=1

(z;—2y). (8)

M=

= (a _Cz).

]
—

Since L7, a(R,) is a constant,

N N
0 = cov|- X a(R;),a(| NU, )| = X cov(a(R;),a(] NU;]))
“ furt
=c¢; 4+ (N —1)c,.
This shows that ¢, = —c; /(N — 1). Substituting this into (8), we find
, Ney N _ 2

j=1

Using the variances found in (6) and (7), we have

corr(Sy, Sy) = YN/(N — 1) corr(a(R,),a([NU])). =

We wish to show that corr(S,, S,) tends to 1, and since

E(a(Ry) - a(] NU))’ var(a(Ry)) = 2(1 — corr(a(R, ), a(] NU ))),

it is sufficient to show E(a(R,) — a( NU,))* /var(a(R,)) — 0. The follow-
ing lemma of Héajek (1961, Lemma 2.1) gives a bound for this quantity.
Although this result is valid in general, we give the proof only for the
important special case of a(j) given by (2). This allows treatment of
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Examples 1, 2, 3, and 6 above. The other important special case, a(j) = j
found in Examples 4 and 5, is treated in Exercise 3.

LeEMMA 3 (Hajek). Assume that a(j) is monotone. Then

, 22 Al 2
E(a(R,) —a([NU|])) < Tm}ax|a(j) —ayl| .:‘/:,l(a(i) —ay) .

Proof. For the a(j) of (2), we have max, |a(j) — @yl = max{n/N,(n —
N)/N}, and TN (a(i) — @y )* = n((n — N)/N) so we are to show

E(a(R,) - a([NU,)))’ = %E-max{:’ 1- —:—/}[n(l - %)]m.

We show the slightly stronger

E(a(Ry) — a([NU,])Y: < %[n(l _ %)]m.

We compute this expectation conditionally given the order statistics,
Uy < Ug < -+ < Uy The key property is that the ranks (R,,..., Ry)
are independent of the order statistics U, = (Uyy, - - -, Uy). (Given the
order statistics, the actual ranking of the U, is equally likely to be any of
the N! rankings.) Note that if R, is the rank of Uj, then U, = Uy, Thus,

E(a(R,) - a(INU D))’ = B[ E{(a(R,) - a([ NUa, )Y 10 }|

= E[(1/N) é(fl(f) ~ a([N,,]))’

Each of the terms of the sum § = L (a(j) — a(NU_;,D)* is 1 or 0, and §
represents the number of d1screpanc1es If there are exactly n U’s less
than n/N, then § is zero; but as this number increases or decreases by 1,
S increases by 1. Thus, § = |K — n|, where K is the number of U <n/N.
K has a binomial distribution with sample size N and success probabiiity
n/N. Hence,

E(a(Ry) = a([NU,))’ = (1/N)E[IK — nl]
< (1/N)(E(K - n)*)"”*

= (1/N)(n(N = n)/N)"?.
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We are now in a position to let N tend to infinity, so we return the
subscript N to the notation.

THEOREM 12. If

8y = N_;V 5 - 0, (9)

then

(S — ESy)/(var(Sy))* S0, 1).

Proof. First we note that (9) implies that

N N2
m?x(aN(]) —ay)
X -0,

)y (an(j) - EN)z

j=1

since

S \2
m’.ax(ZNi —Zy)
N—

L (2n; _zN)Z

j=1

is bounded. Assuming without loss of generality that a(j) is nondecreas-
ing, this together with Lemma 3 implies that

E(a(Ry) — a(|NU; 1))’ /var(a(Ry)) - 0, (10)

which from Lemma 2 and Exercise 4 of Section 6 implies that
Sy /(var(Sy )2 and (S, — ES))/(var(Sy))'/? have the same asymptotic
distribution. We complete the proof using the Lindeberg—Feller Theorem
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to show that condition (9) implies S} /(var(S) )"/ —>/;/(0, 1). We let
B2 = var(8y), and note that the variables X,; = (zy; — ZyXay(NUD —
a,) have mean 0. We check the Lindeberg condition. Let £ > 0.

1
n? ZE{XAZU (IXNJI > ¢B )}
BN] 1

1 N 2 _ 2
- -—I%I— g {(ZN;' — 2y ) (an([NUT) —ay)

_ 2 r _ 2
XI((ZNJ' —zy) (an(INU) —ay) 2 823,3)}
1 N L o 2
< 27 (2w~ &) E{(an(INUT) —2y)'I(8y = &%)}
N j=1
=1(8y = &%).
From (9), this is zero for N sufficiently large, completing the proof. W

Application to Sampling. We illustrate the use of this Theorem on Exam-
ple 1. The a,(j) are given by (2), where n may depend on N. So
ay =n/N, and

N
(I/N) L (an(d) = @)’ = var(an(R)))

=var(ay([NU; 1)) = (n/N)(1 — (n/N)).
Since § < max;(ay(j) — @y)* < 1, condition (9) is equivalent to
_ 2
max (zy, — Zy) N

N—% v (11)
X (zy — Zn) (

j=1

In particular, (9) will be satisfied if either min(n, N — n) - « and

max (z,; — zZy )

N is bounded,

M=~

(ZN,' _zN)2

J=1
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or min(n, N — n)/N is bounded away from 0 and

max (zy, — Zy )2

5 - 0.
Z (ZNJ - ZN)
1=1
The conclusion drawn from this is that
SN—ESN (SN/N) —f

= N Z0,1).
Vvar(Sy)  \/s3(N - n)/(N - 1) 700

This leads to the standard procedure used in sampling theory to get a
confidence interval for the population mean. However, one must use some
estimate of the population variance such as the sample variance. The
conditions needed for approximate normality are that n and N — n be
large and (N/(n(N — n)))max(z, — Zy)* /s? be small. Since the latter
condition involves the unobserved z’s, this requires a certain amount of
faith.

In the application of Theorem 12 to the two-sample randomization test
of Example 2, this leap of faith is not required because we can see all the
observations. The asymptotic theory for the two-sample permutation test
follows directly from the above application to sampling. Namely, (S, —
ES\)/ /var(Sy) Z>/1/(0, 1) under the same condition (11). In addition,
s2 is calculable and does not need to be estimated.

EXERCISES

1. (a) For the rank-sum test statistic, Sy, of Example 3, flnd ES, and
var(Sy), and show that (S, — ESy)/(var(Sy))'/? ZM0,1) pro-
vided mm(m,N m) — o,

(b) Suppose m/N — r as N - », where 0 <r < 1. Is it true that

YN ((Sy/N?) = (r/2)) B0, r(1 - 1) /12)?

2. Consider the hypergeometric random varlable, Sy, of Example 6.
(2) Show that (Sy — ESy)/(var(Sy))'/? Z0,1) prov1ded (n(N -
nym(N — m))/N3 — o, in particular provided min(n, N — n) - o
and min(m, N — m) /N is bounded away from 0.
(b) In the borderline case n —» ®, m - »,and nm/N — A, 0 < A < =,
show that Sy Z>9’()‘).
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. Consider Example 4 in which a(j) =j.

(a) Show E(R, — NU,Y* /vax(R,) - 0.

(b) Show E(INU,1 — NU,)? /var(R,) - 0.

(c) Show (x + y)* < 2x% + 2y? for all x and y, and conclude that

E(R, — [NU,]) /var(R,) - 0,

so condition (10) is satisfied.
(d) Show for the randomization test against trend, (S, — ES,)/
(var(S, )72 2 M0,1) provided

= \2
max (zy, — Zy)
5 - 0.

(ZNJ —Zy )2
1

J

. For the statistic Sy = LjR; of Example 5, related to Spearman s p, find
ESy and var(S,) and show that (Sy — ESy)/ (var(Sy )2 5 .m0, 1).

. What conditions on the z; are needed to satisfy condition (9) if

(@) a(j) = log(}).

(b) a(j) = 1/j.

() a(j) = 1/j.

. Prove the following theorem of Hajek. Let ¢(u) be a nondecreasing
function defined on (0,1) such that 0 < 02 = [J(@(u) — ) du < =,
where ¢ = [y@(u) du. Define ay(j) = ¢(j/(N + 1)). Then, for S,

given by (1), (S — ESy)/ y/var(Sy) .#0,1) provided

- 0.

Z (ZNJ )2

j=1

[Hint: (a) Let U,,...,U, be iid. #(0,1) random variables, and let

W/ var(Sy) 50,1

(Exercise 6 of Section 5).
(b) Let Ry, denote the rank of U; in U,,..., Uy. Show that

corr(Sy, Sy) = YN/(N — 1) corr(a(Ry,), ¢(U))

(Lemma 2).
(c) Show Ry,/N 255 U,, and a(R,,;) 22 ¢(U,) (Glivenko—-Cantelli).
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(d) Show Ea(Ry,)* - E(U,)* (Riemann approximation to an inte-
gral).

(e) Show E(a(R,,) — ¢(U,))* - 0 (Exercise 7 of Section 2).

(f) Show the normalized versions of S, and S}, are asymptotically
equivalent (Exercise 5 of Section 6).

7. A k-Sample Problem. A sample of size n, is taken from population i for
i =1,...,k, for a total sample size of N = Lf_, n,. All N observations
are ranked and each observation is replaced by its rank. Let S; denote
the sum of the ranks of the observations in popuiation i. Suppose for
all i that n,/N — p, as n - » for some numbers p, > 0. Note that

k. p =1 Let S=(5,...,8), p=(py...,p) and p* =
(ny,...,n.)/N. Let P and P* denote the matrices
pp 0 - 0
p-|° P 0
0 0 Du
and
n, 0 0
110 n 0
P* = — .
NE-o o
0 0 - n
(a) Show

2 x| £ T
W(ms—p )—»/V(O,P—pp )
(b) Deduce
T
3(N+)|——S-p*| P*'| —————S — p* Z;Xz .
N(N +1) N(N +1) k-t

This is the Kruskal-Wallis statistic that generalizes the rank-sum
statistic to problems of comparing more than two populations.
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Asymptotic Distribution
of Sample Quantiles

Let X,,..., X, be a sample from a distribution F on the real line and
assume that F is continuous so that all observations are distinct with
probability 1. We may then arrange the observations in increasing order
without ties, X,.) <X,y < - <X, ., These variables are called
the order statistics. For clarity, we will usualiy drop the dependence on n
in the notation and write simply X, = X{,.,, as the kth order statistic
and let X, < -+ <X, denote the order statistics. For 0 <p <1, the
pth quantile of F is defined as x, = F ~!(p), and the pth sample quantile
is defined as X, where k =[np] = the ceiling of np (the smallest
integer greater than or equal to np). If the density f(x) exists and is
continuous and positive in a neighborhood of some quantiles, then the
joint distribution of the corresponding sample quantiles is asymptotically
normal. We give the proof for two quantiles; the extension to many
quantiles is easy.

The transformation Uj;, = F(X,)) for j = 1,...,n gives Uy, ..., U, as
the order statistics of a sample from a uniform distribution, Z(0,1). We
first prove the theorem for a uniform distribution and then derive the
general result using the inverse transformation g(u) = F~'(u) in Cramér’s
Theorem.

The joint distribution of the order statistics U, < - < U(n) from
#(0, 1) has the following well-known representation as the distribution of
ratios of waiting times. The proof is left as an exercise.

87
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LEMMA L. Let Y, Y,,...,Y,,, be iid. exponential random variables with
mean 1, (£(1,1)), and let S; =L/, Y, for j=1,...,n + 1. Then the
conditional distribution of
[ S, S, ]
Sn+l T Sn+l

given S, ., is the same as the order statistics of a sample of size n from
2(0,1).

This lemma implies that the joint distribution of (U, U,)) is the same

as that of
S, Sk, ]
Sn+l ’ Sn+l .
Since the latter is a function of sums of i.i.d. random variables, it will have
an asymptotic normal distribution that can be computed by the methods of
Section 7.
To see this note that the Central Limit Theorem implies vk ((1/k)S, —

1) S0, 1) as k — = because (1, 1) has mean 1 and variance 1. Hence,
if n » o and k,/n - p,, then

1 k k 1
\/n+1[n S;, — — ]= : \/E[k—squ]
1

+1 n+1 n+1

=Z [P #(0,1) =40, p,).

Similarly, if n —» «, k,/n - p,, and k,/n — p,, then

| (8- ) - 2

+1 n+1
kz_k"/k | 2 sy 1
Va1 VT2 'kz—k,kl}':‘l"_
<z
—’/V(O’Pz_Pl),
and
n+1_k2 ‘9:
vyn + 1[m($n+l - Skz) - _Y-IT—I—] S 40,1 - p,).
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LEMMA 2. If Y,.Y,,... are i.id. (1, 1), and Vn(k,/n —p,) - 0 and
Vn(ky/n — p,) - 0 asn — o, then

1 -
n+ISk'_p'
vn + 1 n+1(Sk2_Skl)_(P2_P|)
1
L"+1(Sn+l Skz)_(l_Pz)
[ Tp, 0 0
Z)./V(), 0 p,—p 0

0 0 1-p,

Proof. Since the difference between

1
vn + 1 [mskl —pl]

and

1 k
Vn+1[ Skl_ : ]

n+1 n+1
is
k,

which - 0, they are asymptotically equivalent. So,

|

<
"+ ISkl _P|] =40, py)-

The situation is similar for the other two terms. Since S, , S, — S, and
Sn+1 — Sk, are independent, and each is asymptotically normal, they are
jointly asymptotically independent normal. &

THEOREM 13. If Uy < - < U, are the order statistics of a sample of
size n from %#(0,1), and if n - =, k, > ©, and k, — © in such a way that

\/E(%—p,) -0
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and
k
\/;(_2 _Pz) - 07
n

where 0 < p, <p, <1, then

‘/;[U(kl)_pl]_%/’/(g’[l’l(l—l’l) Pl(l_Pz)]).

U(kz) — D2 lel(l —p2) p(1-py)
Proof. Let
1 X
g(xlsx27x3)_ xl+x2+x3 xl+x2‘.
Then

Skl Sk2 - Skl Sne1 Sk2 1 —Skn
g =3 )

n+1’ n+1’ n+l et | Sk,
. S U .
which by Lemma 1 has the same distribution as u. | Then, with
(k2)
Theorem 7 applied to Lemma 2,
Uky — P
— (k1) 1 < . . T
vn N0, 2 .
|:U(k2) —pz] M0,8(n)2é(n)")
Here,
.( ) 1 x2 +X3 '_xl _xl
8(xy, x5, x3) =
pre (x, + %, +x3)° | *3 X0 (% +x)
so that
(W) ~ipum-pl-p) = |, L
b v 2 l-p, 1-p, —pof

Then it is merely a matter of checking that

D 0 0

g0 p—p 0 g(u)r=[

pi(1—-p;) pi(1-py)
pi(1—=py) Pl —p2) .
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CoroLLARY. If X,y < -+ <X, are order statistics of a sample of size n
from a distribution F having a density f(x) continuous and positive in a
neighborhood of the quantiles x, and x, with p; <p,, then

[ p(1-p))  p(1-p,)

‘/E[Xnnmn RAEPR f(x,)’ f(x,)f(x,,)
lX(lnpzl) ~%p, | pi(1—py) (1 —p,)

fx) (%) f(x,,)

Proof. Applying the transformation g(y,, y,) = (F~'(y,), F~'(y,))" to the
variables (Uy,,. 1) = P1> Ugnp,y — P2)) of Theorem 13, and noting

1

O
o - | O

0 ——
f (F "y 2))
the Corollary follows immediately from Theorem 7. ®

Note: For one quantile, this theorem says that

p(1-p)
v (Xgnpy — %,) Z;/,/(O, 7(;:)5—)

For a given small number, Ax, f(x,)Ax represents the approximate
proportion of observations that fall within an interval of length Ax
centered at x,. These are the observations that for large n will determine
the accuracy of the estimate of the pth quantile. As n increases, the
number of relevant observations goes up at a rate proportional to f(x,),
so the standard deviation of the estimate of x, will be proportional to

l/f(xp).

ExampLE 1. Let m, represent the median of a sample of size n from
a normal d1str1but10n M, 0?). Then because f(u)=1/(V2m0),
n(m, — ) S0, /f(w)?) =#0, 7o _42) This may be compared
with X, as an estimate of u, Vn (X, — p) S0, o2).

Asymptotic Relative Efﬁczeng If 61 and 62 are two estlmates of a parame-
ter 6, and 1f Vn (8, — 8) S.M0, 0 2) and Vn (6, — 6) £ M0, o}), then
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the asymptotic efficiency of (31 relative to (32 is defined to be the ratio,
o-2/a}. Thus, in Example 1, the asymptotic efficiency of the median, m,,
relative to the mean X, as an estimate of the mean, y, is o2/(wa?/2) =
2 /o = 0.6366... . This means that if you are using m, to estimate the
mean of a normal population, you may use X, instead and get the same
accuracy based on only 64% of the observations. In other words, for large
samples, if you are using m, instead of X, to estimate u, you are
throwing away about 36%,_of the observations. The asymptotic relative
efficiency is defined as the ratio of the variances, rather than as the ratio
of standard deviations, so that it has this immediate interpretation in
terms of sample size.

EXAMPLE 2. The Cauchy distribution #( u, o) has density

f(%) : :
x) = — .
701+ [(x — p) /o]
It has median g, first quartile x,, = p — o, and third quartile x,,, =
m + o. Thus, o is the semi-interquartile range, o = {x, 4 — x, ,4)/2. For

the sample median,
o’
\/rT(mn — W) -%/V{O, 2 )

To find the asymptotic distribution of the sample semi-interquartile range,
first find Fhe asymptotic joint distribution of X, ,, and X3, /. (We use
the notation X, for 0 <t <n to represent the order statistic X).
From the corollary,

Xpw—(p—0 31
| S TR g o ]t T
Xonsm —(p+0) i 1
Hence,
Xon /) ~ Xn )
‘/’7[ @ /4)2 /) 0] 2, (0, w2 /4).
EXERCISES

1. Prove Lemma 1.

2. The maximum likelihood estimate of the mean of the double exponen-
tial distribution with density f(x) = %exp{- Ix — wl} is the sample
median. Find its asymptotic distribution.
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. Find the asymptotic distribution of the midquartile range, (X, 4 +

X /4))/2, when sampling from the Cauchy distribution, #( u, o). What

is its asymptotic efficiency relative to the median?

. Let X,, X,,... be a sample from #(0,2u).

(a) Find the asymptotic distribution of the median.

(b) Find the asymptotic distribution of the midquartile range.

(c) Find the asymptotic distribution of $X;, 4"

(d) Compare these three estimates of the mean.

. Let X, X,,... be a sample from the exponential distribution, £(1, ),

with density f(x) = (1/6) exp{—~x/6}(x > 0).

(a) For some constant c, Vn(cm, — 8) 5410, 02). Find ¢ and the
asymptotic variance, o 2.

(b) Do the same for X, in place of the median. For what value of p
is the asymptotic vaniance a minimum? (Answer, 0.797...).

. Let X|,..., X, be a sample from the beta distribution with density,

f(x18) = 6x® 'I(0 < x < 1), where ¢ > 0.

(a) Let M, denote the sample median, and m(8) denote the popula-
tion median as a function of §. What is the asymptotic distribution
of Vn (M, — m(6))? R

(b) Let §, = log 1 /log(M,). Show §, %> 6.

(c) What is the asymptotic distribution of vn (6§, — 6)?
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Asymptotic Theory of Extreme
Order Statistics*

Let X, X,,... be i.id. with continuous distribution function F(x) and
let M, denote the maximum of the first n observations, M, = max, _, X;.
Then the distribution function of M, is P(M, <x) = F(x)".

The problem is to determine if there exists an asymptotic distribution of
the maximum in the sense that there are sequences a, and b, > 0 such
that (M, — a,)/b, has some limiting distribution or, equivalently, such
that

M, —a, n &
P ——b——Sx =P(Mn5an+bnx)=p(an+bnx) '—)G(x)

n

for some distribution function G. The problem for min can be treated by
looking at max for —X..
It turns out that there are three different classes of limiting G’s.

DEFINITION. A function c: [0, %) = R is slowly varying if for every x > 0,
c(&x)
c(t)
Any function c(x) converging to a positive finite constant as x — o is
slowly varying. But so also are some functions that tend to 0 or « as

x — o, such as c(x) = log x or even c(x) = (log x)”. Not slowly varying is
c(x) = x” for any y # 0, since (&x)?/t” - x.

-1, ast — o,

*(Ref: Book of that title by J. Galambos (1978) John Wiley & Sons).
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THEOREM 14. Let F(x) denote the distribution function of a random vari-
gble X, and let x, denote the upper boundary, possibly + o, of the distribu-
tion of X: x5 = sup{x: F(x) <1}

(a) If xo = ©, and 1 — F(x) = x™"c(x) for some y > 0 and some slowly
parying c(x), then

{exp{ -x77}, for x>0,

F(bx)" = G, (x) =
( ) 19X ) \0’ for x_<_0,

where b, is such that 1 — F(b,) = 1/n.
(b) If xo <, and 1 — F(x) = (xy — x)"c(1/(xy — x)) for some y > 0
and some slowly varying c(x), then

—(—x\? _
F(xo + bnx)n - GZ,'V(x) = {exp{ ( x) }’ for x < 0,
1, for x>0,

where b, is such that 1 — F(x, — b)) = 1/n.
(c) If there exists a function R(t) such that for all x,

1 — F(t +xR(2))
1-F()

-Xx

as t = x, (finite or +), then
F(a, +b,x)" = Gy(x) = exp(—e™),
where 1 — F(a,) = 1/n and b, = R(a,,).

Note: Part (c) is considered the general case, and G, the extremal
distribution. Moreover, EX* < = in this case and R(¢) can be taken to be
R(t) = E(X — t|X > t). The three families of distributions may be related
to the exponential distribution as follows. If Y &€ £(1,1), then G, ,, is the
distribution function of Y~1/7, G, , is the distribution function of ~Yl/,
and G, is the distribution function of —log(Y).

ExampLE 1. The ¢, distributions have density

c
f(®) = —— oz ~

(V+X2)

The symbol ~ stands for asymptotically equivalent and means that the
ratio of the two expressions tends to 1 (here, as x — «). Thus, 1 —
F(x) = x~c(x) for some function ¢(x) — c¢/v. Hence, case (a) holds with
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v = v, and

c 1 cn )\
1-F(b,) ~ =—=»b,,=(—) )

vb, n v
For the Cauchy distribution, » = 1 and ¢ = 1/ so that

k)
—Mn :Z; Gl 1
n ,

ExaMpLE 2. The Ze(a, B) distributions have density
f(x) =ex® ' (1 —x)P 10 <x < 1),

where ¢ =T(a + B)/(T(a)[(B)). So x,=1, and as x » 1, f(x) ~
c(1 —x)P%, and

1= F(x) ~cf (1-w)"" du=c(1-x)°/8.
Hence, case (b) hoids with y = B and x, = 1. The equation
1 - F(1-b,) = 1/nyields b ~ B/(nc),

sO we may take

- (r(a>r(3+1>)‘/‘*
"\ nl(a+pB) )

For the #(0, 1) distribution, n(M, — 1) 5 G, , = —&(1,1).
EXAMPLE 3. The Exponential Distribution. In case (c), note that

1 - F(t +xR(t))
1-F(t)

=P(X>t+xR(1)IX >1),

so that the condition that this converge to e * means that there is a
change of scale, R(¢), so that this conditional distribution is approximately
exponential with parameter 1. If F(x) is this exponential distribution, then
P(X >t +x|X > t) = exp{—x]} exactly, so we have R(¢) = 1 for all ¢ and
hence b, = 1 for all n. Since 1 — F(x) = exp{—~x}, we may solve for a,:

exp{ —a,} = 1/n = a, = log n; thatis, M, — log n 24 G,.
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ExaMPLE 4. In case (c), x, can also be finite. For example, let F(t) =
exp{1/1} for t < 0 (so x, = 0). Then

1-F(t+xR(t)) 1 1) xR(¢)
1 - F(1) "e""{ "} "”“’{" (r+xR(r>>r}‘

t+xR(t) t
We want to choose R(t) so that R(t)/((t + xR(t))t) = 1 as t » 0. Clearly
R(t) =t* works. 1/n=1-F(a,) = exp{l/a,,}g—j: a, = —1/logn and
b, = (1/log n)*. Hence, (log n)*(M,, + 1/log n) = G,.

Proof of Theorem 14
(a) Note that b, — o, so that

F(byx)" = (1 = (b,%) "¢(b,x))"
- exp{- li_’nl n(b,,x)_yc(b,,x)}

= exp{ ~x " 11m nb, Yc(b, x)}

exp{ —x~ 7 lim nb, yc(b,,)}, because ¢ is slowly varying

{-
i
(-

= exp{ —x~7} from the definition of b,.

(b) For x < 0,
F(x+byx)" = (1= (=b,x)c(1/(~b,)))’
- exp{~ lim n(—b,,x)VC(l/("an))}
- exp{—(~x)y ’:.21:0 nb,?c(l/b,,)} = exp{——(——X)y}
(& Flay+b,%)" = (1~ (1~ F(a, +5,%))

- exp{- lim n(l1 — F(a, +b x))}

n—oow

= exp{ — 11m n(l - F(a + R(an)x))}

n—oow

-
= exp{—- lim nexp{—x}(1 - F(a,,))}
{

exp{ —exp{ —x}}. =
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Note: 1t is a remarkable fact that the converse to Theorem 14 is true: If
for some normalizing sequences a, and b,, (M, —a,)/b, % G nonde-
generate, then G, up to change of location and scale, is one of the types
G, , for some y > 0, G, , for some y > 0, or G,. Furthermore,

(a) G is of type G, , = x5 =0 and F(x) =1—x "c(x) for some
slowly varying c(x),

(b) G is of type G, , = xy <@and F(x) =1 — (x4 — x)"c(1/(x, — x))
for some slowly varying c¢(x); and

(c) G is of type G, « for all x,

1 — F(t+xR(t))
1 - F(t)

as t — x,, for some function, R(¢).
This result goes back to Fisher. See the book of Galambos for details.

— exp{ —x}

ExaMPLE 5. F(x) =1— 1/logx for x >e. If there exists a limit, it
cannot be of type G, ., since x, = It cannot be of type G, since
EX*= EX = o, and it cannot be of type G, ., since 1 — F(x) = 1/log x
is slowly varying and we must have 1 — F(x) = x"c(x) with y positive.
Therefore, no normalization (M, — a,)/b, converges in law to a nonde-
generate limit.

However, we can still say something about the asymptotic distribution of
M, Let Y =log X. Then Fy(y) = Pllog X <y) =P(X <¢’) = 1 - 1/y,
for y > 1. This is case (a) with y = 1 and b, = n. So(1/n)log M, EX G,

EXAMPLE 6. The Normal Distribution. We show that the standard normal
distribution falls in case (c). Let

F q) 1 x u2 d
(3) = ®(x) = 7= exp{~ 7 pdu,
denote the distribution function of 410, 1).
LEMMA
w 1
V27 (1 — &(x)) = f exp{ —u?/2} du ~ — exp{—x?/2} as x - .
X X

Proof. By L'Hospital’s rule, [~ exp{—u?/2}du/x' exp{—x?/2} has the
same limit as

—exp{—x?/2} N
—x "2 exp{—x2/2} — exp{—x2/2} 1 +x?
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The lemma implies that

1 - ®(t+xR(t))  exp{—(t +xR(1))’/2) t
1~ ®(1) ~ t + xR(t) . exp{ —1*/2}

= mexp{~th(t) —sz(t)2/2}.

This converges to e * if we let R(¢t) = 1/t. Thus we have case (c) with
b, = 1/a, and 1 ~ ®(a,) = 1/n, and conclude that a,(M, - a,) EA G,.

ReEMARK. To find an asymptotic expression for a, in this example, write
1 — ®(a,) = 1/n, using the lemma, as

n
T exp{—aﬁ/2} - 1.

To solve this asymptotically for a,, we first approximate by solvin

exp{—a2/2} = 1/n to get a, = y/2log n. Then we replace a, by /2logn
— a),, and solve for a,

n . {~a2/2}= n exp{-(logn-a’n 2logn +a’,,2/2)}
V2ma, PO o Llogn —d,

B 1 exp{a’,,\/2logn ~a’,,2/2}
C Vam v2logn — a, '

If this converges to 1, then 4/, — 0 in which case we may ignore the 4, in
the denominator and the @2 /2 in the exponent. Solving

exp{a’,,\/Zlog n} = y2m2logn

gives

a, = (1/y2logn)logy4mlogn,
so
a, = y2logn — (loglogn + log4w)/2y2logn.

Since b, =1/a, ~1/y2log n, we can replace b, (but not a,) by this
simpler form, and reduce (M, —a,)/b, to

2logn M, — 2logn + (1/2) loglogn + 1/2log47r§; G,.
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EXERCISES

L.

For the following distributions, find the normalization such that

(M, — a,)/b, has a nondegenerate limit if any exists.

@) f(x) =e*"I (x <0).

() f(x) = @2/x> (x> 1).

(©) F(x) =1 — exp{—x/(1 — x)}, for0<x < 1.

(d) f(x) = A/T(a))e *x*"'I(x > 0), the £(a, 1) distribution. [First
prove 1 — F(x) ~ (1/T(a))e *x*"1]

Let X,,..., X, be iid. with a geometric distribution with probability

3, P(X =j)=1/2/*! for j = 0,1,2,... . Show that the distribution of

M, converges to a discretized version of the general case, G, in the

following sense. Let m(n) = {log,(n)] (the floor of log,(n)) and sup-

pose that n —  along a subsequence, n(m) for m = 1,2,..., such

that n(m)/2™ - g as m — o, with 1 < § < 2; then,

P(Myy —m <j) = exp{—927}, forj=0,+1,42,....

. Let M, denote the maximum of a sample of size n from the distribu-

tion G;. Does there exist a normalization, (M, — a,)/b,, with a nonde-
generate limit? If so, find it.
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Asymptotic Joint Distributions
of Extrema

The following theorem is useful for finding the asymptotic distribution
of the range of a sample or of the gap between the largest and next largest

value of a sample.

THEOREM 15. Let U1y, .- ., Upn. ) be order statistics of a sample of size n
from %(0,1). Then for fixed k,

y A
(a) n(U(,,:l),...,U(,,:k))—)(Sl,...,Sk)

where S; = ¥1_,Y; and the Y; are i.i.d. exponential, (1, 1).
(b) For fixed values of 0 < p,; < *++ < p, < 1, the ihree vectors

2(Uin:1ys -+ Ui )5
‘/’T(U(n:npl) TP U(n:np,g ——pk)’

and

n(l - U(n:n)’-'-’l - U(n:n—k+1))

are asymptotically independent, with distributions of the first and third
vectors as in (a), and of the second as in Theorem 13.

101
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Proof. (a) Let U, , = (U, 1.+, U, 1))"- We show the densities of U, ,
converge and conclude the result by Scheffé’s Theorem:
fun (W) = n(n = 1) = (n =k + (1= u)"
XI(0 <uy < -+ <up <1).
Let S = nU, . Then
fi(s) = n(n—1) E‘z —k+1)

n

s n—k
x(l-—k) I(0<s; <+ <5, <n)
n

= exp{ =5, }1 (0 <5y < =+ <5 <),

which is the density of the distribution described in the theorem.
(b) Omitted.

Note: The limiting distribution of nU,.,,, being the sum of k indepen-
dent £(1,1), is £(k,1).

Note: Part (b) of Theorem 15 holds in general (for distributions other
than uniform); the lower extreme order statistics, the upper extreme order
statistics, and the quantiles are asymptotically independent.

ExaMPLE 1. The Range. Let R, = U,.,y — denote the range of a
sample of size n from a umform dlstrlbutlon ?Z(O 1). Then n(1 — R,) =
n(l — U,y +nU, ., —>ng +Y,, where Y| and Y, are independent
2(1,1). Thus, n(l —R,) = Z£Q2,1).

ExaMpLE 2. The Midrange. Let M, = 3(U,.,, + U(,, ) denote the
midrange. Then

4
n(Mn - %) = %(nlj(n:l) - n(l - [J(n:n))) - %(Yl - Y2)’

where Y, and Y, are as in Example 1. This has the Laplace (double
exponential) distribution with density f(z) = e 21!,

REMARK. If X, ),. X(n ny are the order statistics of a sample of size n
from an arbltrary contmuous distribution F(x), then n(F(X,.;),...,
F(X,. 1)) = (S, ..., 8,) of part (a). Sometimes, the method of transfor-
mation of Slutsky’s Theorem applied to some form of the inverse function
F~1(s) will work to give the asymptotic distribution of (X,. ..., X(z. 1)),
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as in the Example 3, below. Such considerations lead to‘a generalization of
Theorem 14. The limiting distribution of (X,. ..., X,.;) properly
normalized is as (=S, "",..., —S;'/") for case (a), as (S'/7 e SYY)
for case (b), and as (log S,, .. log Sk) for case (c).

ExampLE 3. Let Z,  be the largest, and Z, , the second largest, of a
sample of size n from a Cauchy distribution, #(0,1). To find the large
sample joint d1str1but10n of Z, y and Z,,, we first note that n((1 —
FZ, ).(1-F2Z, n))) = (S,,S,), where S, and S, are as described in
Theorem 15, and F is the distribution function of #(0, 1). Then, since

1 = 1 1
1—F(x)=;'/;1+t2dt~—”—;, as x — o,

we conclude that n((1 — F(Z, ,)),(1 — F(Z, ,))), and

n( 1 1
m Zl,n’ZZ,n

are asymptotically equivalent, and so have the same limiting distribution,
namely, that of (S}, S,). Finally, an application of Slutsky’s Theorem using
the reciprocal transformation shows that

T o[ 1 1
—(Zy ,2Z -, — 1.
n( 1,n 2,n) -—)(SI,SZ)

From this, we may deduce an interesting property for the top two record
values of a sample from a Cauchy distribution, namely, that the ratio
R, =2, ,/Z, ,, of the second largest to the largest observation converges
in law to S, /S,, which has a uniform distribution, (0, 1). Moreover, R,
and Z, ,/n are asymptotically independent (since S;/S, and S, are
independent).

EXERCISES

L Let X,.1)--+s X(n:ny be order statistics of a sample of size n from
A, 1). Find the proper location and scale normalization (using Exam-
ple 6 of Section 13) of the midrange such that the limit distribution
exists, and find the limit (logistic). What is its asymptotic efficiency
relative to X,?
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2. Let Z,, and Z,, be the largest and second-largest record values
(order statistics), respectively, of a sample of size n from the exponen-
tial distribution, £(1,1). (a) Find the density-of the limiting joint
distribution of Z, , and Z, ,, properly normalized, as n — . (b) Note
that (asymptotically) Z, , — Z, , and Z, , are independent, and that
Z, , — Z, , has an exponential distribution.

3. Let X,..., X, be asample from a uniform distribution on the interval
(60— 05,6+ 0.5). Among the various estimates of 8, one may use the
median, 6, = X;, ), and one may use the midrange, 6, = (max(X;) +
min(X;))/2. Compare the 95% confidence intervals for § obtained
from these two estimates, when n = 100.

4. Let Z, , and Z,, be the largest and second-largest order statistics
from a sample of size » from the normal distribution, .#10,1), and let
a, be defined by 1 — &(a,) = 1/n. Show that

an(zln - an’ZZn - an) '% ("lOg Sl’ —lOg SZ)’

where S, and S, are defined as in Theorem 15. Conclude that U, =
exp{a,(Z,, — Z,,)} has asymptotically a #(0,1) distribution, and that
U, and a,(Z,, — a,) are asymptotically independent.
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A Uniform Strong Law
of Large Numbers

Certain important statistical problems have the following form. Let
X;, X,, ... be a sequence of i.i.d. random variables with common distribu-
tion function F(x), and let U(x, 8) be a measurable function of x for all ¢
in some parameter space ®. The statistic of interest for purposes of
estimation or testing hypotheses is (1/n) Xi_, U(X,, 8). If it is assumed
that

u(8) = EU(X, 8) = [U(x,0) dF(x) (1)

exists and is finite for all 6 € @, then by the Strong Law of Large
Numbers

1"
—YU(X,0) 25 u(0), asn-ow 2
n g /

for each 6 € @. It is important to strengthen this conclusion so that the
convergence is uniform in 6 in the sense that

1 n
sup |= L U(X;,60) — w(8)| =50, asn—w (3)
A RO

As an example of the use of (3), suppose we have a sequence 9, of
estimates of @ (possibly dependent on X;,..., X,) such that §, == 8, as

107
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n — o, where 6, can be considered the true value. Suppose also that ()
is continuous in 6. We would like to conclude that

12 \
- YU(X,,8,) 2 u(8,), asn-e (4)
1

By itself, (2) is not strong enough to give this result. However, (4) follows
easily from (3):

n

; ZU(X}’ én) - /‘L(GO)
1

<

12 n n N
;;U(ngn) - l"(gn) +| /‘L(gn) - /‘L(GO)|

< sup
6c6

%iu(x,,e) - ;L(O)‘ +| u(@) - 1(6))]

—0, asn - oo, (%)
using 6, == 6,, continuity of u(6) and Slutsky’s Theorem.

The theorems below, due to Le Cam, give conditions on U and the
distribution F under which (3) holds. If ® were finite, then (3) follows
directly from (2), because the intersection of a finite number of sets of
probability 1 has probability 1. So one expects (3) to hold also if @ is
compact and U(x, 8) is continuous in @ for all x. Under a uniform
boundedness condition, this is so.

THEOREM 16(a). If

(1) @ is compact,

(2) U(x, 6) is continuous in 6 for all x,

(3) There exists a function K(x) such that EK(X) < « and |U(x, 6)| <
K(x), for all x and 6.

Then

P{ lim sup

n=° gc@

1 n
;;U(X,.,e) - ,,,(0)‘ = 0} =1.

We also prove a one-sided version of this theorem for use in the next
section. A real-valued function, f(6), defined on @ is said to be upper
semicontinuous (u.s.c.) on @, if for all 6 in ® and for any sequence 6, in @
such that 6, — 6, we have limsup, _,, f(6,) < f(8) or, equivalently, if for
all 8 in O, SUP | gr—p <, f(8') = f(6)as p— 0.
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THEOREM 16(b). If

6 is compact,

(2) U(x, 6) is upper semicontinuous in 8 for all x,

(3) there exists a function K(x) such that EK(X) <  and U(x, §) < K(x)
for all x and 6,

(8) for all 6 and for all sufficiently small p> 0, sup ,_, . , U, 8" is
measurable in x,

Then

P{llmsup sup — EU( ) < sup #(g)} -
68

n—oo Oee 1

Proof of part {b). Let

o(x,8,p) = sup U(x,¥8).
[6'—8|<p

Then ¢ is measurable in x for all sufficiently small p > 0 by (4), ¢ is
bounded above by an integrable function by (3), and ¢(x, 6, p) \ U(x, 6)
as p\ 0 by Q).

Therefore, by the Monotone Convergence Theorem, as p \ 0.

[e(x,6,p)dF(x) ~ [U(x,0) dF(x) = u(6)

Let € > 0. For each 6, find p, so that [¢(x, 8, p,) dF(x) < u(8) + €. The
spheres S(8, p,) = {6': 18 — 6’| < ps} cover ® so by (1) there exists a
finite subcover, say, ® C UT S(6;, p, ). For each 6 € @ there exists an
index j such that 6 € S(6; p,,) From the definition of ¢, U(x, §) <
o(x, 6;, p,,l) for all x. Hence,

1 n
;;U( 9)<—Z<p( 5 65 Ps,);
so that

sup — ZU( ,0) < sup —Zqo( 165 g, )-

gce N l<j<m 1
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Now apply the strong law of large numbers to (1/n)L} (X, 6, p,,l):

1
P{ lim ;Ecp( ) 1’p0,) S/.L(Gj) + g, forj = 1,2,...,m} =1,

1
P{limsup sup —qu( 0551, I)s sup ;L(01)+8}=1,

nooe  1gj<m N 1<y<m

1
P{llmsup sup — ZU( ,0) < sup u(8) + s} = 1.
66

nox g0 N 4

Because it is true for all ¢ > 0, itistrue fore =0. B

Proof of (a). First note that, U(x, 8) being continuous in 6, condition (4)
of part (b) is automatically satisfied because

sup U(x,6') = sup U(x,8")
|6'—6]l<p ¢'eD

for any denumerable set D, dense in {6': |6’ — 6] < p).
Next note that w(6) is continuous:

lim u(6') = lim JU(x,8') dF(x) = [U(x,8) dF(x) = p(8)

by the Lebesgue Dominated Convergence Theorem, since U is bounded
by K, an integrable function. Therefore, if Theorem 16(a) were true for
p(8) = 0, it would follow for arbitrary u(8) by considering U(x, 6) — u(8),
continuous in @ and bounded by K(x) + EK(X). Thus, we assume
p(8) = 0. From the one-sided theorem applied to U(x, ) and —U(x, 6),

P{llmsup sup — ZU( ,0) < O} =1

nowo ge® N

and

1
P{llmsup sup — —ZU( ,0) < O} =1.

nowo @

The conclusion follows from this because for an arbitrary function g,

0 < sup|g(8)|= max{supg(e), sup —g(G)}. |
8 8 8
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Remark. We note for use in the next section that under the conditions of
Theorem 16(b) the function u(#) is upper semicontinuous (i.e., for every
g € O, limsup, _, , w(8') < u(8)). The proof is analogous to the proof of
continuity of u(@) for Theorem 16(a), namely,
limsup w(6') = limsup EU(X, 6')
o'~ 6 0’0 ,
< E limsup U(X,6') < EU(X, 8) = u(6)
]
using the Fatou-Lebesgue Theorem (the one-sided dominated conver-

gence theorem) since U(x, 8) is bounded above by an integrable function,
K(x).
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Strong Consistency
of Maximum-Likelihood Estimates

A sequence of estimates {6,} of a parameter 8 € @ is said to be weakly
consistent (resp. strongly consistent) for 6 € @ if for every 6 € 0, 6, Ay
(resp. 6, == @) when 8 is the true value of the parameter. In this section,
we show that under fairly general conditions, the maximum-likelihood
estimates are strongly consistent as the sample size tends to infinity.

Let X,,..., X, be iid. with density f(x|6) with respect to some
o-finite measure v (usually Lebesgue measure or counting measure),
where 6 € 0.

The likelihood function is defined as

Ln(o) = Ln(elxl"”’xn) = I:If(x,le)

when the observed values of X,..., X, are x,,..., x,,. The log likelihood
function is denoted by /,(6) = log L,(8).
. A maximum-likelihood estimate (MLE) of @ is any function, j),, =
6,(x,,..., x,), such that L,(6,) = sup, ¢ L,(8) or, equivalently, /,(6,) =
sup, c o 1,(8). A MLE may not exist. When it does, it may not be measur-
able and it may be consistent. It certainly exists if @ is compact and
f(x]8) is upper semicontinuous in 6 for all x, since then L, (@) is upper
semicontinuous on a compact set, and an upper semicontinuous function
on a compact set achieves its maximum.

The proof of consistency of the MLE is based on the following lemma.
Let f,(x) and fi(x) be densities with respect to a o-finite measure v. The

112
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Ku”back—Leibler information number is defined as

K(fo. /1) = Eg 108?1'(_3(—) Wfo(x) dv(x).

fo(X) £o(%)

= f log
[n this expression, log(fo(x)/fi(x)) is defined as +o if fi(x) =0 and
fo(®) > 0, so the expectation could be +co. Although log(fy(x)/f/(x)) is
defined as — when f(x) >0 and f(x) =0, the integrand,
log(fo(x)/f,(x))fo(x), is defined as zero in this case. K(fy, f,) is a
measure of the ability of the likelihood ratio to distinguish between f,, and

f, when f, is tiue.

£EMMA (Shannon—Kolmogorov Information Inequality). Let f,(x) and f,{x)
be densities with respect to v. Then

fo(X) Jo(x)
X) = flog

K(fo> f1) =E010gf1( 71(%)

fo(x) dv(x) 20,

with equality if and only if f|(x) = fi(x) (a.e. dv).

Proof. Since log x is strictly convex, Jensen’s inequality implies

f1(X) f(X)

<log E

fo(x) = BT (x)”

—K(fo,fi) = Eylog

with equality if and only if f(X)/fo(X) is a constant with probability 1
when X has density f,. But

fi(X) _ ffl(x)

B "R

fo(x) dv(x) = fsf,(x) dv(x) <1,

where S, = {x: fo(x) > 0}, with equality if and only if S, has probability 1
under f,(x). The combination of these two inequalities gives the result.
|

This lemma is used in the proof of consistency of the MLE as follows.
Let 6, denote the true value of 6. The MLE is the value of 6 that
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maximizes

1,(8) = 1.(8o) = log L,(6) —log L,,(6,)
= i(log f(X,18) — log f(X,16,)).

From the Strong Law of Large Numbers and the lemma,

L8) 1o f(Xl8) . f(X16)
— LN EALLE . 0,
gL,,(eo) n =B ey B gy = K 0 <

unless f(x|6) = f(x|8,). So eventually the likelihood function will be
larger at 4, than at any specific value 6 provided different 6 correspond
to different distributions (the condition of identifiability). This gives a
meaning to the numerical value of the' Kullback-Leibler information
number. When 6, is the true value, the likelihood ratio, L,(6)/L,(8,),
converges to zero exponentially fast, at rate exp{ —nK(6,, 8)}.

This already implies that if @ is finite the MLE is strongly consistent. In
the following theorem, this observation is extended to compact ® when
f(x18) is upper semicontinuous in 6.

THEOREM 17. Let X, X,, ... bei.i.d. with density f(x|8), 6 € O, and let 6,
denote the true value of 6. If

(1) @ is compact,
(2) f(x|8) is upper semicontinuous in @ for all x,
(3) there exists a function K(x) such that E,,OIK(X )| < = and

U(x,6) =log f(x|8) — log f(x|8,) < K(x), forallxand 6,

(4) for all 6 € ® and sufficiently small p > 0, sup,y_q, < , f(x16") is mea-
surable in x,
(5) (identifiability) f(x10) = f(x|6,) (a.e. dv) = 6 = @,,

then, for any sequence of maximume-likelihood estimates 5,, of 8,

2 a.s.
6" 4 00 .

Proof. The conditions of Theorem 16(b) are satisfied for the function
U(x,6). Let p>0 and S ={6: |16 — 6, > p). Thén § is compact and
from Theorem 16(b),

1
P,,o{llmsup sup — EU( ,6) < sup p(e)} =1,
geS

noo ges N
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where u(8) = —K(8,, 60) = [U(x, 8)f(x|8,)) dv(x) < 0 for § € S from
the lemma. Furthermore, u(8) is upper semicontinuous (Section 16) and
hence achieves it is maximum value on §. Let & = sup,_, u(8); then
5 <0, and

1
P, {llmsup sup — ZU( ,0) < 8} =1.

now gesS |

Thus, with probability 1, there exists an N such that for all n > N,

sup — ZU( ,0) <8/2<0,

OES 1
sav. But
1z n
— ZU(X,, 0,,) = sup — ZU( ,8) >0,
ny pc® N

since the sum is equal to 0 for § = 6,. This implies that g, € S for n > N;
that is, |6, — 6| < p. Since p is arbitrary, the theorem follows. This proof
is due to Wald (1948). m

Note: Allowing f(x]6) to be upper semicontinuous in @ (rather than
requiring continuity) covers cases like the uniform, U(8, 6 + 1). In such a
case, the density is chosen to be the upper semicontinuous version,
f(x18) = I(6 < x < 6 + 1). We note that if f(x|8) is continuous in 8, then
condition (4) is automatically satisfied.

Note: Nothing in the theorem requires 8, to be measurable. In this
theorem, MLEs are strongly consistent even if they are not random
variables! (Here, convergence almost surely does not imply convergence in
probability.) In general, 6 can be chosen to be measurable according to
the following result whlch follows from a selection theorem of von Neu-
mann (1949). (See for example Parathasarathy (1972), Section 8.) If Z is a
Borel subset of a Euclidean space, and if @ is a compact subset of a
Euclidean space, and if ¢(x, 8) is jointly measurable in (x, 8) and upper
semicontinuous in 6 for each x € Z, then there exists a Lebesgue measurable
selection G(x) such that

o(x, 8 (x)) = sup ¢(x,60), forall x.
)
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Counterexample to the removal of condition (3). Consider the following
densities on [—1, 1] with parameter space @ = [0, 1],

1 lx — 6 1
f(x16) = (1~ 6)8(6) (1 - ;(6) )1(|x -6l <6(9)) + GEI(IXI <D,

where 6(8) is continuous decreasing with §(0) = 1and 0 < 6(8) < 1 — #.
This provides a continuous parametrization between the triangular distri-
bution when 8 = 0, and the uniform distribution, when § = 1.

Clearly, conditions (1), (2), (4), and (5) of Theorem 17 are satisfied. We
show that if 8(9) — 0 sufficiently fast as § — I, then §, = 1 whatever
be the true value of 6 € 0. .

Given a sample X,..., X, from f, 6, is that value of § that maximizes

1L(8) = ¥ log f(x,16)
1

= nglog— + Y, log[ (1 - ) + —-],

lx,— 6} <5(8) 8(0) 8(9) 2

where n, is the number of X, not in {x: [x — 6] < 8(6)}. For every fixed
number « < 1,

1 1
+_
8(a) 2

.

ll | 1-6 6
max —/[,(f#) < max + =
0<b<a N () 0<6<a 08 5(8) 2

< log[

We will show that 6, == 1 whatever be the true value of 8 if 5(6) — 0
sufficiently fast as § — 1 by showing

max —I (6) =3 o,
0<6<1 n A(0) =

Let M, = max{X,,..., X,}. Then M, 2% 1 whatever be the true value
of 8, and

. M
log— + —log
n

1 1
ax —[,(0)>—1,(M,) > + —|.
m ( ) n n( n) 2 2 S(Mn) 2 ]

n-1 M, 1 1-M
O<é6<sl R
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Therefore,

1
liminf max —[,(8) > liminf — log

n-oo 0(0<f<l N n—ow N S(M) 10g2

Whatever be the value of 6, M, converges a.s. to 1 at a certain rate the
slowest rate being for the triangular distribution (6 = 0). Thus we can
chocse 6(8) — 0 sufficiently fast as 6 —» 1, so that (1/n)log((1 —-
M,)/8(M,) =5 @ m

How fast? First note that (n)'/*(1 — M,) 25 0, because for § = 0,
Y. Py(n'4(1 = M,) > &)
=Y P(M, <1—¢g/n'/*) = ¥ (1~ &2/(2Vn))"
< Z(exp{—sz/(h/r?)})” = ) exp{etVn /2} < oo,

and the Borel-Cantelli Lemma implies Py{n'/*(1 — M) > ¢ i0} =0
Then, for

5(6) = (1 - 6) exp{—(1 - 6) ™},

we find
1 1-M, 1 1
~ log ~ logexp{(1 - M, S
n Cs(M,) n gep(1-M,) "} = n(1 - M,)"
EXERCISES

1. Check the conditions of Theorem 17 for the #%(0,8) distribution,
f(x18) = (1/ 6}, o((x), when © = [1,2].

2. [Oliver, (1972)] Let X,,..., X, be a sample from the triangular distri-
bution on [0, 1] with mode 8,

f(xle)y =2 1[0 o X) + —— — 5 g y(%)),

and let X =0, X y -+ -3 Xny X(n+1y = 1 denote the order statistics.

(a) Show that for X(k) < 6 < X4y the likelihood function is decreas-
ing if 6 < k/n and increasing if 8 > k/n.

(b) Conclude that the maximum likelihood estimate is equal to one of
the X(k) for which (k — 1)/n < X4, < k/n. In fact, the likelihood
function has a local maximum at each such X,.
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3. [Neyman and Scott (1948)] Suppose we have a sample of size d from
each of n normal populations with common unknown variance but
possibly different unknown means

X, eMu,0?), I=1..n, j=1,..4d,

where all the X, are independent.

(a) Find the maximum-likelihood estimate of o 2.

(b) Show tha: for d fixed, the MLE of ¢? is not consistent as n — o,
Why doesn’t Theorem 17 apply?

(c) Find a consistent estimate of o 2.
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Asymptotic Normality
of the Maximum-Likelihood Estimate

To obtain asymptotic normality of the MLE, more restrictive conditions
on f(x|0) are needed. In particular, it will be assumed that (3% /96%)f(x|0)
exists and is continuous. This will rule out cases like the uniform distribu-
tion on the interval (0, 8), 8 > 0, where the maximum-likelihood estimate
is the maximum of the sample, converges to the true value at the much
faster rate of 1/n, and is not asymptotically normal. (See Example 2 of
Section 14.) .

When (J/00)f(x|0) exists, one can seek the MLE, 0,, as a solution of
the likelihood equation,

. d log L "9 |

1,(0) ~g 18 (0) ; P f(x10) =e.
There may be many solutions to [,(8) = 0 even if the MLE is unique,
however, there generally exist solutions of this equation that are strongly
consistent even if the MLE is not consistent! The reason for this is as
follows. If the true value O, lies in the interior of © < RF, if
(8/30)log f(x|0) exists and is continuous in @ for all x, and if the
conditions of Theorem 17 are satisfied for some compact neighborhood @’
of8,, @ c O, then the MLE within @', call it 0,, converges a.s. to 8, and
once 0, is in the interior of @, it will satisfy i(8,) = .

Let

J T
¥(x,0)= (%log f(xIO)) ,  ak vector,

119
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and
) 92
¥(x,0)= a_()ZIng(xlo)’ a k by k matrix.

Then, Fisher Information is defined as
F(0) = E;W(X,0)¥(X,0)", akby k matrix.

Assuming that the partial derivative with respect to 8 can be passed under
the integral sign in [f(x|0) dv(x) = 1, we find

[(/9))‘( x(8)

d
EW(X,0)= F(x10) ]f(xt)) dv(x) = f&*ef(x“)) dv(x) =0,

so that A0) is in fact the covariance matrix of ¥,
F(0) = vary (¥(X,0)).

If the second partial derivatives with respect to 0 can be passed under the
integral sign, then [(9?/90%)f(x|0)dv(x) = 0, and

d (9/90)f(x]8)

EW(X,0) = I[EE )

]f(xlﬂ)dV(x)

y f(x10)(%/30)f(x18) — ((3/30) f(x18))" ((9/30) f(x|0))
f(x0)°

Xf(x|0) dv(x)
=0- fW(x,e)\v(x,e)Tf(xle)dv(x).

Thus,

F(0) = —E,¥(X,0).

EXAMPLE 1. The Poisson distributions, 98). f(x|0) = e %0*/x! x =
0,1,2,...,log f(x|6) =c ~ § +xlog 6, and ¢(x, 8) = —1 + x/6.
Therefore, HA) = var(—1 + X/8) = 6/6% = 1/8. We may also com-
pute A(8) using Y(x|8) = —x/6%, so AQ) = E,,X/e2 =6/6=1/6.
Derivatives may be passed under the integral sign since the Poisson
distributions form an exponential family.



Asymptotic Normality of the Maximum-Likelihood Estimate 121

EXAMPLE 2. The normal distributions, #/ u, o'?).

log f(xlu, o) = ~logV2mo — (1/20?)(x ~ p)>.

~ (x— #«)/‘72
¥(x,(n 0)) = | —1/0+ (x - M)2/03}
. B ~1/0? ~Ax-p)/o’
V(x,(p,0)) = | ~2(x - p)/0® 1/0% —3(x - M)Z/a“}.
Hence,
HAu,0) = [1/00 2/002]'

THEOREM 18 (Cramér). Let X,. X,,... be i.i.d. with density f(x|0) (with
respect to dv), and let 0, denote the true value of the parameter. If

(1) @ is an open subset of RF,

(2) second partial derivatives of f(x|0) with respect to 0 exist and are
continuous for all x, and may be passed under the integral sign in
[f(x|0) dv(x),

(3) there exists a function K(x) such that Eq K(X) < = and each compo-
nent of W(x, 0) is bounded in absolute ualue by K(x) uniformly in some
neighborhood of 0,,

(4) A0,) = —E, W(X, 0,) is positive definite,

5) f(x|0) —f(x|00) ae. dv=16=20,

Then there exists a strongly consistent sequence é" of roots of the
likelihood equation such that

Vi (8, — 8,) S.1(0,.7(8,) ).

Proof.

1. Existence of consistent roots. Let S, = {0: |0 — @, < p} for some p > 0
be a compact neighborhood of 0, on which components of W(x, 0) are
uniformly bounded by K(x) as in (3). The existence of a strongly
consistent sequence 0, of roots of /,(0) = ¢ follows from Theorem 17
with @ = §,. Conditions (1), (2), and (5) of that theorem are automatic;
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condition (4) follows from continuity of f(x|0) in 0. To check condition
(3) expand U(x, 0) as

U(x,0) = U(x,0,) + ¥ (x,0,) (6 — 0,)
+(0 = 00)" [*["Ad (x,0, + Au(0 - 8,)) dAdu(® - 0,).
0 7o
That U(x,®) is bounded, uniformly on §,, by an integrable function
follows, because U(x,0,) = 0, ¥(x, 8,) is integrable, and the compo-

nents of W are bounded by K(x) uniformly on S,
2. Asymptotic normality. Note 1,(0) = L} ¥(X,, 0). Expand [ as

1,(0) =1(8,) + f‘zxir(x,,eo + (0 = 8,)) dA(8 — 8,).
0

Now let 6 = 0 where 0 is any strongly consistent sequence satisfying
] (0 ) =0, and divide by \/—

1 . A
Wln(BO) = Bn‘/;(on - 00)’
where

- n;w X,,0, + 2(0, — 6,)) da.

From the Central Limit Theorem, because E, \P(X 0,) =0 and
varg W(X,0,) =510,), we find that

00 - & (2w (x,00) £ 2 e0.7000).

If we show B, =>._#(0,), then eventually B;! will exist and by
Slutsky’s Theorem.

Vn (0, - 0,) =B, %i"(oo) Z #(08,) "2 €n(0,.5(8,) ).

Let ¢ > 0. To show B, ==>_#(0,), first note that E, \P(X 0) is contin-
uous in @ from condition (3),sothereisa p> 0 such that |0 — 0,] < p
implies

|Eo ¥ (X,0) +.5(8,)| <.
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Next note from the Uniform Strong Law of Large Numbers, Theorem
16(a), that with probability 1 there is an integer N such that

n > N implies sup
8es,

12, .
=YW (X,0) ~ E,¥(X,0)| <.

n

Then, assuining N is so large that n > N = [0, — 0 | < p,

1L A
n>N=|B, —#0,)| < fol‘; Z\P(X,,OO + (8, — 00)) +.7(05) | dA
] 1
1 12 . .
< sup[—Z‘l’(Xj,O)—Ee\P(X,O)‘
0 ees, || 1 0
+| Eo (X, 0) +J(00)|] dA
<2e. N

REMARKS. One often says that this theorem states that the maximum
likelihood estimate is asymptotically normal. However, that is a rather
loose interpretation. All it really claims is that, under the conditions
stated, there is a consistent sequence of roots of the likelihcod equation
that is asymptotically normal with Fisher information as its variance.
Under these same conditions, the MLE may not be one of these roots;
even if it is, it may not be consistent. An example similar to that found at
the end of the previous section may be constructed that satisfies the
conditions of Theorem 18, so that the MLE will be inconsistent even
though it is one of the roots of the likelihood equation. Even so, in such an
example, there will exist a consistent sequence of roots. This theorem gives
no hint as to which root one should use as the estimate. Exercise 5 gives a
simple example in which there may exist many roots of the likelihood
equation, and many maxima of the likelihood.

However, under the conditions of Theorem 18, if there is a unique root
of the likelihood equation for every n, as in many applications, this
sequence of roots will be consistent and asymptotically normal.
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PASSING THE DERIVATIVE UNDER THE INTEGRAL SIGN.

LEmMA. If (3/06) g(x, 6) exists and is continuous in 6 for all x and all 6 in
an open interval S, and if 1(9/96) g(x, 6)| < K(x) on S where [K(x)dv(x)
< o, and if [g(x, 6) dv(x) exists on S, then

d 9
%fg(x, 6) dv(x) = f—(%g(x, 6)dv(x).

Proof. From the Mean-Value Theorem,
g(x,6+6) ~g(x,6)’ 1

g

6 0

so that the result follows from the Lebesgue Dominated Convergence
Theorem by taking the limit as § — 0 on both sides of

[a(x, 6+ 8) dv(x) = [g(x,0) dv(x)
5

=fg()c,6+ ‘o‘i\—g(x,&) dv(x). .

d
-(%g(x, 6+ A8)|dr < K(x),

EXERCISES

1. Find the MLE and its asymptotic distribution for
(@) f(x]6) = 6x°711(0 <x < 1), © = (0, »).
() f(x16) =1 - 6)6%*, x=0,1,2,...,0 = (0, 1.

2. Find the likelihood equations and the asymptotic distribution of the
MLE for the parameters of the gamma distribution, £(a, B8),

f(xle, B) = x*~'exp{ —x/BH(x > 0),

_r
I(a)p®
0={(a,B):a>0,8>0}.

[Note: In the solution, you should encounter the digamma function,
T(a) = d/da log I'(a), and the trigamma function, ¥ (@) =
(d/da)f(a)]

3. Find the likelihood equations and the asymptotic distribution of the
MLE for the parameters of f(x|8,,6,) = exp{—8, cosh(x — 6,) —
{(6,)} where the parameter space is ® = {(6,, 8,): 8, > 0}, and where
{ is the normalizing constant, {(6,) = log /%, exp{— 6, cosh(x)} dx.

4. Additivity of Information for Independent Random Variables. Let X and
Y be independent random variables with densities depending on 6 and
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assume that Fisher information, .#,(8) and #,(6), exists for both X
and Y. Show that Fisher information for the pair, (X,Y), is given by
F (6 =Jx(6) +.7,(6).

. Let X,,..., X, be a sample from the Cauchy distribution, #(6, 1), and

let X),..., X, denote the corresponding order statistics.

(a) Show that if X, > X_1 + 2n, then [.(6) has a root in the

interval (X,, — 1, X,,)).
(b) Show that P(X,, > X,_;, + 2n) converges to a positive limit as n
tends to infinity. (See Example 3 of Section 15.)

. What was thought to be a certain species of moth is attracted to a
capture tank at rate A per day. One the first day, the number X of
moths caught was recorded. It is assumed that X has a Poisson
distribution with mean A. Later, it was pointed out that this species is,
in fact, two different similar species, so a second day of capture was
undertaken. This time, the numbers Y, and Y, of moths caught of these
species separately were noted. It is assumed that these are Poisson
random variables with means A, and A,, where A; + A, = A, and it is
assumed that X, Y,, and Y, are independent.

(a) Using X, Y;, and Y,, find the maximum likelihood estimate of A,
and A,.
{(b) Assuming A; and A, large, what is the approximate variance of your
estimate of A, as a function of A, and A,?
. Let X;,..., X, be a sample from the distribution with density

exp{ —x/6,}, ifx>0,

0,,6
f(x| 15 2) 61-{-62 exp{ +x/6,}, ifx <0,

where 6, > 0 and 6, > 0 are unknown parameters.

(a) Find the likelihood function in terms of the sufficient statistics,
Sy =L X;I(X;>0) and §, = —L X;I(X; <0). Note §; >0 and
S, >0but S, =0o0r S, =0with posmve probablllty

(b) Find the maximum llkellhood estimates 6, and 62 as solutions of
the likelihood equations.

(c) Find the Fisher information matrix. ) .

(d) What is the joint asymptotic distribution of 6, and 6,?
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The Cramér—Rao Lower Bound

In this section, we prove the information inequality. This inequality
relates the variance of an arbitrary statistic to Fisher Information. When
applied to an estimate of a parameter based on a sample from a distribu-
tion, this inequality is known as the Cramér—-Rao lower bound. If an
unbiased estimate attains the Cramér—Rao bound, it is automatically a
best unbiased estimate. We will see that the bound for unbiased estimates
may not be achievable, and even if it is achieved, the achieving estimate
may not be admissible. In the investigation of the inequality for a vector
parameter, we note the effect of not knowing the values of nuisance
parameters.

We start with the simplest case, that of a one-dimensional parameter
space, ®. Let X (possibly a vector of observations) have density f(x|6)
with respect to dv(x) for & @, an open interval in R!. When
(8/36) f(x|0) exists as a random variable, Fisher Information may be
defined as

H(6) =varo(%logf(X,6)). (1)

THEOREM 19. The Information Inequality. Let 8(x) be an estimate of 6 with
finite expectation, g(8) = E,0(X). Assume that (3/0) f(x|6) exists and
that 3/36 can be passed under the integral sign in [f(x|8)dv(x) = 1 and in
fB(x)f(xIB)dv(x) g(8). Assume that 0 <. A0), where A ) is Fisher
Information. Then for all 6,

g(6)’
COR (2)

varg 6 (X) >

126
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Moreover, equality holds in (2) for some value 6 if and only if
(9/96)log f(x16) and 6(x) are linearly related.

Proof. Let W(x, 6) = (3/36)log f(x, 6). Then, by the regularity condi-
tions,

7
E,¥(X,0) = f%f(xw) dv(x) =0

for all 9, and

g(8) = [8 (1) f(xlﬂ)dV(x)

= Eo8 (X)W(X, 6) = covp(8 (X),¥(X,0)).

Now using the inequality cov(U,V)? < var U - var V (the correlation c-
efficient is between —1 and +1) with equality if and only 1f U and V are
linearly related, we find

g'(6) <var, 6 (X)-var, ¥(X,6),
which completes the proof because A 9) = var, ¥(X,6). W

REMaRK 1. The moreover part of this theorem, that equality holds in (2) if
and only if (a/ae)log f(x19) and 8(x) are linearly related, means that
there is eqaallty in (2) for some fixed 6 if and only if for that 6 there are
constants, @' and b, depending on 6, such that ¥(x, §) = bo(x) + d.
There is equality in (z.) for all 6 if ad only if W(x, 6) has this form for all
8; that is (after integrating on 6), log f(x|6) = 6(x)b(6) + a(6) + c(x).
In other words, 8(x) achieves equality for all 6 in the information
inequality if and only if 8(x) is a natural sufficient statistic of an exponen-
tial family

f(x16) = exp{f (x)b(8) + a(6)}r(x) 3)

with respect to some measure dv(x).

As an example, the density of the beta distribution, Ze(a, 1), written in
exponential form is f(x|a) = exp{(a — Dlog(x) + log(a)}l (0 <x < 1)
for @ > 0. Thus, 6(x) = —log(x) is an unbiased estimate of its expecta-
tion, 6(a) = E (—log(X)) = 1/a, that achieves equality in (2) for all .
(See Exercise 1.) Moreover, —log(X) is the only function of X, up to
addition and multiplication by scalars, that achieves equality in (2) for
all a.
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REMARK 2. It is interesting to view this inequality in terms of the bias of
the estimate. The bias of 6(X) as an estimate of 6 is defined as
b(6) = E,6(X) — 6 = g(8) — 6. Then, because g'(6) =1+ b'(6), we
have as a lower bound on the variance of 6,

var, 8 (X) = (1 +b'(6))*/7(6).
If 6(X) is an unbiased estimate of 6, then b(6) = 0, so that
var, 6 (X) >.#(6)"

provides a lower bound for the variance of an unbiased estimate of 6.

If X,,...,X, is a sample of size n from f(x|6), then the Fisher
Information computed from IT f(x,i6) is n times the Fisher Information
based on a sample of size 1,

d n n d
F(6) = var, -(;Elogl:[f(X]-IG)) = ;varo(%log f(XJIG)) =n#(0).

Combining these observations, we obtain a lower bound for the variance
of an estimate 6(X,, ..., X,) of 6 based on a sample size n from f(x|6),

n 1+ b(6))°
varg 6 (X,,..., X,) > (———(—)—),
ns(6)
where b(6) is the bias of 8, and #(6) is Fisher information in a sample of
size 1. This inequality is known as the Cramér-Rao lower bound.

ExampLE 1. Given a sample X,,..., X, from the gamma distribution,
Z(a, B), with a kngwn, we obtain as a lower bound for the variance of an
unbiased estimate B of B,
s oy ¥ 1 B?
ar e X)) 2 —— = —,
vatg B (X3, ) n(e/B?) nea

because A B) = a/BZ as computed in Exercise 2, Section 18. In this
problem, S, = L} X; is a sufficient statlstlc for B and S, € ¥(na, B) so
that ES, = nap, and var §,, = =nap? Hence, B=S5 /na is an unbiased
estimate of 8 and varg B = (varS )/n’a? =naB?/n'a? = B?/na. Thus,
B=X ./ is a best unblased estimate of B. This result also follows from
the fact that X, is a complete sufficient statistic for 8, and any function of
a complete sufficient statistic is a best unbiased estimate of its expectation.
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ExaMPLE 2. Suppose in Example 1 we want to find a bound on the
variance of an unbiased estimate of 6 = 1/8. We may use the information
inequality directly with g(B) = 1/8 or, equivalently, we may change
parameters to 6= 1/B and apply Cramér-Rao. The former gives
(-1/8%B%*/na =1/naB? as a lower bound for the variance of an
unbiased estimate of g(B) = 1/B. Straightforward computatlons give
E1/S, )=1/(na — 1B andvar(1/S,) = 1/(na — 1)*(na ~ 2)B2. Since
= (na—1) /S, Is an unbiased estimate of § = 1 /B and a function of a
complete sufficient statistic, § is a best unbiased estimate of § = 1 /B, yet

1

A 1

= —1)’var| — | = ————.
var (na—1)"v r(S") (na =25
This is strictly greater than the Cramér—Rao lower bound. This shows the
Cramér-Rao bound may not be attainable.

ExaMpLE 3. Let X,,..., X, be a sample from #( u, 0?) with g known.
To estimate g(o) = o?, Example 2 of Section 18 and the information
inequality with g(a) =20 give Qa)?/n(2/0?) =20 /n as a lower
bound for the variance of an unbiased estimate of o 2. Since &2 =
(1/n) T} X; — u)? is a complete sufficient statistic and an unblased esti-
mate of o2, it is a best unbiased estimate of o 2. Moreover,

var 3% = (1/n2) ¥ var(X; — p)’ =n-20*/n? = 20%/n,
1

so the lower bound is attained. However, there a biased estimate that is
better; that is, there is an estimate with uniformly smaller mean-squared
error, namely 62 = (1/(n + 2)) Z%(X, — n)*. Because the mean-squared
error is the variance plus the square of the bias, we have

MSE,(G2) =2na*/(n +2)* + ((no?/(n+2) - 02)2 =20/(n +2).

This is less than MSE_(62) = 20 */n. Just because an unbiased estimate
has a variance that achieves the Cramér—Rao lower bound does not mean
it is any good.

Generalization to a Vector Parameter. The generalization of the information
inequality to k-dimensional @ requires comparison of covariance matrices.
Given two k X k covariance matrices X, and X,, we say X, > X, if
3, — %, is nonnegative definite, that is, if a(X, — X,)a >0 for all
k-vectors a.
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THEOREM 19'. Let X have density f(x|0) with respect to dv(x) for 6 € @ an

open set in R*, and assume that Fisher information, A®), exists and
is nonsingular for all 0 € @. Let 0(x) be an r-dimensional vector such

that g(8) = E8(X) exists on ©. Assume that (3/8)f(x|0) exists and that
d/90 can be passed under the integral sign in [f(x|8) dv(x) and
[0(x)f(x|0) dv(x). Then,

var, 8(X) = §(9).7(0) 'g(0)",

where A0) is the Fisher information matrix and $(0) is the r X k matrix of
partial derivatives of g(0).

Proof. Let W(x,0) = ((9/90)lcg f(x6))7, a k vector. As before,
E,¥(X,0) =0, and g(0) = covy(0(X), ¥(X,0)).
Hence
varg(0 — 3.7(0) ' W)
= var, 8 — 2covy(8, 3.7(0) W) + vary(3.5(0) ' W)
= varg 0 — 2covg(6, W).#(8) 'g7 + g7 var, W.A(0) 'g”
= var, 0 — 28.7(0) 'g7 + g.#(0) ' A(0)5(6) 'g”

=var, 0 —3.7(8) 'g">0. m

Remark 3. The Cramér-Rao lower bound for the variance of an unbiased
estimate of a vector @ based on a sample of size n is, since g0) = I,

A 1 —_—
var 8(X,..., X,) = —.7(0) '

Note the effect of nuisance parameters. If it is desired to estimate 6,
and the rest of the parameters are known, the lower bound is 1/(n.#,(0))
where #,,(0) is the upper left component of _#(0). If the other parameters
are unknown, the lower bound is .#''(0)/n where #'(0) is
the upper left component of #(0) !. It may or may not happen that
F11(0) = 1/.7,(0).
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ExaMPLE 4. In the A p, o %) Example 2 of Section 18, we found

/02 0 ]

S = :
(4, 0) [ 0 207
Hence,
-1 _ 0'2 ~ 0 |

Sk, o) _[0 o2

In this case, there is an unbiased estimate of u, namely, X,, whose
variance achieves the lower bound of o?/n, this bound being the same
whether or not o ? is known.

EXAMPLE 5. In the ¥(a, B) example of this section, we saw that for a
known, B =X, /o is a best unbiased estimate of B achieving the
Cramér—Rao bound. If « is unknown we cannot use this estimate. In fact,
because the inverse of Fisher information (Exercise 2 of Section 18) is

o |F(e) 1/B _1= B? a/Bt  —1/8
H(8) _[1/3 a/BZ] a¥(a)—1[—1/ﬁ ¥(a)]

no unbiased estimate of B can have a variance smaller than
B*¥(a)/n(a¥(a) — 1), which is greater than B°/na, the bound when a
is known, obtained by using X, /a.

F
EXERCISES

1. Let X,,...,X, be a sample from the beta distribution, Ze(8,1),
f(x|8) = 6x % lI(O <x <1). (a) Find the MLE of 1/6. Show it is
unbiased and achieves the Cramér—Rao lower bound. (b) Show X, is
an unbiased estimate of 6/(6 + 1). Compare its variance to the
Cramér-Rao or information inequality bound.

2. Consider the bivariate normal with density

( 16) = 1 B 1 (x—pq)
f(x,y10) = 2yl — p2 0,0, P 2(1 - PZ) o

s (x—ﬂ«. (y—p«z) +(y_i’«2)
P 3} o, o,

|



132 A Course in Large Sample Theory

s(0) =

where 0 = (u,;, 4,, |, 0, p). Checking my computations:

1— p?
1/‘712 —p/ o0, 0 0 0
—p/ 00, 1/0f 0 0 0
X 0 0 2-p%) /0  —p*/oy0y ~p/ oy
0 0 —P2/0102 (2~ Pz)/‘fz2 —p/0y
|0 0 —p/o —p/oy  (L+p%)/(1~p)
] 012 poy0, 0 0 0
pU'lU'Z 0'22 0 0 0
FO) = 0 0 at/2 po10/2  pol - p?)/2
0 0 p’o,02/2 ai/2 po(l = p?) /2
2
| 0 0 poy(l=p>)/2 poy(1-p"/2  (1-p%
3. Assuming this is correct, find a lower bound for a sample of size n, for

(¥,

the variance of an unbiased estimate of:

(@) py — pas
®) u, /0y,
(€) oy, = poy0,.

. Let X,,..., X, be independent random variables having Poisson distri-
butions with means exp{6z,}, .. ., exp{6z,}, respectively, where z,, .. ., 2,
are known real numbers. Find the Cramér—Rao lower bound for the
variance of an unbiased estimate of 6 based on X, ..., X,

n*

. Suppose that X has a uniform distribution on the interval (0, 8), where

€ 0 = (0, ).

(a) Note that 3/06 cannot be passed under the integral sign in
Jf(x|6)dv(x) = 1.

(b) Show that var,((9/960)log f(X, 6)) = 0, so that the Cramér—Rao
bound is infinite.

(c) Note that 2.X is an unbiased estimate of  and has finite variance.
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Asymptotic Efficiency

In this section, we define a sequence of estimates to be asymptotically
efficient if the Cramér—Rao lower bound to the variance is achieved in the
limit. In an aside, we note the phenomenon of superefficiency. But our
main objective is to see how to improve a subefficient sequence of
estimates by the method of scoring, and to show that one application of
scoring is usually enough to achieve asymptotic efficiency.

Under the conditions of Theorem 18, the MLE 8, was seen to be
asymptotically unbiased in a reasonably strong sense, because whatever be
the true value of 0, Vn (0 — 0) is asymptotically normal with mean zero.
In addition, the asymptotic variance of the MLE is (1/n).#(8)~" which is
the Cramér-Rao lower bound for the variance of any unbiased estimate of
0 based on a sample of size n.

DEFINITION. Let X, X,,... be iid. random variables with distribution
depending upon a parameter 0 € 0. A sequence of estlmates {6,) of 0,
with @, a function of X,,..., X,, such that Vi @, — 8) 5.0, %(0))
whatever be the true value of 0, is said to be asymptotically efficient if
3(0) =.#0)"! for all 0 € O.

By definition, the MLE is asymptotically efficient under the conditions
of Theorem 18. Certainly, no sequence of unbiased estimates can have a
smaller variance asymptotically for any 0. We would like to say that no
sequence of estimates satisfying the asymptotic normality condition can
have a smaller variance asymptotically for any 0. That this is not quite true
is seen in the following example due to J. L. Hodges. (See Le Cam (1953).)

133
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ExaMpLE 1. [J. L. Hodges] Let 9,, be MLEs (in one dimension), such that

vn (9,, - 6) g»/t/(O,.jZ(G)“), whatever be the true value of 8, and let 6,
be an arbitrary value of 6. Define

4 A

- |8y, ifVn18, — 8l <1,
A 4 A

6, ifvnl6, — 6l > 1.

If 6 # 6,, then

Py(b, 6, P,,(‘f/rﬂé" — 0l < 1)
Pa(|e—00| — 18, — ol <1/¢_)
(

= P18 - 0—00|—1/\/_)

=P,,(\/r7|?a,, — 8l > Vn|6— 8, —‘\‘/E) - 0.
Hence, 6, and 6, are asymptotically equal, and

Vu (6, — 8) S4(0,.7(6)7").
If 6 = 6,, then

P, (8, = 6,) = P,,O(Vr?|é,, — 8, < 1)

=P {Vn1b, - 6,1 < Vi) 1.

Hence, when 6 = 6, Vn(6, — 6,) = .#0,0). We find Vn(§, —
0) = .m0, o*(8)) where

A(68)"", 6+,
0'2(9)= ( ) 0
O, 6=00-

Thus, 6, is a superefficient estimate.

Improving Subefficient Estimates. The method of moments ordinarily pro-
vides asymptotically normal estimates. Sometimes these estimates are
asymptotlcally efficient [for example, in estimating 6 in S(6) by Xn, and
(p, d?) in My, 02 by (X,,s2), the method of moments and MLE
coincide] but usually they are not. One would like to use MLE, but this
has the disadvantage of being difficult to evaluate in general. The likeli-
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hood equations, [,(0) = 0, are generally highly nonlinear and one must
resort to numerical approximation methods to solve them. One good
strategy is to use Newton’s method with one of the simply computed
estimates based on the method of moments or sample quantiles as the

initial guess. This method takes the initial guess, 8, and inductively
generates a sequence of hopefully better and better estimates by

fk+D — gk — [:(i)(k>)_'1'n(é(k)), k=0,1,2,....

One simplification of this strategy can be made if the Fisher information
matrix is available. Ordinarily, (1/n),(8) will converge as n — « to

~#(6) and so can be replaced by —AB™) in the iterations.

QD = 6 4 F(DOY T (1/m)[ (89),  k=0,1,2,....

This is the method of scoring. The scores, AO®)~1(1/n)l (0%), are the
increments added to an estimate to improve it.

ExaMPLE 2. (Logistic) Let X, X,,..., X, be a sample from density

exp{ —(x — 6)} _
(1 + exp{ —(x - 6)})

f(x16) =
The log-likelihood function is
1(60) =~ E(X, -6)-2) log(l + exp{—(X, - 6)}),
1 1

and the likelihood equations are

. e exp{ - (X; - 0)}
WO e (%, - 0))

1 r 1
=0 or ;; =3
Newton’s method is easy to apply here because
" explx; — 6)

ln(e) = -2), 2°
1 (exp{X; — 6} + 1)

Even easier is the method of scoring, since 4(0) = 1 [A(0) is a constant
for location parameter families of distributions.] As an initial guess we
may use the sample median, m,, or the sample mean, X,. The asymptotic
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distributions are

=41(0,4),

yn(m, - 8) g»/zf(o, —-—2)
4f(616)

n (X, - 0) ﬁ/(o, %2) =#(0,3.2899...).

n

Since for the MLE, §,,
Vn (8, - 8) Br(0,2(0)7") =41(0,3),

it would seem worthwhile to improve m, or X, by an iteration or two of

g+ — gy 4 317 — EZ") 1A .
n-o exp{X,- - 6(")} +1

EXAMPLE 3. (Gamma) Let X|,..., X, be a sample from density

f(xla, ) =1/(T(a)B*)exp{—x/B}x*""I(x > 0),

where a > 0 and B > 0 are unknown. The log-likelihood function is
l(a,B) = —nlogT(a) - nalog - (1/B) L X; + (a« — 1) logI1 X;.
1

The likelihood equations are
~nF(a) —nlog B+ ), log X; =0,
1

no 1 n
—— + =3 X.=0,
B Bz;’

where T(a) is the digamma function. This simplifies to

1 n
F(a) +log B = ;ZlogXi.
1
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To solve these equations, we may use Newton’s method with

Ba)
l",,(a,B)= —-n — B ,
12X, - ap
B B’

where ¥(a) is the trigamma function, or the method of scoring with

¥(a)

Hla, B) = i

1
B B*
The scores are

- 1.
(O:,B) ;ln(a’B)

n

] — Y log X; — F(a) ~ log B

1

B 1 [ a -B
~ oF(a) -1|-B B¥(a)

n

) %;logX,—aF(a)-—aIOgB—%(fn—aB)

T oF(a)-1| B _
() ~ 3 L log X;+ 6F(a) + B log  + (a)(%, - ap)

As initial values, the method of moments may be used. This entails solving
X, = aB and s2 = aB? for a and B: @ = X/s* and B = s2/X,.

In this example, one of the likelihood equations can be solved easily,
af =X, for B in terms of a say, B = (1/a)X,, which may be substi-
tuted into the other equation. This gives one equation to be solved for a:
I'a) — log a = (1/n) I} log X; — log X,. Newton’s method on this
equation leads to the iteration:

(1/n) ¥ log X, — log X, — F(a®) + log a®
1

(k+1) _— (k)
a =« +
¥(a(k)) — l/a(k)
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Starting with &® = X? /52, this leads to the same sequence of estimates as
above with initial values as given, since we will always have a8 = X

n*

Once is Enough. In improving asymptotically normal estimates by scoring,
one iteration is generally enough to achieve asymptotic efficiency!

THEOREM 20. Let 0 be a strongly consistent sequence such that Vn (0 -
0) 5.0, 3(0)) when 6 is the true value of the parameter, where %(0) <
for all 0. Then under the assumptions of Theorem 18, both estimates

80 =8, - 10,(8,) [,(B,) and =8, +5(8,) (1/n)i,(8,)

are asymptotically equivalent to the MLE, and hence are asymptotically
efficient.

Proof. Let 6, be a strongly conmsistent sequence satisfying [(8,) =o.
Expanding /| (0 ) about @,

[,(8,) =1,(8,) + fo‘i;,(é,, + (8, - 8,)) dv(8, - 9,),

and using

we find
"l)_A _ _..... -1 l.. /A .-_A .-_A
Vr (8 - 6,) [1 1(8,) fo zn(o,, + (8, 0n)) dv]\/rT (6, - 8,).

Because as in the proof of Theorem 18, (1 /n)f,,((),,) 2% —.A0) and

1o - as.
;fo (6, + (8, —0,)) dv 22 —.#(0)
from the Uniform Strong Law of Large Numbers, the term in square
brackets conve‘rf_es to zero almost surely. The last term, va (8, —0,) =
Vn (8, — 0) — Vn (8, — @), is bounded in probablllty because both terms

are asymptotically normal. Hence, va (8 —8,) 2,0 as n > . The
argument for 0} is identical. m
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EXERCISES

1.

Show that Fisher Information is
(a) A(9) = 3 for the logistic distribution (8, 1).
(b) A @) = + for the Cauchy distribution (6, 1).

. Let X,,..., X, be a sample from the Cauchy distribution, #(8, 1).

Find the likelihood equations. Find the scores. What is the asymptotic
distribution of the median? What is the asymptotic distribution of the
median improved by scoring?

. Let X,,..., X, be a sample from a mixture of gamma distributions:

f(x18)=[(1 - 8)e™ + 6xe*}I  (x>0),

where 0 < @ < 1. What is the estimate of 6 given by the method of

moments? What is its asymptotic distribution? Show how to improve

this estimate by one iteration of Newton’s method applied to the
likelihood equation.

Let X;,..., X, be a sample from an exponential distribution with

density f(x|8) = 8e~%*I(x > 0), where 6 > 0 is an unknown parameter

to be estimated. _

(a) Find the asymptotic efficiency of 6,, the estimate of 8 given by the
method of moments. .

(b) Show that, out of all distributions with mean 1/6 and variance
1/6% that satisfy the conditions of the Cramér—Rao inequality,
Fisher Information is minimized by the above exponential distribu-
tion.
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Asymptotic Normality
of Posterior Distributions

Bayes estimates provide another class of asymptotically efficient esti-
mates. We assume that @ is chosen from © an open subset of R*
according to a prior density g(0) with respect to Lebesgue measure, d0,
and that g(8) is continuous and positive on @. The posterior density of 9,
given a sample X,..., X, from f(x|0), is

[T )0
fe(lﬁf(x,lﬁ))g(ﬂ)dﬂ feLn(O)g(o)de

The conclusion of the Bernstein—von Mises Theorem below is that this
posterior density is close to a normal density centered at 0,, the MLE of
Theorem 18, with variance (1/n).#(8,)~' when 0, is the true value. More

precisely, the conditional density of 9 = Vn (8 — @,) given the data,

3 1 A )
L,((1/Vn)®d + On)g(ﬁn‘) + 0,,)
JLL((1/Vn)3 +8,)g((1/Vr)® +4,) d
approaches the density of A0, #(0,) ') as n — o,
_ |det#(0,)]”
T em)*”?

Note that this limiting posterior distribution is independent of the prior
distribution, g(@). This version of the theorem is due to Le Cam (1953).

g(0lxy,...,x,) =

fu(Dlxy,..0,x,)
e(9)

exp{— 5977(0,)9}.

140
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THEOREM 21 (Bernstein—von Mises). Assume that g(0) is continuous and
that g(0) > 0 for all ® € ©. Under the assumptions of Theorem 18,

L,(0,+3/Vn)
L,(8,)

where 6,, is the strongly consistent sequence of roots of the likelihood equation
of Theorem 18. If, in addition,

L,(8,+d/Vn)
/ L,(8,)

g(8, + 9//n) 2 exp(—1377(0,)9)g(8,),

g(8, +9/Vn) dd 25 [ exp(—1375(8,)} d9 g(8,),

then

flfn(alxl"' ) Xy) — (P(ﬁ)ldﬁ—ﬂ]

Proof. L,(0) = exp{l,(8)}. Expand /,(8) about 8,
1,(0) = 1,(8,) + 1,(0)(0 — 8,) — n(8 - 8,) 1,(8)(0 - 8,),
where
1 1 1 w/a A
- —— i —9,)) dud.
1,(0) . fo [0 ol(8, + up(0 - 8,,)) dudv

With probability 1, /, (8,) = 0 for n sufficiently large, so
L,(0) n
L_,,(ﬂ_,,) = exp{--n(() -9 ) 1,(0)(0 - 0,,)}.

Since (1/n)i (8) converges uniformly to EGO\L(X ,0) in a neighborhood of
0, (as in the proof of Theorem 18), and E.,O\L(X ,0) is continuous in @ and
equal to —#(0,) at 6 = 0,

) 111 s
1,(8, + 8/Vn) = —;folfolvl(ﬂn + uvd /) dudp - L7(8,).

Hence,

L, (8, +9/Vn)
L) g(d, + 9/vn)
= exp{—3971,(8, + 3/Vn ) ¥ )g(b, + 8/Vn)

== exp{— 79717(0,)9}2(0,)-
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The final sentence of the theorem follows directly from Scheffé’s Theo-
rem. H

EXAaMPLE. Let X,..., X, be iid. £(1,1/6), f(x|8) = 8¢ °*I (x > 0)
and let the prior distribution be £(1,1), g(8) = e~°I (8 > 0). The poste-
rior distribution is

g(Olx,,...,x,) x 8" exp{—G(ZX, +1 }I(6> 0),
1

namely (n + 1, 1/(2" X, + 1)). Because /,(6) =nlog 6 — 6 LT X, and
[(6)=(n/6) — T X, the MLE is §, = 1/X,. Fisher Information is
.}‘(6) =1/6%so the Bernstein—-von Mises Theorem says that the posterior
distribution of Vn (8 — 1/X,) should be asymptotically #(0, 62). This can
be seen directly. In £(a, B), B is a scale parameter, so the d1str1but10n of
(I} X; + 1)6 given X,,..., X, is (n + 1,1), which being the sum of

n + 1 independent £(1, 1)s is asymptotically normal with mean n + 1 and
variance n + 1, from the Central Limit Theorem. That is,

((nX, + )6~ (n + D)) &
vyvn + 1

Since X, <5 1/6,, we may conclude almost surely,

£ 10,1).

1+1/n

VnX|0- =———
- " X, + 1/n

) Z40,1),

and hence

1
\/rT(B— ?) M0, 62).
X
The Bernstein—von Mises Theorem concludes something slightly stronger,

namely, that the density of V(8 — (1/X,)) converges almost surely to the
density of 10, 62).

Asymptotic Efficiency of Bayes Estimates. Suppose the loss is squared error,
L(8,a) = (6 — a)"(0 — a), so that the Bayes estimate given a sam-
ple Xj,...,X, is 8, —E(0|X,, ., X,). Assume we can interchange
expectation and the 11m1t in the Bemsteln—von Mises Theorem; that is,
assume that the conditional expectation of & = \/_ (6 - 0 ) given
X,,..., X, converges almost surely to zero. Then Vn (8, — @ ) - 0 so
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that the Bayes estimate and the MLE are asymptotically equivalent (0, is
much closer to 8, than to 8,). Hence,

Vi (8, — 8,) S1(0,.4(8,)7");

that is, the Bayes estimate is asymptotically efficient.

Using this, we can give a stronger version of the asymptotic optimality of
asymptotically efficient estimates. Although an asympiotically efficient
sequence of estimates can be improved asymptotically at a single parame-
ter point by the method of Hodges, and similarly for any finite set of
points or even a countable set of points, such estimates cannot be
improved on a set of positive measure. Suppose that @ is a sequence of
estimates such that vn (6% — 0,) gvi/((), 3.(0,)) when 0, is the true value
of 0 and that %(0) <.#(0)"! for all @ and X(0) <.#(0)"! for 0 in a set
of positive measure. Then again assuming interchange of expectation and
limit,

[Eo(0; - 0)°5(8) d0 < [E,(8, - 0) g(0) do

for n sufficiently large, contradicting the assumption that @, is Bayes with
respect to g(0) d0. In other words, no sequence of estimates can improve
asymptotically on the MLE (or any asymptotically efficient estimate) on a
set of positive measure.

EXERCISES

1. Let X,,..., X, be a sample from the Poisson distribution with proba-
bility mass function, f(x|6) = e~ %*/x! for x = 0,1,2,..., where 6 >
0. Suppose that the prior distribution of 6 is the inverse power
distribution with density, g(8) = 1/(6 + 1)? for > 0. What approxi-
mately is the posterior density of 8, g(6lX,,..., X,), for large n? In
what sense is this approximation valid?

2. (A Bernstein—von Mises type of result for a nonregular distribution.)
Let X,,..., X, be a sample from the uniform distribution on the
interval (0, §), where 8 € ® = (0, ). Assume that the prior distribution
of 6 has a density, g(8), that is bounded, continuous, and positive on
®. Let 6, denote the true value of 6, and let M, = max{X,,..., X,} =
MLE of 6. Show that the posterior density of & = n(8 — M,) given
X,,..., X, converges to the density of the exponential distribution with
mean @,.



22

Asymptotic Distribution
of thie Likelihood Ratio Test Statistic

Let X,,..., X, be a sample from density f(x|0) where 8 c ® c R
The likelihood ratio test provides a generai method for testing H;: 0 € 0,
versus H,: 0 € @ — @, for a given subset @, of O. This tests rejects H,
when the likelihood ratio test statistic,

sup ]ﬁlf(leo)

A, = 0O, nl _ Ln(?:) (1)
sup [1f(x10)  Ln(8)
06 1

is too small, where 0} is the MLE over @, and 6,, is the MLE over 0.
When the sample size is large, evaluation of a cutoff point can be
facilitated in many important situations by the following theorem. These
situations occur when @, is a (k — r)-dimensional subspace of ®@. Writing
the components of the vector 8 € R* as 87 = (81, 62,..., 8%), we assume
the null hypothesis is of the form

Hy: 6'=6>=-=6"=0 (2)

where 1 < r < k. More general situations, in which H,, is of the form H,:
g,0) = -+ =£,(0) = 0 for some smooth real-valued functions g, ..., &
can be put into this form by a reparametrization. The integer r represents
the number of restrictions under the null hypothesis.

144
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THEOREM 22 [Wilks (1938)). Suppose the assumptions of Theorem 18 are
satisfied and that H: 6' = 6> = - = 6" =0 where 1 <r < k. Suppose
that the true value O, satisfies H,. Then

<
—2log A, = x”. (3)

Proof. —2log A, = 2A1.(8,) — 1.(6%)] where 0, = MLE over 0, and 0r =
MLE over @,. Expand [,(0}) about 0,,:

A ~

ln(o: = ln(én) + ln(én)(oj: - 0n) - n(G: - 6n)TIn(0:)(0: - on),
where

1 . . 1
1,(05) = — —fo‘fo‘nz,,(o,, +un(0F - 8,)) dudv 255 =.5(8y),

=

as in the proof of Theorem 18. For sufficiently large n, i (8.} = 9, so
~2log A, = 2n(0 — 8,) 1,(6%)(0; — 8,
A \T A
~n(0F —0,) #(8,)(0* - 0,). (4)
If H, were simple, say H;,: 6 =0,, then 07 = 0, and we would be

finished, because we know Vi (8, — 8,) 5.4(0,.40,)™"). To find the
asymptotic distribution of V. (8% — @,) in general, expand [,(6%) about 0,:

1, 1.0 1 1. A .
l08) = =0(8,) + ;foll,,(o,, + o(0% — 8,)) do (0% —6,)

~ —7(8,)Vn (0% — 6,)
Thus

. 1.
Vn (8% —0,) ~ —#(6,) " 77 (o) (5)
and

ISR S
_210g An ~ —‘/Tln(on) J(GO) —‘/Tln(on) (6)
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To find the asymptotic distribution of / (8%), expand about 0,:

1 . 1 . 1 . . .
_‘/Tln(on) = —‘/TIH(OO) + ;'I(;ln(oo + U(on 00))du \/77(0" 00)

(7)
Partition .#(0,) into four matrices,
rxr rx(k—-r)
G, G,
S(8) = (k-ryxr (k=r)X(k-r)}
G; G,
and let
a_[0 0
10 G

Note that the last k — r components of /,(8*) are zero, so that HI,(0%*) = 0
and

B (0,) ~ A0V (0% — 0,) = Vi (0} - 0,)

since the first r components of 0} and 0, are zero. Substituting into
Eq. (7), we find

1. 1.
W1"(9") ~ [1 —#(0,)H] —‘/Tln(oo)'
From the Central Limit Theorem,
1. B 1. EA
(00 = i (21,0 Z0.5(0,)).

Hence,

—‘/%l'n(():) 4 [I-#(0,)H]Y, where Y €4(0,.#(0,)),
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so that from Eq. (6),
~2log A, 5 YT[1 - #A(8,)H]"#(8,) ' [I - .#(6,)H]Y
=Y7[#(8,) "' —H|Y  [because H.A(8,)H - H]
= 275(8,)*[A(8,) ' — H|.A(8,)Z,

where Z =_#A0,)"172Y €40, D). It is easily checked that the matrix
P =.A0,)"2[A9,)"" — H[.A(0,)!/? is a projection and that rank(P) =
trace(P) = trace(A0,)[.A(0,)"! — H]) = trace(I — A0,)H) = r. There-
fore —2log A, = ZTPZ € x?, as was to be shown. W

Note: The maximum-likelihood estimates that appear in the definition
of A, may be replaced by any of the efficient estimates, such as those of
Sections 18 and 19, without disturbing the asymptotic distribution of
—2log A,,.

ExampLE 1. Let X,,..., X, be a sample from #( u, o?). Find the likeli-
hood ratio test of the hypothesis H,: u =0, o = 1. Here r = 2 and

SN L R

so that

-1y x:z
L,(0,1) ex"{ 2 L }
n L(X,s) ~ s"exp{-n/2}’

since the maximum-likelihood estimates of (u, o) under @ are f = X,
and 62 =s? = (1/n) L7(X; — X)*. Hence,

n
—2log A, = —nlogs? + ZX,-Z -n3 x?
1

when H, is true. At the 5% level, we reject H, if

—2log A, > x3.005s = 210g20 =5.99....
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EXAMPLE 2. Let X,,..., X, have a multinomial distribution based on n
trials, each resulting in one of ¢ outcomes (cells) with respective probabili-
ties py,..., p., where p; > 0 for all i, and ¢ p, = 1. Thus,

n <
Ln(ply-.-)pc) = (xl_..xc)lj‘[p]’

provided X, are integers > 0, and I X, = n. Consider testing the hy-
pothesis Hy,: p, = - =p.=1/c. Even though it appears that there
are ¢ restrictions, we have r = ¢ — 1 because of the- original constraint

¢ p, = 1. The maximum-likelihood estimates of the p, under © are

p:=X;/nfori=1,...,c. Hence,
n < r\%
(xl ...xc)l:.[(]'/c) [ ( n )4\',
An= [ l_.[
n
( rc)I;I(xj/") 1

cx

and
c cx.
—2log A, =2} x; log(—’-) EA X2
N n
under H,. The usual test of H,, in this situation is of course Pearson’s x.

Power. We may also find an approximation to the power of the likelihood
ratio test at an alternative close to the null hypothesis. Suppose that 0 is
the true value and that 0, is the parameter point in H, that is closest to 0
Define 8 = Vn (0 — 0,). As in the discussion of the power of Pearson’s x?

test, we take @ to be converging to 8, in such a way that 9 is fixed. In the
proof of Theorem 22, this changes the limiting distribution of
(1/ Vn ), (8,). It may be found by the expansion,

1. 1. 1.
—ﬁln(oo) = —‘/Tln(o) + ;ln(o)‘/;(oo - 0)

BY =H0,5(8;)) +5(8,)8 =A(H(8,)8,A(8,)).

As before, if we let Z =_40,)"1/2Y, then —2log A, %177pz, where
P =.A0,)/2[A0,)"! — HI.AO,)'/? is a projection of rank r, but this
time Z €4(#0,)!/28, D) so that (see Exercise 4),

~2log A, 5 ZTPZ € x2(¢),
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where the noncentrality parameter ¢ is
¢ = 817(8,) "PA(8,)' 8 = 817(8,)[A(8,) ! — H].#(8,)5.

If we use the form of #(0) in terms of the matrices G,, G,, and G,, the
noncentrality parameter ¢ reduces to the simpler form,

0= ¥1(6, = 6:6576])5,

where 8, is the vector of the first r components of 8. Note the effect of
nuisance parameters. If 6,,,...,6, were known, the noncentrality pa-
rameter would be 87G 3, .

ExaMPLE 1 (continued). Let us find the approximate power at the alterna-
tive = 0.2, 0 = 1.2, when 17 = 50 and the test is conducted at the 5%
level. First we compute 8" = vn(0.2,0.2). To compute ¢, recall that
Fisher Information for the normal distribution is

1/0? 0
F( u, = .
(#o) [ 0 2/02]
In this problem the matrix H is empty, so that ¢ = §7.#40,1)d = 6. From
the Fix Tables (Table 3) of the power of y7. we find a power of
approximately B = 0.58. To get a power of 0.9 at this alternative, we need
@ to be about 12.655, so we must increase n to about 106.

Note that in the calculation of the information matrix in ¢ we used the
null hypothesis value, o = 1, but from the point of view of the asymptotic
theory, the true value, o = 1.2, should serve as well. However, this would
give a smaller value of ¢, ¢ = 4.167, and a power of about B = 0.43. The
sample size is not yet large enough to smooth out this difference. Perhaps
a better approximation to the power would be given using the compromise
value, o = 1.1 (B = 0.50).

EXERCISES

1. Let X,,..., X, be a sample from 4 u,, 0;?) and Y,,...,Y, be an
independent sample from #{ Ky ayz). Find the likelihood ratio test for
testing Hy: p, = p, and o> = ¢,? and state its asymptotic distribution.

2. Let X,,..., X, be a sample from the exponential distribution with
density f(x|6) = @exp{—0x}] (x > () and Y,,...,Y, be an indepen-
dent sample from f(y|u) = pexp{—py} (y > 0). Find the likelihood
ratio test and its asymptotic distribution for testing Hy: u = 286.
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3. Fori=1,...,k let X,,X,,...,X,, be independent samples from
Poisson distributions, (8,), respectively. Find the likelihood ratio test
and its asymptotic distribution, for testing Hy: 6, = 6, = -+ = 6,.

4. Show that if Z € #(5,D) and if P is a symmetric projection of rank r,
then Z"PZ € x2(37P5d).

5. (a) Consider the likelihood ratio test of H,: u = 0 against all alterna-
tives based on a sample of size n = 1000 from a normal distribution
with mean u and unknown standard deviation o. What is the
approximate distribution of —2log A, if the true values of the
parameters are u = 0.1 and o = o, for some fixed o,?

(b) Suppose instead the distribution is £(a, ) and H,: @ = 1 with S
unknown. What is the approximate distribution of —2log A, if the
true values of the parameters are @ = 1.1 and 8 = B,? (Note that
this distribution is independent of g,.)

6. One-Sided Likelihood Ratio Tests. The likelihood ratio test against
one-sided alternatives is more complex and is no longer asymptotically
distribution-free under the null hypothesis. This may be illustrated in
testing H,: @ = 8, when 0 is two-dimensional. Make the same assump-
tions as in Theorem 22, with k = r = 2 and take 0, = 0.

(a) Let A, denote the likelihood ratio test statistic for testing H:
0 = 0 against H;: 8, > 0, 8, unrestricted. Show that under the null
hypothesis, —2log A, = 0.5x2 + 0.5x2 (the mixture of a x? and
a x7 with probability 0.5 each).

(b) In testing H,: 0 = 0 against H;: 8, > 0, 8, > 0, 0 # 0, show that
—2log A, <> p&, + 0.5x? + (0.5 — p)x2 under H,, where 8, is
the distribution degenerate at 0, and p = arccos( p)/27r, where p
is the correlation coefficient of the variables whose covariance
matrix is #(0,). Thus the limiting distribution of —2log A, de-
pends on the correlation of the underlying distribution.
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Minimum Chi-Square Estimates

In this section we treat estimation problems by minimum distance
methods, using a general theory of quadratic forms in asymptotically
normal variables. This theory contains minimum y? methods as a particu-
lar case.

We observe a sequence of d-dimensional random vectors Z, whose
distribution depends upon a k-dimensional parameter @ lying in a param-
eter space © assumed to be a nonempty open subset of R* where k < d.
It is given that the Z, are asymptotically normal;

Vn (Z, - A(8)) S70,C(8)), (1)

where A(0Q) is a d vector and C(0) is a d X d covariance matrix for all
0 € 0. We make two assumptions on A(0):

A(0) is bicontinuous (that is, 0, — 0 < A(0,) — A(0)), (2)
A(8) has a continuous first partial derivative, A(9), of full rank k. (3)

We measure the distance of Z, to A(0) through a quadratic form of the

type
0:(9) = n(Z, — A(8)) M(8)(Z, — A(9)), (4)
where M(0) is a d X d covariance matrix. We assume
M(0) is continuous in  and uniformaly bounded below in the sense

that for some constant a > 0 we have M(0) > alforall 8 € ©.

(%)
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A minimum x? estimate is a value of @, depending on Z,, that
minimizes Q,(0). With only the above assumptions, a minimum 2 esti-
rmate may not exist. We avoid the existence question by defining 0%(Z,) to
be a minimum x? sequence if

£\ _ i LR
0.(0%) - inf 0,(0) 50,

whatever be the true value of 0 € 0.

The main theorem states that every such minimum x? sequencc is
asymptotically normal, and we find the choice of M satisfying (5) that gives
the minimum asymptotic covariance matrix uniformly for 6 € 0. We will
also see that when Z, is the vector of sufficient statistics from an
exponential family (thus including the multinomial distributions), the
resulting sequence of estimates is asymptotically equivalent to the maxi-
mum-likelihood estimate and is therefore asymptotically efficient.

As an illustrative example, consider Pearson’s x2. In the notation of
Section 9, d = ¢ is the number of cells, Z, = X,, is the vector of cell
relative frequencies, and A(0) = p(0) is the vector of cell probabilities,
written as a function of some k-dimensional parameter 0, k <c — 1.
Pearson’s x? is then exactly Q,(0) of (4), where M(0) = P~!(8) is the
diagonal matrix with the inverse cell probabilities down the diagonal.
Moreover, (1) is satisfied with covariance matrix

C(0) = M(0) ' — A(08)A(0)". (6)

The question arises: Can we obtain a better estimate using a matrix, M(0),
different from P~1(0)?

To simplify the notation of the main theorem, let @, denote the true
value of the parameter, and let A, M, and C denote A(GO), M(0,), and
C(0,), respectively. The proof is deferred to the end of this section.

‘THEOREM 23. For any minimum x* sequence, Vn(0* — 8,) .40, 3),
Where

X — (ATMA) ATMCMA(ATMA) . )

The problem now is to choose M to get the smallest asymptotic
covariance matrix for vn (0% — @,). Let %(M) denote this matrix as a
function of M.

COROLLARY. If there is a nonsingular d X d matrix M, such that CM,A = A,
then 3(M,) = (ATM,A)"'. Moreover,

3(M,) <2(M), forallM.
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Prodf.
3(My) = (AM,A) ATMCMOA(ATM,A) " = (Arm,4)

Moreover,
.. L1 . /s -1 T
0 < (MAGAMA) ' — MoA(ATM,A) )
X C(MA(ATMA) " — MoA(ATM,A) )
- (AMA) 'ATMCMAGATMA) ' - (ATM,A) " = S(M) - 3(M,). ®

Note: If Cis nonsmgular then one may choose M, = C™! to obtain the
best asymptotic covariance. More generally, the condition CM, A=A
implies that the columns of A are in the range space of C. Conversely, if
there exists a matrix X such that CX = A then M, may be chosen as any
generalized inverse of C. [A generalized inverse of a matrix C is a matrix
C~ such that CC™C = C. Such inverses exist and one may construct them
to be nonsingular; see the Rao (1973) Section 1b.5).] For if M, is a
generalized inverse of C and if CX = A then CM,A = CM,CX =CX = A
Thus, the assumption of the existence of a matrix M, such that CM,A =A
is equivalent to the assumption that the columns of A are in the range of
C, and then M, may be taken as any generalized inverse of C.

Pearson’s x provides an example where C is not invertible. We have
C=P —pp’ and A = (3/90)p. If we take M, = P~, then

CMOA =(I- ppTP'l)A = (I- plT)A,

where 1 is the vector of all 1’s. But
. d 9 d 4 d
A=Y —p.(0) = — (0) =—1=0,
Y5920 = 56 289 = 75

so that CM,A = A. Thus, Pearson’s choice of M, = P~! leads to the
smallest asymptotic covariance matrix for va (* — 0,).

EXAMPLE 1. The Exponential Family. Let X,,..., X, be ii.d. with density
f(xlm) = h(x) exp{n"T(x) — o(w)}
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with respect to dv(x) where T(x) and = are d-dimensional vectors, and

o(m) = log [h(x) exp({m"T(x)} dv(x)

is assumed to exist in an open set in R¢. Then, E_T(X) = ¢(w)" and
var, T(X) = §(w). Let Z, = (1/n) L] T(X)) so that from the Central
Limit Theorem, vVn (z, — o(m)") g»/1’(0, (). Since the parameter
space contains an open set in R?, ¢ is nonsingular and we chocse

0u(m) =n(Zy — $(m)7) 6(m) (2, — é(w)")

1f = is allowed to range over the entire natural parameter space, then
Q,(w) has minimum value zero at Z, = ¢(), so that the minimum 2
estimates are identical to the maximum-likelihood estimates. This is essen-
tially the class of distributions for which the minimum x? estimates are
the same as the maximum-likelibood estimates. It contains the Pearson’s
x? since the multinomial distribution is an exponential family.

If = is restricted, say to be a function of 0, then the MLE and minimum
X ? estimates may not be equal. However, they have the same asymptotic
covariance matrix. (See Exercise 1.)

Generalized x’s
A. Modified x?. If the matrix M is allowed to depend on Z,, the
resulting quadratic form,

0,(0) = n(Z, — A(8)) M(Z,, 0)(Z, — A(0)),

is known as modified x?, and the value that minimizes Q,(0) is a
minimum modified y2 estimate. Neyman’s x? = L[(obs — exp)?/obs] is
an example. If condition (5) is replaced by the condition that M(z, 8) be
jointly continuous in (z, 0) and uniformly bounded below, then the mini-
mum modified y? estimates are asymptotically equivalent to the minimum
x? estimates obtained from the above quadratic form with M(Z,, 0),
replaced by its limit M(A(@), 8). When M(Z,, 8) is chosen independent of
O, it is usually easier to compute the estimates.

ExaMPLE 2. Consider Pearson’s y 2 with three cells and probabilities depend-
ing on a real parameter 8 linearly, say, p,(8) =1 — 6, p(8) =% - 6,
and p,(8) = 26, where 0 < 6 < 1,

. (m=n(3=80)  (n,-n(E-0)) (1 -2n0)
B n(3 — 6) - n(3 - 6) - 2ng
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Taking a derivative with respect to 6 and setting it to ( jeads to a
sixth-degree polynomial equation in §. With a Neyman x?2,

o (mnG o) (m=nG -0 (m - 2npy
n n, ns )

the same cperation results in a linear equation for 6.

B. Transformed x*. Let g: R - R? have continuous first derivative g of
full rank. Then, by Cramér’s Theorem,

v (8(Z,) — (A(8))) S0, 5(A(8))C(0)(A(8))")

and

0,(0) = n(g(Z,) — g(A(8))) [#(A(8))"'M(0)&(A(6)) '] (2(Z,) — g(A(8)))

leads to minimum y? estimates with the same asymptotic distribution as
that for the untransformed x? found in Theorem 23, and is optimized by
the same choice of M. One may combine modification and transformation
by replacing the matrix in brackets by an estimate. Sometimes the function
g may be chosen so that g(A(@)) is linear in 0.

ExampLE 3. Consider a bioassay problem with response curve F(x|0), with
n samples at each of the levels x,,...,x,. Let n,,...,n, denote the
number of responses at these levels, respectively. We form the y?:

(ny — nF(x,l()))2 ((" —n;) —n(1 - F(xJ-IO)))Z
nF(x;10) n(1 - F(x;l0))

d
x1=2
1

é (n, —nF(x10)) ni ((n;/n) — F(x,18))’

nF(x;10)(1 — F(x,10)) T F(x,|0)(1 - F(x;le))

Note the way a Pearson’s y? of two cells reduces to a single term.

If F(x|0) is logistic, F(x|0) =(1 + exp{—(a + Bx)})~' where 0 =
(a, B), it becomes a tedious task to compute the minimum y? estimates
of @ and B. However, the transformation logit( p) = log(p /(1 — p)) makes
g(F(x|0)) linear: logit( F(x|0)) = a + Bx. Because

dl ) 1
—logit( p) = ————,
dp p(1—p)
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the transformed y® becomes

d

xt= nZF(x,lG)(l - F(x,l()))(logit(%) - logit(F(lee)))z.

1

Using the process of modification, we obtain Berkson’s logit x*:

2

logit % = n}:: %(1 - %)(logit(%} —(a+ ij)) .

C. Expansion of x? about subefficient estimates. As in the computation of
the MLE, one may improve easily computable but subefficient estimates
by an application of Newtcn’s method. To find minimum x? estimates,
one ordinarily seeks a solution of d,/d6(Q,(0)) = 0. In applying Newton’s
method, several simplifications may be made. First in taking the derivative
cf Q,(0), one may pretend that M(0) does nct depend on 0. This is
equivalent to using modified x? by replacing M(0) by an estimate, taking
a derivative, and then replacing the estimate by M(0). Thus we may work
with the equation

A(0)"M(0)(Z, — A(0)) = 0.

Second, the equation may be modified by replacing A(8)"M(8) by an
estimate.

ExXaMPLE 4. In estimating the bacterial density of a liquid, the usual
experiment shows whether a given cubic centimeter of the liquid contains
no bacteria or at least one bacterium. If  denotes the bacterial density,
the number of bacteria in a cubic centimeter is assumed to have a Poisson
distribution with parameter 6. The probability of success (no bacteria) in a
single trial is then e~?. In estimating bacterial density by the dilution
method, the liquid is successively diluted to several dilution levels,
X,,..., X4 and n trials are carried out at each level. At dilution x;, the
probability of success is exp{— 6x,}. This leads to a y* of the form of
Example 3 with F(x!8) = exp{— 6x},

Y=y /) exp{ -~ 0x))°
v exp{—6x}(1 — exp{~6x}})’

where n; = the number out of n samples that show no bacteria at level x;.
Pretending the denominator does not depend on 6 and taking derivatives,
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we obtain the equations

d ((nj/n) - exp{—Oxj})xj
2n; (1 — exp{—6x})

= 0.

Provided n, + n, we may replace the denominator by (1 — (x;/n)). -

D. Linearization of the side conditions. [Neyman (1949)]. In minimizing
0., A" = (ay,..., a,) may be considered as a vector of parameters subject
to restrictions, called side conditions, due to the dependence of A on 0. If
there are k independent parameters, there are d — k side conditions on
the a’s: f(ay,...,a,) =0 for j=1,...,d — k. One may then minimize
Q, subject to these side conditions by the method of Lagrange multipliers.
A simpler procedure is to minimize Q, subject to the linearized con-
straints, that 1s, the first two terms of the Taylor-series expansion of the ],
about Z,. The problem then only requires solution of linear equations.

EXAMPLE 5. In the log-linear model with multinomial sampling of sample
size n and c cells, the cell probabilities p,,..., p, are assumed to be of
the form

k
p; = exp{()o + Zx,.,e,}, fori=1,...,c,
j=1

where the x;; are known numbers. It is simpler to work with transformed
x” with each cell transformed by g(z) = log 2, g'(z) = 1/z, and modified
so that

0, - ni(log(n.m  1og( p))'(ni/n) = Z( ~a)n,,

where a, =log p,= 6, + L x,;6, and z = log(n;/n). Although Q, is
quadratic in the 6%, the constraint 1= X p, = L{ exp{qa;} makes the

problem nonlinear. The expansion of this constraint about z gives
[4
1= Yexpla} ~ X exp{z} + L exp{z}(a - 2;).
1

Because L exp{z;} = E(n;/n) = 1, the constraint is L n;a, = T n,z,, which

171
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can be solved for

1 1 ¥ ¢
90:;‘2"121_;2 an U]

j=

—
"
—

T herefore,

i ¢ k
a = ; Znizl + Z (xu Z Xy
1 =1

mln }J

and the minimum transformed x? estimates may be found by solving the
linear equations,

[

d c n,
—Qn: —2Zni(zl_ai) X~ Z _x :O7 fOI’j=1,...,k.
86} i=1 !

mln

Unfortunately, the resulting a; do not quite satisfy the original con-
straint, L{exp{a} = 1. If it is desired to have this equation satisfied
exactly, we may modify the estimates as follows. Find & so that I{ exp{a,}
= exp(8}, and replace 6, by 6, — 6. The resulting estimate satisfies

{ p; = 1, and is still asymptotically efficient.

Proof of the Main Result. We precede the proof of Theorem 23 by some

lemmas With 0, denoting the true value of @, we have Vn(Z, -

A(0,)) 5 .10, C), where C = C(8,). We use the metric ||| in R¢ given by
x|l = x”M(0,)x = x” Mx.

We say a sequence of random vectors, V,, is tight if for every & > 0 there

» n’

exists r, such that P{{[V || <r} > 1 — ¢ for all n sufficiently large.
Lemma 1. Vn(Z, — A(0%)) is tight.

Proof. Let & > 0. Find r > 0 such that P(ynllZ, — A@ )l <7} > 1 —¢/2
for n sufficiently large. Since

P 0%) — inf <er>1-¢/2
{0.(02) — inf 0,(8) <6} >1-¢/
for n sufficiently large, we also have for n sufficiently large,

PV |z, - AB) | <r,  Q,(07) ~ inf 0,(0) <) >1-e.
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Because M(0) is uniformly bounded below, we can find & > 0 such that
M(6) > 5M(0,) for all 8 € ©. The lemma then follows from the implica-
tion

n|Z, — A(8,)|* <r* and Q,(0F) - inf 0,(0) <&
= n|Z, - A8})[" < (1/8)Q,(87)  [since 5M(6,) > M(0)]
< (1/8)( inf 0,(8) +¢) < (1/a)(Q(8,) + &)
= (1/8)(nl1Z, - A(8) | +¢)
<(/8)(r*+e)=r2 |
COROLLARY L. Vr (A(0*) — A(,)) is tight.
Proof. Vi (AGBY) — AB,)) = VR (Z, — AB,)) — VA (Z, — AG2). m

P
COROLLARY 2. 07 — @,

Proof. This follows since A(6}) LR A(0,) and A is bicontinuous. W

Let I denote the projection onto the range space of A using the metrlc,
k!> = x"Mx. In other words, IIx = Ay where y minimizes |lx — Ayl|* for
y € R*. We find II as follows.

a . d . T . . .
2 _ _ _ AT _ _
3-;||x — Ayl = a—y(x—Ay) M(x - Ay) = ~24"M(x — Ay) =0
= ATMAy = A" M.
Smce A has full rank and M is nonsingular, A" MA is nonsingular so that
= (A"MA)~ A" Mx. Hence

.. e
I1 = A(ATMA) A™M

Lemma 2. Y (IIZ, — A(6%)) 5 0.
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Proof. Picture:

N

n

|HZ
- Y

A( OHN
A(6,)

Let & > 0. Using continuous differentiability and bicontinuity of A(@), we
muay find 8 > 0 such that

|ace) - A(o,) — A7(8 - 8,) || < e]|A(0) — A8,

provided |A(8) — A(@,)|| < 8. Since 0* > @,, Q.(6*) comes arbitrarily

close to |Z, — A(6*)|I* with high probability for n large. From this we
may conclude that

|acex) — A(o,) — AT(0F — 8,)] < ]| A(8%) — A(8,)]|

whenever [|Z, — A(0)Il < 8/3, say, with high probability for n large. Let
d, =\Z, - IZ,| and ¢, = £[|A(8%) — A(0)Il. Then (IZ, — A0}l < d,
+ &, because there is at least one point A(@) this close to Z,. Moreover,

Iz, - DA | < (d, + 6,)" = (d, + 5,)" = 4,8,

and hence
Iz, - A83)| < e, + (4d,e,)""".
Now since both \/rTIIA(O:) — A(0,)l| and \/rTHZ,, — MZ,|| are tight, we have
that Vn[lIZ, — A(0*)|| is bounded by Ve times something tight.
|

Proof of Theorem 23. Expand A(0%) about 0,:

A(BF) — A(8) = ['A(8, + M(8% — 8,)) dA(8} — 0,)

0

= A*(07)(67 — 8,).

Since 0} RN 0, and A(@) is continuous, A*(0F) LA Therefore, for n
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sufficiently large, A*(0}) has full rank k, so that
-1
Vn (8 — 8,) = (A*(65) MA*(0})) A*(0}) My (A(6F) - A(e,)).
From Lemma 2,

Vn (A(6}) — A(0y)) ~ Vn TI(Z, — A(0,)),

and since
V' (Z, - A(8,)) S0, 0),
we have
Vit (A(0F) — A(8,)) S.#(0, TICIT).
Hence

Vi (0% - 0,) S 4{0, (AMA) "ATMITCII MAGATMA) ).

Writing IT = A(A"MA)~'A” M and simplifying gives the 3 of the theorem.
|

EXERCISES

1. Prove the last statement of Example 1 when 6 is a one-dimensional
parameter such that (@) has continuous derivatives.

2. In Example 2 assume n = 100, n, = 20, n, = 50, n; = 30, and find
(a) the minimum y? estimate,

(b) the minimum modified y? estimate, and

(c) the MLE.

3. (a) For the response curve F(x|0) = ®(a + Bx), where ®(x) is the
distribution function of the standard normal distribution, find the
linearizing transformation, call it probit (p), and find the resulting
modified transformed x2.

(b) For the Cauchy response curve F(x|9) = (1 /7 Xarctan(a + Bx) +
7/2), find the linearizing transformation, give it a nice catchy
name, and find the resulting modified transformed x2.

4. As a given instance of estimating bacterial density by the dilution
method, suppose there are three dilution levels, x, = 1, x, = 3, and
X, = 4, and suppose we have a sample of size n = 10 at each level.
Given the data n, =0, n, =4, and n, = 8, find the minimum x*
estimate of 6 as indicated in Example 4.
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5. In Example S, suppose ¢ = 3 and k = 1, with a, = 6,, a, = 6, + 6,,
a; =0y — 0,. If n, =30, n, =20, and n, = 50, {ind the resulting
estimate adjusted so that & p, = 1.

6. Let Y,,...,Y, be iid. d-dimensional random vectors with mean A(0)
and covariance matrix C(0). The parameter space is the open square

={(6,,86,): 0<0,<7/2,0<86,< m/2}. Write A(0) =
(p0),..., n, (8)) and

ol(8) g
co-| 1 TP
i 0 0 0,,2&0)_

where for some numbers 0 <x; <1, u(0) = sin(6,x; - 6,) and
0,2(8) = cos’(6,x, — 8,).
(a) Find some asymptotlcally optimal minimum x? estimates 91, 92 as
explicit functions of the x; and Y,.
(b) What is the asymptotic i ioint distribution of (8,, 6,)?
(c) If xy,..., x, may be chosen by the experimenter, how should they
be chosen subject to 0 < x; < 1?7
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General Chi-Square Tests

We treat the general theory of x? tests, give applications to the
ireatment of contingency tables, and consider the more general problem
of testing against restricted alternatives. We make the general assump-
tions of Section 23, and we choose M(8) to be a nonsingular generalized
inverse of C(@). Therefore, our assumptions are

() Vi (Z, - AB,)) S.410,C0,), Z € R%, 8, € © open < RF.

(2) A(0) is bicontinuous; A(0) is continuous and has full rank k < d.

(3) M(0) is continuous nonsingular and there exists a > 0 such that
M(0) > al for all 0 € ©. ) ]

(4) C(O)IM(0)C(0) = C(0) and C(0)M(0)A(0) = A(0).

Our main objective is to find the asymptotic distribution of Q,(0%),
where Q, is the quadratic form

0,(8) = n(Z, — A(8)) M(8)(Z, - A(8)),

and 0* is a minimum x? sequence. Under the above assumptlons the
results of the prev1ous section show that any minimum x> sequence
satisfies Vi (0% — 0,) 5.0, (ATMA)™!), where A = A(@,) and M =
M(0,). The statistic Q,(0%) may be used as a goodness-of-fit test of the
model by rejecting the model when Q,(0%) is too large.

THEOREM 24. Under assumptions (1)—~(4), Q,(0%) = X2, where v is the
rank of the matrix C(0).

163
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Proof. From Lemma 2 of Section 23, vn (A(8*) — A(8,)) ~ VnII(Z, —
A(8,)), where IT = A(ATMA)~'A"M. Hence,

Vn(Z, - A(8})) = Vn(Z, — A(8;)) — Vn (A(6}) — A(8))
~ Vn (1 M)(Z, - A(8,)).

Since -./;z_(Z,, — A(0,)) EA Y €40, C) where C = C(0,), and since
M(6%) - M, we may conclude

Q,(07) SYT(1- )M - Y - WW

where W = M'/2(I-II)Y €418, %) and % = M'/*(I ~ IDCA - M™M'/2,
From J.emma 3 of Section 8, it is sufficient to show that ¥ is a projection
of rank » — k. To show 3?2 = 3, first note that CMA = A implies CII"M
=M,sothat CA—IMM™™M=CM-II,and d-INCA-ID"™M=(I -
IT)CM. Similarly, M(I — ICI - I1)" = MC( - IT)". Hence using CMC
=C,

32 = MY2(1 - I)C(I - )" M(I - M)C(I - )" M7
= M!/2(I - M)CMC(I — 1) M2 = M'/2(1 - I)C(I - 1) 'M'/2
= 3.
Finally, noting that CM is a projection so that rank(CM) = trace(CM),
rank ¥ = trace 3 = trace(M'/2(I — II)C(I — IT)"M'/?)
= trace((I - I)C(I — I1)"M) = trace((I - IT)CM)
= trace(CM) — trace(IICM) = rank(CM) — trace(II)
= rank(C) —rank(Il) = v—-k. =
Power. We may use this result to test the model given by assumption (1)
by rejecting if Q,(8%) is too large. We may find an approximation to the

power of this test by finding the asymptotic distribution of Q,(0%) when
assumption (1) is changed to

1) Vr(Z, - A@®,)) 5 Y e, C(8,)).

Then Lemmas 1 and 2 of Section 23 are still valid, and in Theorem 24 one
can conclude

0,(0%) SYT(1- I)"™™M(I - Y = WTW,
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where W = M2(1 — IDY €e/M'/2(1 - I1)$, X). Thus from the lemma
of Section 10, Q,(6%) has asymptotically a noncentral y? distribution,
0.(8%) > x2 (), with noncentrality parameter A = 8"(I — II)" M(I —
I03o.

Note: These results are valid for an arbitrary minimum x? sequence,
*. This may be any of the minimum modified, transformed, et cetera x?*’s
f—they are all asymptotically equivalent. When sampling from an exponen-
tial family of distributions (like the multinomial), these estimates are also
asymptotically equivalent to maximum-likelihood estlmates

To be able to apply Theorem 24 to Pearson’s X we should check that
M = P! is a generalized inverse of C = P — pp’. (We have not needed
this before.) This follows from

CMC = (I1-pp"P!)C = (1 - p1")(P — pp”)
= P —pI"P — pp” + p(1'p)p”
=P—pp’ —pp’ +pp’ =C.

EXAMPLE 1. A contingency table. Samples of size n are chosen from each of
r populations, each observation resulting in one of ¢ possible outcomes or
cells. Let p,, represent the probability that an observation from the ith
population results in the jth outcome, and let n; i be the total number of
such observations. We have

c (o
;lp,.j=1 and Y,n;=n, foralli=1,...,r

j=1
To test the hypothesis of homogeneity of the populations
Hy: pj = m;, for all i and j,

where the m; are unknown numbers such that £f r, = 1, we form the X2

0.(w) = ¥ }:————("" )

i= 1 j=1 J

When H, is true, Q,(w*) will have, for large n, an approximate x2
distribution. The degrees of freedom may be calculated as follows. For
each i, Z¢_,(n;; - nm, ;)2 /nar; is an ordinary X with (¢ — 1) d.f. The sum
of r 1ndependent x?’s of thlS type gives a x? with r(c — 1) df. There are
¢ — 1 independent ;. When we estimate them, we lose ¢ — 1 d.f. ending
with r(c — 1) = (c — 1) =(r—1c—-1Ddf
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To find a minimum x? sequence, we may use Lagrange multipliers.
Taking derivatives of Q,(w) + AX{ 7, — 1) pretending the denominators
in Q,(w) do not depend on 1, we obtain

—i—(Q"(w) + A i’n’j - 1))
1

(971']
' —2n(n, — nmw
=Y (", ’)+A—O, forj=1,...,¢c
i1 n,
This leads to
1 é A . 2
— n,=—+4+r or mw = n,.
nm ;37 2n oA+ 2

The constraint Yf7* = 1 then gives 7 = (1/nr)n, = average relative
frequency of cell j. These are, in fact, the maximum-likelihood estimates

for this problem. We reject H; if

(nij/n - (l/nr)n,j)2 \

(l/nr) n, > X(-1(c=1y;a-

Ou(m*) =n X

To find the power at an arbitrary point (p;;), we must compute the
noncentrality parameter. This is done by replacing n;;/n whenever it
occurs in @, (w*) by p;;:

B (pij - (1/")17-;')2
A—";? (1/")17-1 .

If (p;;) are the true values of the parameters, then the distribution of
Q,(w*) is approximately the x(. -1, (A) distribution.

Testing Against Restricted Alternatives. The tests discussed above are de-
signed to be good against all alternatives. One can obtain a more sensitive
test when it is known that the alternatives lie in some restricted class.
Suppose that 8 is known to lie in @, an open set in R*, and that it is
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desired to test H,: 8 € @, an open smooth submanifold of @ of dimen-
sion k —r (r represents the number of restrictions under H,). It is
reasonable to reject H, if @ is much better at explaining the data than is
@,, where the minimum x? value may be used as a measure of how good
the explanation is. This test rejects H,, if

inf Q,(0) — 1nf 0.(9)

806,

is too large, or, equ1valently, if Q.(6%) -0, (0 ) is too large, where 6*
and 0 are minimum y? sequences under @, and O, respectively.

Let 0, denote the true value of 0, and suppose 0, € @,. Let T, and T
denote the tangent planes to A(8) for 6 € @, and 6 € O, respectlvely,
and let TI, and IT denote the projections along the metric [Ix|I* = x"Mx to
the planes T, and T, respectively. Then

(6.

~ (X = ) (Z, — A(8)) | — nll(X ~ T)(Z, - A(8,))|

Q.(8%) — 0(8,)

2

= n||(II = ,)(Z, — A(8g)) "2

Z, — A(6,)

>

(Z, — A6,))

(Z, — A(6,)
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Since IT and Il are projections and IIII; = II,II = II,, it follows that
(X1 - II,) is a projection and that

rank(Il — ) = trace(Il — II,) = trace I1 — trace II,
=k—-(k—r)=r.

Hence Q,(6%) — 0,(8,) 5 x2. Note that 0,(6%) — 0,(8,) and Q,(6,)
are asymptotically independent. Thus, Q,(0,) provides an independent
check on the validity of the model.

ExamPLE 2. Humans may be classified into one of four blood phenotypes:
O, A, B, and AB. Inheritance into these groups is controlled through three
aileles; O, A, and B, at one locus, with O recessive to both A and B. The
general theory predicts that the four blood phenotypes, O: A: B: AB,
occur in the proportions p?: g2 + 2pq: r* + 2pr: 2qr, where p, g, and r
are the relative frequencies of the alleles O, A, and B, respectively, in the
whole population, and p + g +r = 1. It is desired to test the hypothesis
that p=3, ¢ =13, and r = 1, based on a sample of size 770 with the
observed frequencies: 180, 360, 132, 98, of the four blood types; O, A, B,
AB, respectively.

The null hypothesis is simple, so if we were testing against all alterna-
tives, we would reject if x2 > x2 g5, Where

(180 — 770(0.25))° (360 — 770(0.444))°

2
+
770(0.25) 770(0.444)

(132 — 770(0.194))> (98 — 770(0.111))’
+
770(0.194) 770(0.111)

(180 — 193) (360 — 342)°
= +
193 342

132 — 149)? 98 — 85)°
+( )+( )

149 85 > B

Since x2 05 = 7.815, we accept H, at the 5% level.
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However, we should be testing against the restricted alternative that the
four cell probabilities are p*: g* + 2pq: r* + 2pr: 2qr for some p, g, and
r that sum to 1. Hence we should first subtract Q,(8,) where 6, repre-
sents minimum y? estimates of p, g, r. These estimates may be computed
by numerical methods. They turn out to be about p = 0.47, § = 0.36,
7= 0.17, and

A (180 — 170)> (360 — 361)°
= +
0x(8) 170 361

(132 ~ 146)> (98 ~ 94)’
+ + =

10.
146 94 210

We reject at the 5% level if the difference, x> — Q,(8,), is greater than
XZoos- In this case, 5.73 — 2.10 = 3.63 < x7 445 = 5.99, s0 we do not
reject. Note that Q,(6,) is exactly the xy?> we would use to test the
hypothesis that the blood types have the given relative frequencies for
some p,q,r. It provides an independent check on the validity of the
general theory for this population. It has 1 degree of freedom.

EXERCISES

1. Consider three hypotheses about a given die with probabilities p; that
side j comes up forj = 1,...,6.

H,: The die is fair; that is, p; = § for all j.

H;: The die has been shaved slightly so that opposite faces come up
with equal probability; that is, H;: p; = ps. p» = Ps, P3 = Ps-

H: The probabilities p; are completely arbitrary.
The die was tossed 120 times with the following results: n, = 10,
n, =24, ny =20, n, =26, ng =24, ng= 16, where n; is the
number of times side j came up.

(a) Test H, vs H at the 5% level.

(b) Test H, vs H at the 5% level.

(c) Test Hy, vs H, at the 5% level.

(d) Find the power for each of the above tests at the alternative
P1=P2=P3=Ps= 5 Ps=Ps = i-

2. A sample of 200 married couples was taken from a certain population.
Husbands and wives were interviewed separately to determine whether
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their main source of news was from the newspapers, radio, or televi-
sion. The results may be found in the following table.

Husband
Papers Radio TV
Papers 15 6 10
Wife Radio 11 10 20
TV 23 15 90

Let p,, denote the probability that a randomly selected couple will fall

in cell (i, j). Perform the following tests at the 5% level.

(a) Test Hy: p,, = p;; for all i and j (symmetry).

(b) Test Hy: p,; =p;p; for some p, +p, + p; =1 (symmetry and
independence).

(c) Test H, against H,.

3. N balls are distributed at random in to 7 X J cells, where cell (i, j) has
probability p; >0, i=1,...,I, j=1,....,J, L,L p, =1 Let n,
represent the number of balls that fall in cell (i, ), ¥, L; n,; = N:

(a) Find the x* test of the hypothesis H: L, p;; = 1/I,fori=1,..., L
How many degrees of freedom?
(b) Find the x? test of the hypothesis Hy: p;, is independent of i (that

i, pjj=py = - =py for j=1,...,J). How many degrees of
freedom?

(c) Find the x? test of H, against H — H,. How many degrees of
freedom?

4. Consider a three-factor contingency table with probabilities p;,, for
cell (i,j,k)fori=1,...,1,j=1,...,J,and k=1,..., K, such that
LT pi = L Suppose a sample of size N is taken and let ik
denote the number of observations that fall in cell (i, j, k). Find the X
tests of the following hypotheses. Find the maximum-likelihood esti-
mates and the degrees of freedom.

(@) Hy: pijx = pigii (three-way independence)

() Hy: pj = P9 (independence of the first factor from the
other two)

() Hy: pijx = ™4, where the 7; are known
(the first factor has a given probability
vector and is independent of the other two)

(d) Hy: pije = piwgj’e  (conditional independence of the first two
factors given the third)

(e) Hy: pijx = p;iq;Ty;;  (marginal independence of the first two

factors)
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5. To test the effectiveness of five different insecticide treatments T'1, T2,
T3, T4, TS, for the control of two species of ticks, S1, 52, cattle were
chosen at random and randomly assigned treatments. After tr€atment,
the hides were inspected for the presence of living and dead ticks. The
data are as follows.

S1 S2
killed not killed killed not killed
11 30 20 42 35
T2 42 11 41 20
T3 63 51 22 18
T4 20 41 12 31
T5 11 17 21 31

(a) Test the hypothesis at the 5% level that there is no difference
between the species with regard to these treatments; that is, test
Hy: p, = m fori= 1...,5 where p,,..., ps are the probabilities
of death for species S1, and my,..., s are the probabilities of
death for species S2. (Use modified x2.)

(b) Find the approximate power of this test at the alternative p; = ;
+0.1,i=123,4)5.



Appendix

SOLUTIONS TO THE EXERCISES OF SECTION 1

1. Since I'(1 + 1/n) = (1/n)I'(1/n), we have I'(1/n) ~ n. If f,(x) repre-
sents the density of ®e(1/n,1/n), then f(x) ~x (1 —x)~!/(2n).
Hence, for any small € > 0, P(e < X, <1 — &) — 0. Since by symme-
try, P(X, < &) = P(X, > 1 — €), we have that P(X, < ¢) - 3 for all
0 < & < 1. Thus, F,(x) converges to the distribution function of X for
all x #+ 0, x # 1 showing that X, converges in law to X.

For a # B, the symmetry argument does not work, so instead we
compute

P(X, <€) = [f,(x) ds

(IB €
~ (a/m-1¢(1 — (B/n)-1 dx
n(a + B) j(;x (1=x)

(IB €
L A— (a/n)—1
- n(a+B)fox dx

= (B/(a+B))e*" = B/(a+B).
Similarly, P(X, > 1 — &) > (a/(a + B)e?/" - a/(a + B), and be-
cause the sum of these two pieces is no greater than 1, we must have
P(X, <€) — B/(a+ B). This implies that X, converges in law to
Z(1, B/(a + B)).
2. P(X, <x)=k/n where k/n <x < (k + 1)/n. Then, since |k/n — xl
< 1/n, we have P(X, < x) — x, showing that X, converges in law to
X where X is (0, 1).
From the information given, one cannot tell whether X, converges in
probability to X because the joint distribution of X, and X has not
been defined.

172
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3. (a) Suppose that 0 <r<s and E|X|' <« By Holder’s inequality,
EZ? < (EZ)* for any random variable Z > 0 and any 0 <p < 1.
Replace Z by |X, — X|° and p by r/s, and find

ElX, - XI" < (EIX, — XI')”.

Thus, E|X, — X|’ < « implies E|X, — X|" < c.
(b) The same inequality shows-that E|X, — X|° = 0 implies E|X, —
X" - 0.

4. If X, = n with probability 1/n* and X, = 0 otherwise, then E|X,| =
1/n = 0 and E|X,|* = 1 for all n.

5. In one dimension, E(X, — w)* = var(X,) + (EX, — n)? So if EX —
p and var(X,) — 0, then E(X, — w)*> — 0. Conversely, if E(X, — u)?
— 0. then var(X,) < E(X, — w)* = 0 and (EX, — p)* < E(X, — w)?
- 0.

In d dimensions, the same proof works treating each summand of
(X, - WX, — w) =L (X, — ) separately.

6. Let € > 0, and find an integer k such that 1/k <e/2. Since F is

continuous, we can find numbers x; such that F(x;) =j/k, for j =

1,...,k — 1. Since Fy(x;) = F(x;) as n — «, we can find N; such that
for n > N, we have IF,,(xj) - F(x;)| < 1/k. Let N =
max{Ny,...,N,_1}. If n> N and x, <x <x;,,, then

F(x) < F(xj41) < F(xj41) + 1/k <F(x) +2/k.
Similarly,
F(x) 2 F(x;) 2 F(x;) —1/k 2 F(x) — 2/k.

Hence, if n > N, |F,(x) — F(x)| < 2/k < € for all x.

7. (a) Note that 0 < X, <X, < -+ <lim,_, X, = X. This shows that
EX, < EX, so that limsup EX, < EX. From the Fatou-Lebesgue
Lemma with Y = 0, we have liminf EX, > EX. Combining these
two inequalities gives lim EX, = EX.

(b) If |X,| <Y, then we have —Y < —X,. So, assuming X, - X,
the Fatou-Lebesgue Lemma gives liminf E(—X,) > E(—-X) or,
equivalently, limsup EX, < EX. We also have ~Y < X, so again
from the Fatou-Lebesgue Lemma, liminf EX, > EX. Combining
these two inequalities gives lim EX, = EX.

SOLUTICNS TO THE EXERCISES OF SECTION 2

1. (@) E|X,|" < if and only if r < a. Therefore E|X,/n|" = EIX,|"/
n" — (O if and only if r < a.
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(b) We are to show that P(1X,/n| > ¢ i.0.) = 0 for every € > 0. By
the Borel-Cantelli Lemma, this holds provided L, P(|X,/n| > &)
< o for every ¢ > 0. Now P(X, > ne) = 1 for ne < 1, while for
n>1/e,

P(X, > ne) = f ax™ D dy = (ne) °
ne
Thus, the series L, P(X, > ne) converges for all ¢ > 0 if and only
if @ > 1. Hence X, /n converges almost surely to 0 if [and only if,
using Exercise 4(b) and the independence of the X,] a > 1.
2. L EIX, — X|" < =, then E|X, — X|" — 0, so that X, converges to X
in the rth mean. Moreover, from Chebyshev’s inequality, L P(|X, —
X| >e) <L E|IX, — XI'/e" <« for arbitrary & > 0, which implies
P(IX, — X| > € i.0.) = 0 using the Borel-Cantelli Lemma. Thus, X,
converges to X almost surely.
3. If X, does not converge in the rth mean to X, then there exists an
e > 0 such that

E|X, — X|" > & for some subsequence n'. (%)

Smce X, SN X, one can apply Theorem 2(d) and find a subsubsequence
of the subsequence n' such that X » 22, X. But from Theorem 2(b)
X 5 X, which contradicts (*). Slmllarly, from Theorem 2(c), X ,» — X
for r = 1, contradicting (*) for r = 1.
4. (@) Let Z € #(0,1), and let A, = {Z < 1/n}. Then P(A, i.0.) =0,
but L P(A4,) = Z(1/n) = .
(b) We will show P(A, finitely often) = 0

P(A, fo.) = P( Un A;.)

n j>n

]

lim P( N AC) because (1) A4 are nondecreasing

n—o

j>n j>n

= lim II P(Af), because the A are independent

n-—o j>pn

= lim II (1 - P(4;))

n-so j>n

< lim II exp{—P(4;)}, because1—x < exp{ —x}

n-—w j>n
= lim exp{— Y P(Aj)} =0,
n-e® j>n
since L;, , P(A4;) = o for all n.
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5. (a) For & > 0, P(|1X,| > &) <P(X, #0) = 1/n - 0. Hence, X, Son-
verges in probability to zero for all a.

(b) X, converges to 0 almost surely if and only if P(|X,| > ¢ i.0) =0
for all &€ > 0. Since the X, are independent, the Borel-Cantellj
Lemma and its converse, 4(b), implies that this js equivalent to
LP(lX,| > €) < forall € > 0. Since £1/n = o, we have that X
converges to zero almost surely if and only if a < 0. "

(c) EIX,|" =n*"(1/n) - 0 if and only if a« < 1/r.

6. @) If,(x) — g(x)| = f,(x) — g(x) + 2g(x) — f,(x))*. Hence,

J15u(x) = g(x)|dv(x)

= [(fulx) = g(x)) dv(x) +2[(8(x) - fu(x))" dv(x).

The first integral is zero since [f,(x) dv{x) = [g(x)dv(x) = 1. The
second term converges to zero by the Lebesgue Dominated Conver-
gence Theorem, since (g(x) — f,(x))* < g(x).

(b)
sup|P(X, € A) — P(X € A)|
y

[ (53) — () av(x)|

sup
A

IA

sup [ |£,(x) — g(x)|d(x)
A A

I

J1£.(x) = g(x)] d¥(x)

- 0.

7. Write |X,| = X} + X, where X = max{X,,0} and X, ={-X,)*.
From X, ~=> X we may conclude that X 2% X* and X, 2% X~
By Fatou’s Lemma, we have lim inf EX;f > EX* and liminf EX, > EX".
Therefore,

E|X| = lim E|X,| > liminf EX* + liminf EX; > EX*+ EX = E|X].

Since we have equality throughout, we must have lim EX; = EX*
and lim EX; = EX~. We may now apply Scheffé’s Theorem to the
positive and negative parts and conclude E|X;—X*| - 0 and
E|X, — X~ | - 0. The result then follows from E|X, - X| = E|(X}
- X - (X, - X)) <EIX;-X"| +EIX,-X"| - 0.

8. From the Schwartz inequality, E|X, X| < \}EXfEX 2. From EX? -
EX?, it follows that limsup, . E|X, X| < EX?. Hence, the Fatou-
Lebesgue Lemma implies E|X, X| - EX?2. From Exercise 7, E|X, X —
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X?| >0, and in particular, EX,X — EX2. The result now follows
from E(X, - X)* = EX? - 2EX, X + EX* > 0.

SOLUTIONS TO THE EXERCISES OF SECTION 3

1. (a) Let X, = X + (1/n). Then X, = X in law, yet Eg(X,) = P(0 <X

< 9) does not converge to Eg(X) = P(1 <X <9).
(b) g(x) = exp{—x?} is continuous and bounded so that Eg(X,) —

Eg(X).
(c) g(x) = sgn(cos(x)) is continuous at all points except + /2, +3m/2,
+57/2,... . None of these points is an integer; hence P(X €

C(g)) =1, and Eg(X,) - Eg(X).

(d) Let X, = X with probability (n — 1)/n and X, = n with probabil-
ity 1/n. Then X, — X in probability and hence in law; yet EX, =
((n—1/n)EX +n/n—> EX + 1.

2. Use characteristic functions. Since a'X, = a'X for every a,

Ty (t) > Pox(t), forallaand ¢
The result then follows from
Oy (a) = Eexplia’X,} = &5 (1) = Pyy(1) = Px(a)

for all a.
3. By Scheffé’s Useful Convergence Theorem, we have [[f,(x) —
f(x)ldv(x) = 0 as n —> =, Hence,

E(5(X,) - 5(X))| =

[e(x)(fu(x) = (%)) dv(x)
< [le(0)If(x) = f(x)|dv(x)

< Bf|f,(x) = f(x)|dv(x) > 0,

where B is a bound for |g(x)l.
4. (a) The characteristic function of &(n, p,) is

E exp(itS,} e"”'(;)p,{(l -p)"”
j=0

J

L (7)Y =m0 = (e +1-p)
j=0

n
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from the binomial theorem. The characteristic function of (\) is

llZ Z 6”16—/\)\}/}'_ e—-/\ Z (ell)‘) /}| _ e—-/\+/\e — exp{A(e” — 1)}
=0 =0

Let A, = np,. Then A, - A and

An ; An "
E exp{itS,} = (76” +1- 7)

= (1 + _)\L_e’;:_l)) - exp{A(e” — 1)},

so S, 2 Z from the Continuity Theorem.
(b) The same method may be used. The log of the characteristic
function of S, is

log E explitS,} = log 1_[ (1 +pe" - 1)) = Z log(1 + p;,(e” ~ 1)).
=1

The Taylor expansion of log(1 + z) for z in a neighborhood of 0 gives
log(1 + z) = z + zg(z), where g(z) is a continuous function such that
g(0) = 0. Since max; ., p,, = 0, we have g(p, (e — 1)) - 0 uniformly
in j. Hence, for all t as n —» o,

log Eexp(itS,} = L (pule” - 1) + pue’” = 1) g(pule” = 1))

j=1

= (" — 1)( gp,-n) +(e" = 1) X pag(pinle” - 1))

j=1
- A" - 1),

the log of the characteristic function of £(A).
. Let U; be iid #(0,1) random variables, and let X; = I(U; > 1 — p,).
Then, X,..., X, are independent Bernoulli trials with P(X; = 1) = p,
for i = 1,..., n. Now define Y; to have a &(p,) distribution: let Y; = 0
U <F@) and for k=1,2,... let Y, =k if F(k - 1) < U, < F(k),
where F represents the distribution function of Z(p,). Since P(X, =
0)=1-p; <exp(- p,) = P(Y, = 0), we have that Y, =0 whenever
X; =0 Let Z =LY,
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(1) To show |P(S, € A) — P(Z € A)| < P(S, # Z), suppose without
loss of generality that P(S, € A) > P(Z € A). Then,

P(S,€A) - P(Z€A) <P(S,€A4) —P(S,€Aand Z € A)
=P(S,€Aand Z ¢ A) <P(S, + Z).

Q) If S, # Z, then for at least one i, we have X; # Y,. Hence,

P(S, # 2) sP( Lnj (X #Y)
1

< Y P(X, +#Y).
1

B) PX, #Y)=1-PX, =0 -PY,=D=1-(1-p}) -
pi exp(—p,) = p;(1 — exp(—p,)) < p?. Combining these, we have

|P(S, €4) — P(Z € 4)| < P(S, # Z) < L.P(X, # V) < Lpb.
1 ]

SOLUTIONS TO THE EXERCISES OF SECTION 4

1. @) EB, = [Z(a + BzXz, — Z,)l/[L(z; — Z,)*] = B. (In fact, the
Gauss—Markov Theorem states that least-squares estimates are best
linear unbiased estimates.)

Zcrz(zj—i,,)2 _ o’

(B(z-zy) E(z-z)

Var( f&,,) =

Thus, B, converges in quadratic mean to 8, if and only if Lo
(7= 2,) > .
(b) Ea, = EX, — EB,Z, = (a + BZ,) — Bz, = a. We may write

A~ :_l_ _ (Zj_in)in
a, ZX;‘(” Z(Z,-—f,,)z)

and compute var(&,) = o*(1/n + 22 /2(z; — Z,)*). Hence, &, i
consistent in quadratic mean if and only if,

52
Zy

> (5~ 2,)

j=1

- 0.
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2. X, =€, X, = Be, + &, X;=B%, + Be, + &, et cetera. In gen-
eral, X, = ): g, B", ~J, and

%= (/) 5 e,87 = (/n) 5 ot - 877)/01 - p),

i=1)=1

Hence
EX, = (1/m)( u/(1 - B)) i(l - p)

= (1/n)(u/(1 = B))(n - B(1 = B") /(1 - B))
= /(1= B) — (Bu/n)((1 - B") /(1 - B)’) > u/(1 - B),

var( X, ) = (1/n2)i02(1 — it 1Y /(1 - Y < o2/n > 0,

and E(X, — p/(1 — B))? = var(X,) + (EX, — p/(1 — B))* - 0.
3. It is sufficient to show that var(X ) > 0as n o o

— 1 n n c n n
var(X,,) == Z Y. cov(X;, X)) < — Z Z Lol
i=1j=1 =1 =1

n;

Let & > 0 be arbitrary and find N so that |p;,| < & for all i and j such
that |i ~j| > N. Then in the double summation with n very large,
(n — N)? of the |p,;| are less than ¢ and the rest may be bounded by 1.
We obtain

var(X,) < [(n—N)s+(n—-(n-N) ]<s+ [N? +2N].
Thus for sufﬁcwntly large, we have var(X,) < 2, say, and since & is

arbitrary, the proof is complete.
4. The integral I is defined as

= lim [ (1/x) sin(2mx) dx = 0.153 .
zow )y

For I; to converge almost surely to I, we need [(1/Y)sin(27/Y)| to
have finite expectation when Y has a uniform distribution on [0, 1]. But

11 N (277)
—|sm| —
y y

so IA,, does not converge almost surely to 1. One cannot tell from the
theorem of this section whether or not I, converges to [ in probability.

E|(1/Y) sin(2m/Y)| = fo

o 1 )
dy = fl ;lsm(27rx)|dx = o,
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5. (@ For0<p <1,
H(px, + (1 = p)x,)
supg (8(px, + (1 — p)x,) — log M(6))
= sups (p[6x, — log M(6)] + (1 — p)[6x, — log M(6)])
< supy( p[0x, — log M(8)])
+sup,((1 = p)[ 6x, — log M(6)]) = pH () + (1 —p) H(xy)
(b) First note that at = 0, 9x — log M(6) = 0, so H(x) > 0 for all x.

Now, from Jensen’s inequality, since exp{6x} is convex in x for all
6, we have M(9) > exp{6u)}, or 6u — log M(6) < 0 for all 6. Thus,
H(u) = 0.

(c) For the normal distribution, Ay, 02) with o2 >0, M{9) =
EetX = ¢fr+0%0%/2 4 that log M(8) = 6u + 0202 /2. If ¢(0) =
9z — O — 0%9% /2, then ¢'(6) =z — u — 0?0 = 0 shows that ¢
has a maximum at 6 = (z — u)/o 2. Therefore,

, : 2
(z-p) (=) (z2-p
o? 2072 20
For the Poisson distribution, (1), A >0, we have M(0) =

exp{—A + Ae®). If @(8) = 6z + A — Ae®, then ¢(6) has its maxi-
mum at 6 = log(z/A) if z> 0, and at 6 = — if z < 0. Hence,

H(z) = zlog(z/A) + A -z, ifz2>0,
+°°’ le<0

with the convention that 0log0 = 0.

For the Bernoulli distribution, P(x = 1) = p and P(X =0) =
g=1—-p, 0<p<1 we have M(9) =pe®+gq. If @(8)=
0z — log(pe® + q), then @(6) has its maximum at 6 = log(zq /((1
—z)p)if0<z<l,at = —wif z<0,and at § = +if z> 1.
Hence

H(z) =

2
H(z) = ZlOg;+(1—z)log for0<z<1,

400, otherwise.
6. As in the proof of Chebyshev’s inequality,

Eexp{@)?,,} > Eexp{())?,,}l()?n >ute

> exp{6( p + s)}P()?,, > p+e),
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for all n and 9. Hence
P(X, > p+¢) < exp{ - 6( u + &) E exp{6X,,)

= exp(~6( 1 + £)} M(6/n)"

~ op|-n{ 20 o) ~tog ()

<exp{—nH(p + €)}.
7. (a) Since y > u, we have 6’ > 0. Hence,

Py(1X, —yl <5) = f fI(I)'c,, —yl < 8)e? it " *rIf( 1)

X oo f(xn) dxl dxn/M(a)n
< eo'n(y+s)p0(|}?n -yl < 8)/M(0)"
= exp{n(6(y + &) — log M(6)}Py(1X, — y| < &)
< exp{nH(y + 8)}P,(1X, —yl < 8).

(b) The left side of this inequality tends to 1 by the weak Law of Large
Numbers. Hence

P(X,> p+¢) 2 P(IX, -yl <)

> exp{ —nH(y + 8)} Py (1X, — yl < 8).
Hence

11m1nf-1— log P(X >+ s) > —H(y + 6)
n-owo N
Since & is an arbitrary positive number, this inequality holds in the
limit as & — 0. Since we are assuming H(x) to be continuous at
x = u + &, the result follows.
8. P(X,>1) =0 for all n, so P(X,>1)=exp{—nH(1*)}, because
H(1*) = o, P(X, > 1) = P(n successes) = p" = exp{n log p} =
exp{ —nH(1)}.

SOLUTIONS TO THE EXERCISES OF SECTION 5

1. (a)
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SO

2:=(‘91(1_‘91) “9192 )
— 0,6, 92(1 - 92)

The central limit theorem gives Vn (X, — ) A0, 3).

B)EX=0, ElX=0=¢?% varX= 0, va(l(X = 0)) = e (1 -
e %), and EXI(X = 0) = 0 so cov(X, I(X = 0)) = —6e"°. Hence,
Vn((X,, Z,) — (6,e%)) -'—?-;/V(O, ¥), where

( 9 —ge "

x= —0e™® e f(1—-e ")

2. EX; =0 and va(X) =j, so B2 =1L} =n(n+1)/2 Since |X|l
= \/_ with probablllty 1,

E{X1(1X;| > eB,)} =ji{\] > ¢B,} =jI{j > &*n(n + 1) /2}.
This is equal to zero forall1 <j <nwhenn +1> 2/82. Hence, for
all e > 0,

1 n
5 ;E{X,21(|Xj| > eB,)} =0,

for n > 2/6%. Thus, the Lindeberg condition is satisfied and
(1/B)L} X; 2 M0,1), which in turn implies that

X, S.m0,1).

3. Since var(X,) = o?, we have B2 = no?. The Central Limit Theorem
now follows, because the Lindeberg Condition is satisfied: For every
e >0,

; iE{Xj21(|X,.| )

no 1

1

=3 {X I(|X1| >sm/_)} - 0asn > ®,

4. If for all j, X; = +uv; with probability p, /2 each, and X, = 0 other-
wise, then EX = 0, and var(X )=1Iif p; uj =1. We want to choose
v and p; = l/u so that the L1ndeberg Condition is not satisfied:
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Here B? = n, so that we compute

S| =
B|r—t

liEXJ.ZI(IXJI > 8\/77) = i (u > 8\/_) il(uf > szn).
no 1 1

If we choose v? =j (so p, = 1/j), then this becomes approximately

(1/n)n — ¢ n) — (1 — €?) # 0. Thus the Lindeberg Condition is not
satisfied. But since max,_, o,2/B2=1/n—>0 as n - «, the
Lindeberg Condition is necessary and sufficient for asymptotic nor-
mality of Z,/B, = YnX,, so that yn X, does not converge in law to
A0, 1).

5. The mean and variance of T, are

n n
Ky = ETn = Z Ezanj =p Z an’
j=1 j=1

n n

of =var(T,) = Y var(z, X)) =a? ) 22,
j=1 j=1
Since T, — p,, = z, (X, — p), we use the Lindeberg-Feller The-
orem W1th X, z ( X p,) Thus, we have EX,; 0 var(X,;) =
0,5 = 0%z}, Zn =T — m,,and B2 =g¢? = 022" usmg the no-

tation of the theorem Therefore Z,/B, = (T, — p,,,)/a Z.m0,1)
provided the Lindeberg Condition is satisfied. Let € > 0. Then,

1
Bz Z E{ (anil 2 an)}

n j=1

=322z,,,E{(X Wil ;usz"—)}

n j=1

I/\

2
B? ZZ%}'E (Xj_”‘) I

n j=1

X, -l > ——
jT 2 maxlzl

jsn

Since the X; are identically distributed, the expectation does not
depend on j and so may be factored outside the summation sign.
Then the summation of z2; may be canceled by the same term in B,
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giving
1 n
B,?El E{X2I(IX,,| > ¢B,)}
1 ) eB,
S'U_ZE(Xl—IJ«)I|X1—M| ‘_'_lz_l
jsn

We are given that max, _, z2 /B? — 0, and since the variance of X|
is finite, this last expectation converges to zero. Thus the Lindeberg
Condition is satisfied.

6. The mean and variance of S, are ES, = L;_, ER, = L{1/k, and
var(§,) = L{ var(R,) = L}(1/kX1 — (1/k)). If we let X, in the
Lindeberg—Feller Theorem denote R, — (1/j), then EX,, =0 and
B? = var(S,). We must check the Lmdeberg Conditions. We use the
fact that | X, | IR —(1/P)] < 1 to deduce that

1 n n’
B );E{ijl( IX,,| >¢eB,)} < —3)1: E(X2I(1 > eB,)} = I(1 > &B,).

For fixed € > 0, this is equal to zero for n sufficiently large, since B,
converges to infinity. Thus the Lindeberg Condition is satisfied.
7. Since

k-1
EX, = (1/k) ¥ i = (1/k)(k(k - 1)/2) = (k- 1) /2,
1

and
k-1
varX, = (1/k) ¥ i — ((k ~ 1) /2)* = (k* — 1) /12,
1
we have
nk—1 n(n -1
Z
" 4
and
"k2—1 n(n+1)(2n+1
varT, - 3 (n +1)( )
" 12 6

n(n—1)(2n +5)
72 .
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To show asymptotic normality of (T ET,)/ \/var T, we check the
Lindeberg Condition. We use X, - (( j—1 /2) so that EX,,

0, and B = var T, Because X, is bounded between 0 and j — 1. we
have that 1X,,| < (] -1/2< (n — 1)/2 for j < n. Hence,

1 n
7 L E(X51(1X,;1 > ¢B,)} < —2 L E(X,1(n - 1)/22 oB,))
n j=1 ) n =

=I((n - 1)/2 > &B,).

For fixed & > 0, this is equal to zero for n sufﬁc1ently large, since B,
is of the order n*/2. Thus the Lindeberg Condition is satisfied and the
normalized versions of 7, and 7, are asymptotically normal.

8. For this distribution, & =0, o2 =1, and p = 1. Hence,

¢n = Vn sup|F,(x) = ®(x)]. (*)

If n=1,then F(x) =0forx< —1, F(x) =3 for -1 <x <1, and
F{(x) = 1for x > 1; so the supremum in (*) occurs at x close to +1,
and ¢; = max{1 — ®(1), &(1) — 1/2} = &(1) - 1/2 = 0.3413--- . For
n=2F(x)=0forx < — V2, F(x) = for - V2 <x <0, Fz(x)

% for0 <x < V2, and Fy)(x) = 1forx > \/_ so the supremum in (*)
occurs for x close to 0, and ¢, = V2= 0.3536---. For arbitrary
n > 2, we expect the supremum in (*) to occur for x close to zero
where the largest jump in F,(x) occurs. So take n even, n = 2k, and
evaluate

¢, = Vn|F,(0) — ®(0)| = Vnq/2,

where g represents the size of the jump in F,(x) at x = 0. Thus, g is
the probability that a binomial random variable of sample size 2k and
probability of success 3 is equal to k. Using Stirling’s approximation to
k!, we find

c, = 6(2)(5)"/2 — Vi (2k1) /(K121

~ \/,7[(2k/e)2k(7r2k)1/2]/[(k/e)Zk('trk)22"”]
= 1/V27 = 0.3989 -

This shows that the constant ¢ in the Berry-Esseen Theorem is at
least 0.3989 ---.
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9. Since the coefficients of skewness and kurtosis are independent of
location and scale, we may assume that the underlying distribution has
mean O and variance 1. Then,

ES? = nEX?* =n,

ES; =EY. Y. Y. X, X, X, = nEX* = np,,

ES!=EY. Y. ¥ Y X.X X, X, = nEX* + 3n(n — 1)(EX?)"
=n(B,+3)+3n(n-1).
From this, we may compute
Bin = ES3/(ES2)" = B/,

Ban = ES}/(ES2)’ = 3 = (n( B, + 3) + 3n(n - 1))/n? = 3 = B,/n.

The Edgeworth Expansion (12) is independent of scale change, and
since the exponential distribution with mean 1 is just a scale change
from the x? distribution, Table 1 represents the normal and Edge-
worth approximations for a sample of size 5 from yZ2. But from the
above, it is also valid for a sample of size 10 from the y{ distribution
or a sample of size 1 from the x7 distribution.

10. The mean of the uniform distribution on (0,1) is u = 5 and the
variance is o2 = 75. The coefficient of skewness is B8, = 0, since the
distribution is symmetric about §. The fourth moment about the mean
is

E(X-1) = fol(x -1/2)" dx = 2[()1/2y“ dy =2(3)°/5 = %

so the coefficient of kurtosis is B, = (5)/(£)? -3=18-3=
—1.2. With n = 3, we have P(S, < 6) = P(/n(X, — 1)/0 < 1). The
normal approximation to this probability is ®(1) = 0.8413 from Table
1. The Edgeworth Expansion is ®(1) — B,(1 — 3)/(24n)e(1) =
0.8413 ~ 0.0081 = 0.8332. The exact probability is

P(Xi+X,4+X,<2)=1-P(X;+ X, + X, >2)
=1-P(X;+X,+X,<1)=1- % =0.8333,

since P(X; + X, + X, <1) = is the volume of the unit tetrahe-
dron.
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SOLUTIONS TQ THE EXERCISES OF SECTION 6

1. (a) Let n' be a subsequence; we are to show there exists a sybsubse-
quence n” such that f(X,.) — f(X) almost surely. Since X , — X in
probability, there exists a subsubsequence n” such that X, X
almost surely. Hence for X € C(f), we have f(X,.) — f(X) and since
P(X € C(P)} = 1, this implies (X ,) — KX) almost surely.

(b) Since 1Y, — X| < 1Y, — X,,| + |X,, — X|, we have for all & > 0,

{IY,, - X| > s} - {IY,, -X,| > 8/2} U {IX,, - X| > 8/2}.
Hence,
P{lY, — X| > €} <P{lY, - X,| > &/2} + P{IX, — X| > ¢g/2) - 0.

(©)
(X,| (X &
P{ kY) - (Y) >s} sP{!X,,— X| > F}
&
+P{|Y,, -Y| > f} - 0.
2.
Dy y(u,v) = Py (u)Py(v), because of independence
= Py (u)Py(v)
=®, (u,v), if X and Y are independent.

3. Let =1 < B < 1. Since X; =0and X; = BX,_; + ¢, we have L} X, =
BL}~'X, + Lfe,. This implies that (1 — B)L}X; = Lfe, — BX,, or

Vn((1=B)X, — p) = Vn (2, — p) = BX,/Vn.

By the Central Limit Theorem, Vn (e, — n z>/t/(0, o ?). We now show
that Van((1 — B)X, — w) and Vn (¢, — ) are asymptotically equivalent
by showing that the difference, BX,/ Vn converges to 0 in probability.
Since X, = L7 e, B"~ (see the solution to Exercise 2 of Section 4), we
have E(X,/ \/rT) =upXl B"I/Yn - 0, and var(X,/Vn) =
o2 £ %" D /n — 0. This implies that X,/ Vn converges to 0 in
quadratic mean (Exercise 5 of Section 1), and hence in probability. An
application of Theorem 6(b) now gives that va((l — B)X, —
Z 2
w) =20, 0%), or
2

(%) -5-”»/;/(0, W)
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For B= —1, X, =(1/nXe, + e, + - +e,) for even n, and X, =
(1/n)(e, + €5 + -~ +e,) for n odd. In either case, Vn(X, — u/2) is
approximately #10, o % /2) for large n. For B = +1, we have X, = Lfe,
and X, = (1/n)XMn + 1 —jde,. If u > 0 for example, this converges
to infinity in probability. In spite of this, we can show that X, , properly
normalized, converges in law to a normal distribution. X, is equivalent
in distribution to Z, = Lfje,, so consider Z, — EZ, = L} jle, — ).
We check the Lindeberg Conditions with X, ; = j(e; — w). We have
EX,, =0 and vax(X,) = j%?, so B} =L} j%o?=a’n(n + 1X2n +
1)/6. Then,

n

L Y E{x21(IX,,| = «B,)}

Br?]=l
1 eB}?
-5 ZﬂE{(ej - u)zf((e, —we )}
n j=1 ]
1 sB?
SFZ]'ZE (e,—,u,)zl (e,——p,)zz 5 )
n j=1 n
1 ) ) eB?
=;'2'E (e1 = w) I{(e; — )" 2 n2 -0,

because B2/n? — . Hence (Z, — EZ,)/B, .40, 1), which is equiv-
alent to

I - ®

W(Xn - n;) -g./V(O, 0'2/3).

4. (a) Let U, and ¥, be sequences of mean 0, variance 1 random variables
such that corr(U,, V,) —» 1. Then, EU, — V,)* = 2(1 -
cori{U,, V,)) = 0, so that U, — V, converges to zero in quadratic
mean. This implies convergence in probability, so U, and ¥V, aré
asymptotically equivalent and from Theorem 6(b), they have the
same limit laws. This observation may be applied directly to the
sequences U, = (X, — EX,)/ yvar(X,) and V, = (Y, ~
EY,)/ y/var(Y,) of normalized variables with corr(X,,Y,) = 1
since cor(U,,V,) = cor( X,,,Y,).

(b) The variables X, and Y, themselves may not be asymptotically
equivalent. Here is a counterexample. Let U and V be distinct
independent mean 0 random variables on [—1,1] such that
var(U) = var(V), and let W be independent with P(W = —1) =
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P(W = +1)= 3. Let (X,,Y,) = (nW, nW) with probability 1/n,
and = (U,V) with probability (n — 1)/n. Then X, » U in law
and Y, = V in law, yet var(X,) = n + ((n — 1) /n)var(U), Var(Y,)
=n+ ((n — 1)/nvar(V), and cov(X,,Y) = n, so that
corr(X,,Y,) = 1.

E(X, - Y,)" > var(X, - Y,)
= var( X,) — 2cov( X,,Y,) + var(Y,) > 0.

Since cov(X,,Y,) < y/var(X,) y/var(Y,), we have E(X, - Y) =

n:°n

(\/\Zr( X,) — \ﬁ/ar(Yn) )2. Dividing both sides by var(X,) and noting
that the left side tends to zero shows that (1 — y/var(Y,) / y/var(X,) )*
— 0, or equivalently, var(Y,)/var(X,) — 1. Now, dividing both sides of
the original inequality by \/ var( X,,) \/var( Y,) gives

Vvar(X,) /y/var(Y,) — 2corr(X,,Y,) + y/var(Y,) /y/var(X,)
< E(X, - Y,)’/(Yvar(X,) Yvar(¥,) ) - 0.

Hence, corr(X,,,Y,) = 1. The last line follows directly from Exercise 4.
6. (a) By Slutsky’s Theorem part (a), we have log X, = log X, since log
is continuous on (0, ©). Also by part (a), log ¥, — log X, Z 0. Then
by part (b) of Slutsk)}’s Theorem, log Y, £ log X, and again by part
@),Y, S X.
(b) If (Xl,,,...,an)'—?;SXl,...,Xk) > (0,...,0), and if
(Xin/Yipsoo s Xen/Yin) = A,...,1) as n - o then (Y,...,
Y:,) £ (Xy,.... X;). The proof is essentially the same as in
part (a).

SCLUTIONS TO THE EXERCISES OF SECTION 7

L Vi(s2 = o) ZMO0, py — %), g(x) = log(x), g'(x) = 1/x, and
g'(c?) = 1/02 Hence from Theorem 7,

Vi (log(s2) — log(0'2)) S0, py/a® ~ 1) =#(0, B, — 1)

where B, = w,/o "
2. Taking m) = (1/n) E(X; — ) and m, = (1/n) £(X, — u)* allows us
to use central moments in the computation of the covariance matrix.
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Then, Vn ((m}, m,) — (0, ¢?)) '—?;/t/((O, 0),%), where

s var( X — u) cov((X - ,u,)z, X - /.L)
cov((X— ,u,)z,X— /.L) var((X—— /.L)Z)
_ o? 3 )
My Mg — ot

/

Take

g(x,y>=(yfx2), -, 0] e -t

Then, by Theorem 7,
z 0 o’ M
SN ( ), NIk
0 K3 Mg O

3. (a) g(u,v) = Vo /u, g(u, 0®) = (—o/u?, 1/Qua)).

Xn_/"‘
2

Vn

2 _
si— 0o

A 04)

Y T

\/rT()S_{— - %) Z M0, 8387 =/r(o,

n

If the parent distribution is normal, then u, = 0 and w, =30, s0
that the limiting distribution is A0, o2(1/2 + 0%/ u?)/ u?).

(b) Without loss of generality, take u = 0; then Vn (m), mty, m’s) —
0, 02, uy)) »A410,0,0), X), where

o’ %] ]

=m0t ps— o
My Rs T ‘72#3 Mg — IJ«%
Since m, = m} — 3m,m| + Am,)?, we let gu,v,w)=w —
3uv + 2u* and find that g0, o2, Ks) = (=302,0,1), so that
4 R
Vn (my — p;) S#(0,8287) =0, g — p5 — 607y + 90°)-

4. E(X)=a/(a+B)=6/(6+1 and var(X) = aB/(a + B)a+
B+ 1) = 6/((8 + 1)*(8 + 2)). Hence,

\/rT()_( ——6—) i”)/r(o ’ )
A 8+ 1)°(6+2)
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Let g(x) =x/(1 —x) so that g'(x) = 1/(1 —x)? and g'(8/(8 + 1)) =
(6 + 1)%. Then we find

. 0(6+1)°
Vn (6, — 6) Z»/V(O,—(H—z)).

5. (a) Using g(x, y) = y/x in Cramér’s Theorem applied to the result of
Exercise 2, we find g(u, 0?) = (~02/u? 1/u) and

‘/—Sz 02 5,”/’/.0 .E.T
n)_(n # — (,g g)

1
=Af(0, 7(06 — 2p0 s + plpy — #20“))-

(b) The first four moments of the Poisson distribution, (A), are
p=A, py=02=) uys= A, and g, = 32> + A. Substituting these
values into the result of part (a), we find

52 :

\/,T(T - 1) Z10,2),

Xn
i.ndependent of A P

6. (a) Since g'(p) =1 — 2p and Vn (X, — p) >.M0, p(1 — p)), we have,
by Theorem 7,

Vn (g(X,) —g(p)) SM0,(1 - 2p)’p(1 - p)).

If p=1/2, this gives Vi (X,(1 — X,) — 0.25) 5.0, 0). This just
says Vn X, (1 — X,) 5 0.25.
(b) Since g"(p) = —2, (11) gives

n{X,(1-X,) —p(1-p)) ~ —p(1 = p)[ x2(%2) — %],

where 72 = n(1 — 2p)?/(4p(1 — p)). When p =1, this gives

n(X,1 - X,) — 025 2 - 025 xt or, equivalently, 4n(0.25 —

X(1-Xx,) =4 xi. Since g is quadratic, the expansion (9) is exact,

so if X, were exactly normal, the above noncentral x? approxima-
tion would be exact.

(c) When p = 0.6 and n = 100, (a) becomes (X, (1 — X,) — 0.24) ~

40, 0.96), and (b) becomes (X,(1 — X,) — 0.24) ~

—0.0024[ x2(y?) — v?], where y? = 4.1667. At y = 0.25, (a) gives

P(X, (1 —-X,) <y)~ ®(1.021) = 0.8463, whereas (b) gives P(X,(1

— X,) <y) = 1.0, obviously the correct answer. At y = 0.24, (a)
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gives P(X,(1 — X,) <y) ~ 0.5000 and (b) gives
P(X,(1-X,) <y) ~P(xi(v*) - v’ 2 0)
= P((#(0,1) + 7)" 2 )
= ®(0) + ®(—2lyl) = 0.5000.

At y =023, (a) gives P(X,(1—X,) <y) ~ ®(—1.021) = 0.1537,
and (b) gives

P(X,(1-X,) <y) ~ P(x}(¥?) = 2¢?)

=1 — ®(V8.3333 — v4.1667) = 0.1990.

We see that the normal approximation, (a), is rather poor.

SOLUTIONS TC THE EXERCISES OF SECTICN 8

1. We use the notation g to represent E{(X — EX)(Y — EY)*). From
Theorem 8, \/_((s s, )— (a2, 0, )—-)A/((O 0), %), where

Hao — i’«%o Map = Moo M1

3 = ,
M31 — M0 M1 M2 — M

Take g(u,v) = v/u. Then g(u,v) = (—v/u? 1/u), and so
Vn (B = B) >0, §( pag> 1) ZE( 1205 1))

=/7(0’ [ Hag /J'%l = 23 Mo My T B2 l’«%o]/ﬂ«;o)-

For the blvarlate normal distribution, p, = 30,%, py = 3po s, B2 =
(1 + 2p*)0,’0,%, and p,; = pa,o,. Hence the asymptotic variance is

[?ap2 ¥ 2—6p2 § 2-{-(1-{-2p )002]/0 —(1—p2)0 Jol.
2. Because from Theorem 8, Vn (84 = 0y,) MO, py — piy), we have

‘/_ xy xy
_<___> o,

( MK — #11
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Hence,
n(s,, — a,,)
y xy
2 \1/2 —4(0,1),
(m22 T Sy

where m,, is the sample estimate of u,,, namely
n 2 0
My = (I/H)Z(X] - Xn) (Y_; - Yn) .
1

. (a) Because the mean and variance of 9%A) are both A, We haye
Vn (X, — A) »410, 2). We seek a transformation g such that
g'(A)A = 1. Solving the differential equation g'(\) = +1 / VA 8ives
say, g(A) = 2v'A . Hence, ’

n(VX, = VX) >0, 4).

(b) If X is binomial, %#(n, p), then the mean of X/n is p and the
variance of X/n is p(1 — p). We seek a transformation g such that
g (p)*-p(1 —p) = 1. Solving g'(p) = (p(1 — p))"1/2 gives, say,
g(p) = arcsinp — 1), or, alternatively, g(p) =3 arcsin(‘/;;);,
Hence,

Vn (arcsin(2X/n — 1) — arcsin(2p — 1)) »41(0,1).

. Let s2 and sf be the sample variances from independent samples of
size n from distributions with finite variances and fourth moments
about the mean (.2, p,,) and (o}%, p,,), respectively. Then, Vn (s? -
o) and Vn (s? = 0,?) converge in law jointly to independent normal
distributions with means 0 and variances p,, — o' and p,, — o,
respectively. Then applying the transformation g(x, y) = x/y with gra-
dient g'(x, y) = (1/y, —x/y*) to (s2, sf), we find that

Vi (s3/s2 = 02/02) Sm0,7%),

where

72 = (/‘de - 0'14)/0}4 + (/‘Ltiy - Uy4)014/0y8
= (BZ: + BZy - 2)0:\:4/0')'4’

where B,, and B,, are the coefficients of kurtosis for the distributions.
For sampling from normal distributions, we have y* = 4q,%/0,".
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SCLUTICNS TC THE EXERCISES OF SECTICN 9

1. Neyman’s modified x? may be written in the form

X}\ZI = n(in - p)rf)n—l(in - P),

where f’,, is the matrix P with each p, replaced by its estimate, n,/n. By
the Law of Large Numbers, P, — P in probability, and by the central
Limit Theorem, Vn(X, —p) ~ Y €410, ). Hence as in the proof of
Theorem 9, n(X, — p)'P7 (X, —p) > Y'P 'Y € 2 ,.

2. Find Q orthogonal such that QPQ” = D, diagonal. Let Y = QX so that
Y €410,QQ7) =410, and XTPX = X7QTDQX = Y7 DY. Then,

Y'DY € 2|, iff r of the d; are 1 and the rest are zero
iff P is a projection of rank r
as in the proof of Lemma 3.

3. First note that ® = Q — qq”, Q"!q = 1 and 1’q = 1 — p,. From this it
follows that

(Q' +117/p,)(Q — qq") =1 - Q~'qq" + 117Q/p, — 117qq"/p,

=1-1q" +1¢"/p. — (1 - p,)1q"/p.
= I,

so that ®7! =(Q — q¢q")"! = Q7! + 117 /p,.

From the Central Limit Theorem, vVn (Y, — q) ».#(0, ®). Hence,
Z=n{, - q@"® (Y, — q) > x2, from Lemma 1. It must be shown
that Z is identical to Pearson’s 2.

n(¥, —q) @ '(Y, - q)
=n(Y, - q) Q"'(Y, - q)
+n(¥, - q) 10 (Y, - q)/p,
=n(¥, - q) Q"'(Y, - q) + n(n./n - p,)*/p.

= n()_(,, - p)TP*I()_(,l - p),

exactly Pearson’s y2.
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4. With g(x) = log(x,), we have g'(x) = 1/x, and

2 pY (lOg("J/”) — log( P,))Z
(1/p,)’'p;

= nY (log(n,/n) — log(p,))’p,

The modified transformed x?

(log(n /n) — log( p; )

SCOLUTICNS TO THE EXERCISES COF SECTION 10

1. The noncentrality parameter is

(025 -02)°  (0.5-06)> (0.25—02)

= +
A =100 0.25 0.5 0.25

There are two degrees of freedom, so from the Fix Tables (Table 3) for
a = 0.05, we obtain B =042, and for @ = 0.01, we obtain 8=
0.20---. To find n to achieve a power of 0.9 at a = 0.05, we solve
(n/100)4 = 12.655 to find that n = 317. For a power of 0.9 at & = 0.01,
we solve (n,/100)4 = 17.427, to find n = 436.

. (@) If X € x2(A), then X may be written in the form X = (Y, + VA)?
+ Y2+ +Y2 whereY,,...,Y, are i.i.d. normal mean 0 variance
1 random variables. Hence,

EX =E(Y, + YA) + EY? + - +EY;?
=(1+A)+14+ - +1=r+A

To find var( X), first compute for Y €410, 1),
2
var{(Y + VA)'} = E(Y + VA)' — (E(¥ + VX))
= [EY* 4 6AEY? + 2] — (1 + A)°

=[3+6A+ 2] —(1+21+A%) =2+4A

Hence,

var(X) = (2+4A) + 2+ -+ +2 = 2r + 4A.
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(b) We show that the moment-generating function of (X — (r + 1))/

(©)

(2 + 410)'7? converges to exp{ +¢?/2}, the moment-generating func-
tion of 410, 1), as max(r, A) = . The moment-generating function
of X is @u(t) =1 — 2)7"/% exp{At/(1 — 2t)}; hence the
moment-generating function of (X — a)/b is

Cox-ay/(t) = @x(t/b) exp{—at/b}
= (1= 2t/b) "% exp{At/(b — 2t) — at/b}.
From this, we find
108 @(x-a)/5(t)
—(r/2)log(1 — 2¢/b) + (¢/b)(A/(1 — 2t/b) — a)
—(r/2)|-2t/b — 4(1/b)* /2]
+(t/b)[ A + 2at/b — a] + O((¢/b)*).

If a = A + r, the linear terms cancel, and if b = 2r + 4012, we
are left with t2/2 + O((t/b)*) — t*/2 as b — «. When we notice
that b — « if and only if max(r, A) - «, we are done.

Since x7. os = 31.410, we want to find A such that

P(x5(}) > 31.410) = 0.5.

By part (b), this distribution is approximately #(20 + A,40 + 4A),
so we solve 20 + A = 31.410 to obtain A = 11.410 as the approxi-
mation. The true value of A given by the Fix Tables is A = 12.262,
rather close. If A = 11.410 were used, the actual power found in
the Fix Tables is about 0.47.

From the Central Limit Theorem, Vn ()_(,, -p) 27 e N0, 2_%, where

S =P - pp’. From Cramér’s Theorem, vn{(gX,) — gp)) = #p)Z.
Then vn (g(p) — g(p)) — &(p)6 implies that

Vn (2(X,) — 2(p7)) = Vn (2(X.) — 2(p))
+Vn (g(p) — 2(p%)) S &(p)Y,

where Y=7+5 e, 3). From this, we have vn g(p?)'(g(X,) —
g(p?) S Y, so that

x2=n(&(X,) - g(p2)) &) (B

&(p0) '(&(X,) — (@) S Y'P Y.
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From the proof of Theorem 10, this has a y2 ,(A) distribution with
A =8TP8.

SOLUTIONS TC THE EXERCISES OF SECTICN 11

1. The Y, form a stationary 1-dependent Bernoulli sequence. The mean is
n=EY, = EQ - X)X, = E(1 — X,)EX, = gp. The variance is oy,
= gp(1 — gp) and the covariance of lag1is oy, = coW(Y},Y,) = EY,Y,
— EY,EY, = 0 — (gp)*. Hence,

\/;(17" - qp) z;/V(O, o),

where o2 = o + 20 = gp — 3(gp)*

2. The Z, are (r +1) dependent with EZ; = q*p’ (where ¢ =1 — p), and
EZ} = ¢%p’, EZ, Z”,H q°p?, and Ez, Zi = 0for1 < k <r. Thus,
var(Z)—qp——qp, cov(Z,, Z+k) —g*p* for 1 <k <r,
covlZ, Z;,,01 = 4°P" — q'p” and cov(Z;, Z; 1) = 0 otherwise. Be-
cause. the Z, are stationary and (r+ 1 dependent Vn(S,/n —
q%p") MO0, 02) where

=qpr+2q3 2r_(2r+ 3)q4 2r

3. Here Y, = X; | X, isa statlonary 1-dependent Bernoullli sequence with
mean p = EX lXi p?, variance oy, = p*(1 — p?) and covariance of
lag1, oy = EXOX X, - (p2)2 =p*(1 - p). Hence,

vr (Y, - p?) —’/V(O’ o + 2001) =40, p*(1 = p)(1 + 3p)).

4. (a) Because aX + bZ = (1/n)L! X(a + bX,, ), we let ¥, =X(a +
bX,,,). Then Y;,Y,, - is a stationary 1-dependent sequence with
mean EY, = ay + bu® and variance

oy = var Yy = EXZE(a + bX,)’ — p?(a + bp)’
= (02 + p2)(b%o? + b? + 2abp + a*) — p?(a® + 2abp + bu?)
= g2(a® + 2abp + b*(a? + 24%)).
and covariance at lag1,
oo = cov(Y,,Y,) = EX,E(a + bX,) X,E(a + bX;) — p?(a + bu)’
= w(ap + ba? + bu?)(a + bp) — p?(a + bp)’
= p(a + bu)bo?.
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Therefore,
Vn (aX, + bZ, — p(a + bp))
Z MO, 0y + 200,)
=/1/(0, o?(a® + 4abu + b*(o? + 4;/,2))).

This is the distribution of aX + bZ when (X, Z) €40, ), where

5 - o? 20%,
- 202 4 22
w o+ 40w

Since ayn (X, — w) + bVn(Z, — u2) S aX + bZ, we have, from
Exercise 2 of Section 3, Vn (X, — u, Z, — 1i2) 5.0, 3).

(b) Now we apply Cramér’s Theorem using the function g(x,2) =z —
x2. We have g(x,z) =(-2x,1), g(u, p?) =0, and g(u, u?) =
(=2u,1). Thus we find

\/;(Z,, - X’,,Z) z>/V(0, o).

5. The sequence Z,, Z,,--+ forms a 2-dependent stationary sequence of
Bernoulli variables (Z, and Z, are independent, for example). We have
EZ, = P(X, > X, < X,) = 1, because this is just the probability that
of three independent numbers chosen from a distribution, the second
one is the smallest. The distribution is continuous, so there are no ties.
Because Z, is Bernoulli, var(Z;) = %= %. And not both Z; and Z,
can be positive, so EZ,Z, =0 and coW(Z,, Z,) = — §. To compute
cov(Z,, Z;), we must evaluate EZ,Z, = P(X, > X; < X, > X, < X,).
All 5!'= 120 orderings of X,, X;, X,, X3, X, are equally likely, and we
must count the number of orderings such that X, > X, <X, > X; <
X,. Either X, or X; must be the smallest, and there are exactly 8
orderings with X, the smallest and 8 with X, the smallest for a total of
16 orderings. Thus, col(Z,, Z,) = & — s = & Wefind ¢? = 2 + 2~
) + 24 = Z. Hence,

\/rT(S; - %) i’»/t/{o,:'—s).
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6. (a) Let U =X? and V,=X,X,,,. Then W, =aX, + bU + cV, is a
1-dependent sequence with mean EW, = bo'%. Then EW,?> = var W,
= a%0? + 2abp, + b, + c%r* and EWW, | = b%*, so that oy,
= var W, = a’s? + 2abp, + blu, + c%o* — bt and o =
EWW,,, — b%* = 0. From the theorem of this section,

\/;(a)?,, +bU, + ¢V, — baz)
Z»/V(O,azaz + 2abu; + b*(1y — 0*) + %0 ).

This is the distribution of aX + bU + ¢V when (X, U, V) € M0, X),
where

o M3
2=y m-o' 0O
0 0 ot

Then by Exercise 2 of Section 3 we have Vn(X,, U, —
o, V,) SM0,%).

(b) Note r, = g(X,,U,,V,) where g(x,u,v) = (v —x?)/(u — x?). We
have g(0,02,0) =0, and because g(x,u,v) = Qx(v —u), —(v —
x3),u — x?)/(u — x?)?, we have £(0, 0% 0) = (0,0,1/0?2). Hence
from Cramér’s Theorem, V7 (r, — 0) 540, /o) =40, 1).

7. We may assume without loss of generality that 7=1 and ¢ = 0 and
hence p=0.Let YO =L, ., z X, and S& = E7_,Y,®. Then ¥,®
is a stationary 2k-dependent sequence with mean 0 and covariances,

k
ky _ Ky — _
of) =cof(YP, YY) = ¥ Y zzEX_ X, = Y zz.,,
il <k il <k j=t—k

for ¢ > 0. Hence by Theorem 11, S&/ Vi 5.0, 0?), where o2 =
ol + 27 o, Also o — o2, because the latter is absolutely
convergent. Thus, by the lemma, we will be finished when we show
(S, — 8%/ Yn — 0 uniformly in n as k — «, Since

L,-Y®= ¥ zX+ LoXy,

j<~k j>k
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we may break (S, — $¥) into two pieces,
n n
ky _ _ k
Sn - Sr(r ) = Z Z Z/Xt—/ + Z Z Z/Xt~] - Un( '+ V;r( )’
t=1)<-k t=1 >k

say, and show that U*)/ yn and V*)/ yn are both uniformly small in
n as k — . For this we compute

EV*YV < ¥ Y lzllzl ¥ ¥ EX, X,
s=1t=1

i>k >k

2
< T T lllgh=n| lz)).
i>k >k 1>k
Thus, by Chebyshev’s inequality,
2
P([V®|/Vn > ¢) < 15(V,,<'<>/\/n")2/a2 < ( Y |z,~|) /et >0
J>k

uniformly in n as k — . Similarly, U¥’/ ¥n — 0 uniformly in n as
k — o, Similarly, U¥)/ yn_— 0 uniformly in n as k — . Finally, the
sum converges to zero uniformly in n, since

P(|U® + VP |Vn > 26) < P(|UP| +|V® | > 2evn)
<P(|U®| > evn) + P([V,®| > evin).

This completes the proof.

SOLUTICONS TC THE EXERCISES COF SECTION 12

1. (a) This is a special case of Example 1 with z; = j and m replacing n.
Since z,, = (N + 1)/2,

N
Y. z2 = N(N + 1)(2N + 1) /6,
1

f}(z,. = zN)2 =N(N - 1)(N +1)/12,
1

and max(z; —z,)* = (N — 1)*/4, condition (9) is satisfied if
min(m, N —m) — ®, because N max(z; — zy)?/L{(z; — Zy)* is
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bounded. From Lemma 1,
ESy =N((N+ 1)/2)(m/N) =m(N + 1) /2
and
var(Sy) = (N/(N = 1))(N(N = 1)(N + 1) /12)(m(N — m)/N?)
= m(N — m)(N + 1)/12.

Hence we have (S, — ES,)/ yvar(Sy) 2;/1’(0, 1.
(b) Not necessarily. If m/N —r as N — =, then

Sy m(N+1) gdo’fgé_r_)).

W N? 2N?

However, for this to imply that YN (S,/N? — r/2) has the same
asymptotic distribution, we must have the sequences be asymptoti-
cally equivalent; that is, the difference must converge to zero,
VN (m(N + 1)/(2N?) ~ r/2) - 0. This requires a faster rate of
convergence; namely, we need VN (m/N —r) — 0.

2. (a) This is also a special case of the sampling problem, where it was
shown that

N -
mjax(a(j) - &N)Z/le(a(j) - EN)}' <N/(n(N —n)).

From this we may deduce max(z; —Zy)?/Z{(z; —2,)* <N/
(m(N — m)) also. Thus, condition (9) is satisfied if N3/(n(N —
n)m(N — m)) = 0 or n(N — n)m(N — m)/N> — . In particuiar,
if min(n, N —n) - « and min(m, N —m)/N is bounded away
from 0, then S, is asymptotically normal. Since the mean of the
hypergeometric is mn/N and the variance is mn(N — m}N —
n)/(N2(N — 1)), we have that if YN (m/N —r) - 0 and YN (n/N
—5) — 0, then
YN (S,/N —rs) S4(0,r5(1 = r)(1 - 5)).

(b) The probability mass function of the hypergeometric distribution is

)0
P(Sy=x)= —F—F—"
(%)
minl(N — m)!(N — n)!
x{(m—x)(n —x)IN(N-—m—n+x)!"
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We are to show this converges to e "*A*/x! for all fixed x = 0,1,. ..,
as min(n,m) -, and mn/N — A. The 1/x! term is already
present. Next note that

m!n! . (N —n—m)!
(m —x)!Y(n —x)! ~mn" and (N—-m—n+x)! ~

so that the product converges to A*. We will be finished when we
show (N — m)!{N — n)! /(NN — m — n)!) - e~*. But

(N-m)(N-n)! (N-m)-(N-m—n+1)
NY(N—-m —n)! N-+(N-n+1)

-[i=5)-[- 7=

(1 m )" i mn N
<{1t—-—) - — lim —} =e™ .
< " exp{ im } e

n—ow

Similarly,

(N —m)Y(N —n)! m "
NIN —m —n)! >(1_ N—n+1)

-t ) =
- exp{— lim ——} =¢7*,
P nl—wa—n-i‘ ¢

completing the proof.

3. (a) Given U; = u, the rank of U; is one more than the number of U’s
less than u. Thus the conditional distribution of R, — 1 given
U, = u is binomial with sample size N —1 and probability «.
Hence,

ER\U, =E[U1E{R1|U1}] =E[U1((N - 1)U, + 1)]
= (N - 1)EU} + EUj,
=(N-1)/3+3=(2N+1)/6.
Then ER? = (N + 1X2N + 1)/6 and EU? = 1 gives
E(R, — NU,)* = ER} — 2NER,U, + N*EU} = (N + 1) /6.

From var(R,) = (N + IXN — 1)/12, we conclude E(R,
NU,)*fva(R)) = 2/(N — 1) - 0.
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(b) Since 0 < [NU,] - NU, < 1, we have E(NU,] — NU,)* < 1 so that
E(NU,1 - NU,)*/var(R,) — 0.
(c)

(x +y)2 =x2 4+ 2xy + y?
=2x% +2y? — (x* = 29 +y?) < 2x2 + 242,
Hence,
E(R, - [NUI])Z/Var(Rl)
< 2 E(R, - NU,)" + E(NU, = [NU )] var(Ry) 0.

This implies corr(R,,[ NU;]) — 1 so condition (10) is satisfied.
(d) For a(j) = j, we have @, = (N + 1)/2, max(a(j) — ay)* = (N —
1)2/4, and ZV(a(j) — ay)* = N(N + 1XN = 1)/12, so that

N max,(a(j) - aN)Z/XI:(a(n —ay)" = (N = 1)/(12(N + 1))

stays bounded. Hence, provided max (z; — )2/ (z; — Zy)* - 0,
condition (9) is satisfied and by Theorem 11, (S, —

ES\)/ \/var(SN —»/V(O 1).

. Using z; = ] in Exercise 3, we easily find that (S, — ES,)/
‘/var(SN) —»/1’(0 1), since we have
max (z; — EN)Z/Z(zj ~2y) = (N - 1)/(12N(N + 1)) - 0.
] 1

The mean of S, is Nzyay = N(N + 1)*/4, and the variance is
NYN - DN + 1 /(124N — 1)) = N*®/12%. We may conclude that

12VN | — Z-j—ﬁ—l) ZM0,1).

Spearman’s rank correlation coefficient, p,, is the correlation coeffi-
cient between the true ranks j, and the observed ranks, R;, namely,

12 (1N - (N+1)
pn= " |5 LR - ——|
N*-1{N5 4

This result shows that VN Py f;/r(o, 1), under the hypothesis of a
random ranking,
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5. (@ 0<XIVlogj— [N log(x)dx <log N and [ log(x)dx = N(log N)
— N — 1 shows that L} log j = N(log N) — N + O(log N). Simi-
larly,

N
Y- (log j)* = ["log(x)? dx + O((log N)?) N(log n)’

— 2N(log N) + 2N + O((log N)?).

Combining these gives
Al , 1[& i 2
a(j) - ‘A—,(Za(f)) =N+ O((log N)’)
1 1

It is easy to see that max(a(j) — @,)* ~ (log N). Hence,

max,(a(j) ~ay)"  (logN)*
ma(-a) N

Condition (9) reduces to

max (z; — EN)Z .
Nz - zy)’
(b) For a(j) = 1/ +/j, we have Ta(j) ~ 2N and TPa(j)? = LV1/j

~ log N.So L{¥(a(j — a,)? ~ log N and max(a(j) — a,)* ~ 1. This
gives

(log N)> = 0.

max;(a(j) — ay)’ 1
TV(a(j) —ay)* logN’

Condition (9) reduces to

log N' £¥(z; —zy)"

(c) For a(j) =1/j, we have Lla(j) ~log N. So L¥(a(j) — ay)’ -~
LNa(j)* = 7%/6 and max(a(j) — @y)* ~ 1. Thus,

max;(a(j) — ‘7N)2 6

) —_ 2
y (a(]) - aN) ™
Condition (9) cannot be satisfied.
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6. (a) Each term of the sum
N
Sy = Z(ZN; - EN)((P(UJ) - 5)
1

has mean zero and the ¢(U)) are i.i.d., so the asymptotic normality
of S/ yvar(S)y) follows immediately from Exercise 6 of Section 5
with z,; replaced by z), — Zy.

(b) The variance of Sy is given in Lemma 1, and var(Sy) = L}¥(z,, —
Zy)?o 2. The covariance is found, as in Lemma 2, to be

cov(Sy, Sy) = (N/(N = 1)) f::(zm —2y)" cov(a( Ry1), 9(U}))-
From this, the correlation is found as
corr(Sy, Sy) = YN/(N = 1) cov(a(Ry,), ¢(U}))/
(ovvar(a(Ry1)) )
= YN/(N = 1) corr(a(Ryy), ¢(U}),

(c) Given U, = u, R,;/N — u with probability 1. As in the
Glivenko—Cantelli Theorem, the set of probability 1 on which
convergence takes place may be chosen independent of u. Thus,
Ry /N 2%, U,. The function ¢, being nondecreasing, has only a
countable number of discontinuities. Hence, we have ¢(R,,/(N +
1)) = (P(Ul).

(d) Ee(Ry,,/(N + 1))? =1/N)LVp(j /(N + 1) If ¢ were bounded
this would be a Riemann approximation to [Je(u)? du = E@(U,)?
and we would be done. However, because (¢(u)*)? is nondecreas-
ing,

IA

fol—(l/(N+1))((P(u)+)2du 1 g(q}( J ))

which shows

N i\ 1 + .2
(1/N)21:(‘P(N+1) ) P ACORES
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By symmetry, we have

(1/N)§::(¢(Ni 1)— )2 - jo‘(<p(u)')2 du.

This gives E@(Ry,/(N + 1)) - Eo(U,)*.

(e) By Exercise 8 of Section 2, (c) and (d) together imply that
o(a(R,) X5 o(U,), which is the result to be prove:. '

(f) By (b) and Exercise 5 of Section 6, it is sufficient to show that
E(a(R ;) — o(U,)?/var(@(U,)) = 0. For this it is sufficient to
show that E(a(R,;) — @(U,))* = 0. This follows from (e), and the
proof is complete.

7. (a) By Exercise 2 of Section 3, it is sufficient to show that

V3N b” p* | S.4(0,67(P — pp")b) (1)

NNTD)
for all k vectors b. If b is the constant vector cl, where 1 is the
vector of all Us, then b7S =c L{j = ¢cN(N + 1)/2 and b'p* =
¢ Ln;/N = c, so the left side of (1) is zero. But the right side is th.e
distribution degenerate at zero (b”(P — pp”)b = 0) so the result is
true for b = c1. We now assume that b is not a constant vector.

Let N, = Ti_,n, and write S; in the form S, = L. z{"a(R;)
with

1, ifN_, <j<N,

a(j) =J and Z’(’)z{o otherwise.

Thus we have b’S = T¥_b,S, = V., z;R;, where z; = ok bizf).
We use Theorem 12 to show that Z,NZJ.R ; is asymptotically normal.
From the solution to Exercise 3(d), we sece

N
N max(a() = ay)"/ L. (a(i) ~an)' = (N = 1)/(12(N + 1)

stays bounded. So condition (9) holds if and only if max;(z; ~
2y /TN(z; — 2,)? - 0. Since k < max (z; — Zy) < 1, (9) holds
and only if TM(z; — 2y)* - . We have LI'z; = L{b;n, and 1%
= ¥b?n,, so

=

1N , ko k 2
— —zY =Y Lp2 — —b.| .
5 le(z, Z) =Y Nb’ (21: Nb')

1
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Since n;/N — p;, as N — o,

N ) k k 2
(I/N)ZI:(Z] _2) - ZP: 12 - (Zplbl) :

This is strictly positive from the assumption that b is not a constant
vector. Thus LY (z; — zy)? - », which implies that (b”S — Eb’S)/
Vvarb’S 3.0, 1) We compute the mean and variance of bTS.

N N
Eb'S =2 zER = ((N+1)/2) ) 2
1 1

= (N(N + 1)/2)Zk:b.n,/N
1

and from Lemma 1, varb”S = varZ{"z,R, =(N/(N - D)L{(z, -

zy)* var(R)) = (N/(N — 1)Ztn,(b; — BY*(N? — 1)/12. Using
Slutsky’s Theorem, we conclude

2 =12
\/3(N + 1) (mbrs - pr*) -%./V(O, Epi(bi - b) )

The result now follows from

k V2
y p,.b,) —b”Pb — bTppTh.
1

k _, K
Lpi(bi—b) = Lpib? -
1 1

(b) From Slutsky’s Theorem and part (a),

(N +1 2 * TP )
+ - . pu—
N+ DInvspS P N(N+1)~ P
S yTp-ly, (2)
where Y €410, P — pp”). As in the proof of Theorem 9, Y'P~'Y

€ xZ2-,. Another application of Slutsky’s Theorem shows that P in
the left side of (2) can be replaced by P*.
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SOLUTICNS TC THE EXERCISES OF SECTION 13

1. The density of a sample, Y},...,Y,,,, from £(1,1) is

fx(Viseess Yanr) = CXP{_ Z){i}l()’, > 0 forall j).
The density of S, = T} Y, k = 1,...,n + 1 (Jacobian = 1) is
fs(1seesne1) = exp{ =35, H(0 <5y <55 < oo <5p44).
{.Z" =8./S,+1, 1 <k<n}and W=3S,,, (Jacobian = w") have den-
sity
g(zy, .., zw) =wrhexp{—w} (0 <z; < -+ <z, <1,w>0).

Hence, (Z,,...,Z,) and S,,,; are independent, with S,,, € £(n +
1,1) and

fa(zy,.00r2,) =nt(zy,...,2,),

exactly the density of the order statistics of a sample of size n from a
uniform distribution on [0, 1].
2. Since w is the median and f(u) = 3,

Vi (m, — w) »#{0,1/(3)7) =#10,1).

3. Since the first and third quartiles are p — o and p + o and f(u — o)

=f(u+ o) =1/Qmnac), we have
0 7!'20'2 3 1
"’4(0)’ g (1 3))

Now, using Cramér’s Theorem with g(x,y) = (x +y)/2, g(x,y) =
11
207

X(n/4) —(p—o0)
Xansy —(p+0)

Vn

‘/’7((X(n/4> + Xon/9)/2 = i’«) M0, 7% ?/2).

If m, = sample median, then vn(m, — ) »#0, w’0?/4) so the
midquartile range has efficiency only 50% relative to the sample
median.

4. ga) Vn(m, — p) »M0, p2).
b)

X(n/4) - p/2

0563
- ,
Xon 4 — 30/2 0)>3\1 3

s0 J’T((X(n /0 + Xan /2 — 1) — M0, p2/2).

d
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(©
Ve (Xgn 4y — 30/2) = #(0,362/4).
So,
J’T(%X@n/‘t) - /‘L) ""./V(O, #2/3)

(d) Asymptotically, the midquartile range is twice as efficient as the
median. But 2X;, /3 is still more efficient. This is not surpris-
ing, because the maximum is sufficient for u, and the closer we get
to the maximum /2 the better we shall be.

5. (a) The median of £(1,0) is u = 6 log(2), and f(ul8) = 1/(28).
Hence, Vn(m, — 6 log(2)) =410, 6%) and vn (m,/log(2) — 6) —
A0, 6%/(log(2))?).
(b) Similarly,

Vi (X(npy — 6 log(1/(1 = p))) —»#(0, p67/(1 = p)),
so that
Vit (X /108(1/(1 = p)) — 8) —#(0, p8>/((1 — p)(log(1 — p))?)).
We are to find p to minimize p/((1 — p)(log(1 — p))?). Set the
derivative equal to zero, and solve for a root of 2p + log(1 — p) =
0. Numerical methods give as a solution p = 0.79681213 - .

6. (a) The median of the distribution, f(x]8), is m(8) = (3)/°. From
f(m(6)|8) = 62'/°/2, we find that

H(Mn - m(())) _‘Z;/’/(O’ 1/(4f(m(6)'16)2)) =/;/.(0, 1/(6222/0)).
(b) Since M, 2 m(g), we have log(M,) LR logl/6 and logi/
log(M,) LA

(c) Let g{M) =log/log M. Then g'(M) = —log1/(M(log M)?), so
g'(m(8)) = —622'/%/1og 3). Hence

n (4, — 8) = Vn(g(M,) —g(m(6))) gﬂ(o,

o i
=10, —— |.
(log(3))

g'(m(0))’
0222/0
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SOLUTICONS TO THE EXERCISES OF SECTICN 14

1. (a) Since 1 — F(x) =1 —e* for x <0, we have x, = 0 and 1 — F(x)
= (=x)c(1/(—x)) where c(1/(—x))=(1 —e*)/(—x) » 1 as x =
0. Thus we are in case (b) with y = 1 so that F(b,x)" = G, as
N — o, where b, satisfies 1 — exp{—b,} = 1/n. Hence, b, =
—log(1 — 1/n) ~ 1/n and we may conclude that

M, %G, = -2(1,1).

=

b

Note: In fact, the exact distribution of nM, is —£(1,1) for all

since F(x/n)" = (e*/")" = e*.
(b) We have x, = © and 1 — F(x) = 1/x? for x > 1. Thus we are in
case (a) with y = 2 and ¢(x) = 1, so that M, /b, —» G, , where b,

satisfies (b,)"2 = 1/N; that is, b, = Vn:

I‘IIn/‘/’7 :—?; GI.Z'
(c) Since 1 — F(x) = exp{—x/(1 —x)} for 0 <x < 1, we have x, =1
and
1 - F(t+xR(t)) t + xR(t) t
1-F() p{_l—t—xR(t)+1—t

_ —xR(t) }
) exp{ (1= 1) = (1- )xR(0)

as t — 1 for every x,

- CXp{ _x} ’

provided R(¢t) = (1 — t)?. Therefore we are in case (c) and F(a, +
b,x)" = G4(x), where exp{—a,/(1 —a,)} = 1/n, so that

a, = log(n)/(1 + log(n))

and
b, = (1 —a,)* = 1/(1 + log(n))" ~ 1/(log(n))":
(log(n))’[ M, — log(n) /(1 + log(n))] 5 G;.
(d) By I'Hospital’srule, 1 — F(x) ~ f(x):

_ a—le—x

1-F(x)  ffeele™' dr x
f(x) — x*le ~ ((a—1) —x)x*"2e7*
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Therefore, x, = =, and as ¢ — =,

1 - F(t+xR(¢))  (t+xR(1))* e t~xR®)

1-F(¢) tele
if R(¢t) = 1. Therefore by part (c) of Theorem 14, F(a, + x)" —
Gi(x), where a, satisfies 1/n ~1— F(a,) ~ f(a,). To find an
asymptotic expression for a,, solve as a first approximation,
exp{—a,}/T(a) =1/n or a, =log(n/T(a)). Replacing a, by
log(n/T'(a)) + d, in nf(a,) - 1, we find
exp{ —d,} (log(n/T(a)) +a,)*" - 1.

This implies that a), must tend to o at a slower rate than a,, so that
log(n/T(a)) + a/, ~ log(n/T(a)). Hence,

exp —a,} (log(n/T(«))) """ ~ 1

-X
- e s

or
a, ~ (a— 1)log(log(n/T'(a))).
This gives
a, =log(n/T'(a)) + (a— 1)loglog(n/T(a)).
Simplifying,

M, — log(n) — (« — 1) loglog(n) + log T'(a) 5 G,.
2. Since P(X <j)=1—- 27, we have P(M, < j)=(1 — 277)". Hence, if
n(m)/2™ — @ as m — o, we have

P(Myy <m + k) = (1 — 2-(mi0)™m

n(m)
— exp{—lim n(m)2~("*0)}
= exp{—627%}.
3. We have 1 — F(t) = 1 — exp{—e™'}. As t — o, this converges to zero
at rate e”". To see this, apply L'Hospital’s rule
1-F(t) 1-exp{-e”'}) _ —exp{—e'}e!

et e —e!

-1.

Therefore,

1— F(t+xR(t)) e '™*FO

=e—xR(t) -x
1— F(1) e e




212 A Course in Large Sample Theory

provided R(¢) = 1. Thus we are in case (c) with b, = 1 and with a,
defined by 1/n =1 — exp{—e %"} ~ ¢ 9. We find that a, ~ log(n)
and conclude M, — log(n) = G,.

This exercise is somewhat of a joke, since the distribution of M, —
log(n) is exactly G, for all n. In fact, the limiting distributions found in
Theorem 14 are all closed up to change of location and scale under the
operation of taking the distribution of the maximum. Moreover, these
are the only distributions so closed. Take, for example, the distribution
G,. If M, denotes the maximum of a sample of size n from G, the
distribution function of M, —a is G,(x + a)" = exp{—ne "™} =
exp{—ne e™*} = G4(x), provided ne™® =1, or equivalently, a =

log(n).

SOLUTICONS TO THE EXERCISES OF SECTION 15

1. From the result of Example 6 of Section 14
(2log(n))*(Xp.n) — 1) — 2log(n) + Lloglog(4mn) =Y
where Y € G,. By symmetry,
(21og(n))'*(Xn.yy + p) + 2log(n) — 1 loglog(4mn) - —Z,

where Z € G,;. By Theorem 15, these two expressions converge
jointly with Y and Z independent. Therefore, for the midrange, M =
(X(n:n) + X(,,:,,))/2,

(2log(n))'*(M — p) S (Y - Z) /2.

To find the density of W = (Y — Z)/2, first write the joint density of ¥
and Z, fy ,(y,z) = exp{—e™ —y — ™% —z}, then make the change
of variable W = (Y — Z)/2 for Y(dy = 2 dw) and integrate z from —
to oo:

fw z(w,z) = 2exp{—e " —2w—z—e™* — 2}

fw(w) = 2exp(—2w} [ exple™ (') — 22} dz

— 00

= 2 expf —2w}j(;mexp{—u(e"2”’ + 1)}udu

= 2exp{—2w}/(exp(—2w} + 1),
exactly the density of the logistic distribution .#(0,1/2). Since the
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sample mean converges to p at a faster rate [1/Vn rather than

1/ \/log( ], the asymptotic efficiency of the midrange relative to the
mean is zero

2. (a) From Theorem 15(a) applied to the upper two order statistics of a
sample of size n from a uniform distribution on (0, 1), we have

N Z
n(l - U(n:n)’1 - U(n:n-l)) = (51, 8,), (1)

where §; =Y, and §, =Y, +Y, and Y,,Y, are iid. exponential
2(1,1). If F(z) is the distribution function of £(1,1), F(z) =1 —
exp{—z}, so Z; = F"'(U,.,) and Z, = F~'(U,,.,_,,) are the up-
per two order statistics of a sample of size n from £(1,1). Since
F~'(u) = —log(1 — u), we apply Slutsky’s Theorem using the trans-
formation —log(-) on both components of (1) to find

(2, - log(n), Z, — log(n)) 5 (W, W),

where W, = —log(Y;) and W, = —log(Y; + Y,). To find the joint
density of W,, W,, we take the joint density of Y,Y,, f(y,,y,) =
exp{—y; — y,}(y, > 0,y, > 0), and transform to W;, W,. The in-
verse transformation is Y, = exp{—W,} and Y, = exp{—W,} —
exp{ —W,}. The Jacobian is exp{ — W, — W,}. Hence

f(wi,wy) = exp{—e™2 —w; — wy}I(w, <w).

(b) Let V =W, — W, be a change of variable for W, so that W, =
V + W, and the Jacobian is 1. The joint density of V' and W, is

f(v,wy) =exp{—e™2 — v —2w,}I(v>0).

Thus, V and W, are independent, and V is #(1, 1), whereas
—log(W,) is £(2,1).
3. From Theorem 14, we have

From Example 2, we have
n(éz - 0) _‘Z; Z,

where Z has the double exponential distribution with densny f(z) =
exp{—2|z|}. When n = 100, the standard deviation of 8, is about 2;
and

P(16, — 6 < %) =095,
so the 95% confidence interval for 8 is (él - 01, 51 + 0.1). To find ¢
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such that P(|Z| < ¢) = 0.95, we solve
0.95 = f e 2l gy = 1 — g2

=C

for ¢ and find that ¢ = §10g(20) = 1.50 -+ . So
0.95 = P(100!2, — 6 <1.50) = P(16, — 6] < 0.015),

and the 95% confidence interval is (52 —0.015, 52 + 0.015), a big
improvement. In fact, the median converges to 8 at rate 1/ Vn , and the
midrange converges to 6 at rate 1/n.

4. From Theorem 15,

A
n(l - q)(Zln)’l - q)(ZZn)) - (SI’SZ)'
But from the definition of a, and the lemma of Section 14, n(1 —
®(Z,) =1 - &Z,)/1 - &@,) ~ (a,/Z,) expl(al — Z})/2}.
Let W,, = a,(Z,, — a,). Then from Exercise 6 of Section 6,

a’l
La, + (W,/a,)

1
eXp{_Wln - _( 1n/a2)}

a,
an + (WZn/an)

1
CXP{_Wzn - _2-(W22n/a31)}) =2 (81, 52).

s P .
This implies that W,,/a, — 0, because otherwise there would be a
subsequence n; such that W,, — + on a set of positive probability,
and any limit of this sequence 'would have a positive mass at zero or .
Thus,

_ ~- 4
(e ", e ") 5(8,,8,),

and, consequently (W, Wz,,)g»(—log S, —log S,), as was to be
shown. We may conclude that

U, = exp(W,, — W} 5 5,/8, € 2(0,1),

and that U, and W,, are asymptotically independent, since §,/S, and
S, are independent.
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SOLUTIONS TC THE EXERCISES OF SECTION 17

1. There are five conditions to be checked.

(1) @ is bounded and closed, hence compact.

(2) For fixed x <1, f(x|8) =1/6, continwous. For 1 <x < 2,
f(x|8) =0 for § <x, and =1/6 for 6 > x, upper semicontinous.
For x > 2, f(x|68) = 0, continuous.

(3) Let 6, € ©. Then K(x) = max, . o[ f(x|8)/f(x|8,)] = 6, if x < 1,
=6,/x if 1<x <86y, and = if x> §,. The expectation of
K(X), when 6, is the true value, is clearly finite.

4) If o(x, 8, X) = supgr_g,< , f(x]6"), then

¢(x,0,p) =1/(6—p), forx<6-p
= 1/x, forlx — 6] <p
=0, forx> 0+ p,

clearly measurable.
(5) 6 € 0 is clearly identifiable; for example, different 6 have different
supports.
2. (a) For X;, < 6 < X, the likelihood function is

o= (5] () + (5] (1)

Since (9/08)log L(6) = —(k/8) + ((n — k) /(1 — 6)), L(8) is de-
creasing if 8 < k/n and increasing if 6 > k/n.
(b) Since L(8) is continuous and cannot have maxima between the
X4)> the maximum-likelihood estimate must be equal to one of the
X(k). Moreover, if (k — 1)/n < X, <k/n, then L has a local
maximum at Xy
3. The likelihood function is

L(pseeos i @) = 111

n
i=1j

_ (‘[2%0)"4 exp{—zlr—fizn: L (X, - p,,.)z}.

The maximum-likelihood estimates of this are found by setting the

d 1
=1

1 2
(X, -
V2o CXP{ 202( Y ) }
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derivatives of this with respect to the parameters equal to zero and
solving:

0 1 4
alogL——fz:( - =

0=p =X, fori=1,.
d j=1

nd 1 =~ d 2
L X, - u) =0
o 0_3 Z Z( 1y I‘Ll)

i=1)=1

1 n
P n X

IIMQ_
/—-\
L'/N
|
S| =
1=
[
[ ]

where st = (1/d)T]. (X, X)2

(b) The s? and iid with mean Es? = ((d — 1)/d)o 2. Hence, from the

law of large numbers G°* — ((d —1)/d)o? almost surely, so that
&2 is not consistent.

(c) Here the number of parameters grows to infinity as n — , so the
structure of the problem differs from that of Theorem 17

SCLUTIONS TC THE EXERCISES OF SECTION 18

1. (a) The log-likelihood function is [(6) = log L(8) = nlog 6 + (8 —

DX log X;. The likelihood equation is [(0)=n/8+ Llog X; =0,
which glves as the MLE,

— [(1/n) X tog(1/%))] !

#(X, 8) = 1/6 + log(X), and §(X, 8) = —1/62, so that J(8) =
1/62. This gives

Vn (6, — 8) »(0,6%).
(b) 1,(6) = nlog(l — 0) + log(8) L X;, so

(8)=-n/(1-8)+(1/8)L X, =0

is the likelihood equation; its unique root is

8, =X,/(X, +1).
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(X, 0) = -1/(1 ~ 6) + X/6, so that EX = 6/(1 — 6) (because
E{y(X, 0)} = 0), ¢(X,6) = —1/(1 — 6)* — X/862, so that

(0) =1/(1-6)°+1/6(1— 6) = 1/6(1 - §)°.

This gives
Vn (6, — 8) »#(0,6(1 — 6)°).

2. Let D, = 9/da and D, = 9/9B. The log-likelihood function is

W(a, f) = ~nlogT(a) —nalog B - (1/8) LX, + (a— 1) T log X,

The likelihood equations are

Dyl (a,B) = —nF(a) —nlog B+ ) log X; =0,
D,l(a,B) = —na/B+ (1/B*) LX; =0.

D?log f= —¥ (a), D;D,logf= —1/B, and Dilogf=a/B* -
2X /B> whose expectation is a/B2 — 2aB/B> = —a/B*. Hence,

¥(a
s(a,3)=( (a) 1/3),

/8 a/B?
-1 1 a ~B
Yo B = | BZ¥(0))'

The asymptotic distribution of the MLEs is
Vn (&, — a, B, — B) »#((0,0),3(a,8)7").
. 1,(6,,6,) = — 8, Ecosh(X; — 8,) — ne(6,). The likelihood equations
are
) sinh(X; - 6,) = 0,
) cosh(X; — 6,) = —n¢'(6,).
=0, it follows that E sinh(X — 6,) =0 and E cosh(X — 6,) =

— ¢'(8,). Hence, since D?logf= —8,cosh(X — 6,), DD, logf =
sinh(X — 8,), and D log f = —¢"(6,) = —var(cosh(X — 8,)), we find
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Fisher information to be

—6,¢'(6,) 0
'(:5(61’62) = 0 (P"(Gz)

The distributions in all of these exercises are exponential families.
4. Let f(x|6) and g(y[6) be the densities of X and Y given 6, respec-
tively. Then since X and Y are independent, the joint density is

f(x|6)g(yl8) and

0
¥((x,y),0) = ~a log f(x16)g(y16)

0 0 .
—log f(+16) + — log g(y16) = ¥(x,0) + ¥(»,6).

Hence,
Sxr(8) = var(¥((X,Y), 8))
= var,(4(X, 0)) + var,(y(Y,8)) = Ix(0) + Iy(6).

5. (a) The likelihood equation is

. n (X’ - 6)
i(0)y=2y ——1— =
(6) ,~§1+(X,.—6)2
For 6 > X(,,, each term is negative, so [(6) <0.At 6 =X, 1
we have
n = 2"
Fom '11+(X(n)_1_X('))

If X, — X,y > 2n, then X, — X, > 2n for all i <n, and

-l (2n-1)
. —1-2Y —
h(Xew = 1) ,le+(2n—1)
2(n —1D)(2n -1 2n? —3n +1
_ Ao 1) 2)=1___2____T>0,
1+ (2n-1) 2n* = 2n +

so there is a root of the likelihood equation in (X,,_;, — 1, Xy
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(b) Suppose without loss of generality that 6 = 0. Then from Example

3 of Section 15,
(X(,,_,) X(m)z(' 1 1)
] - s

n n X+Y' X

where X and Y are independent exponential random variables.
Hence, -

P(X.,, > X(n — 1) + 2n)

X, X, 1 1
=P(——(—)>(——ll+2) ~>P(—>

n n X X+Y - 2) > 0.
6. (a) The log-likelihood function is
logL = —2A; — 2A, + xlog( Ay + Ay)
+y1log(Ay) +y, log(4;) — log(x!y;!y,!).
Setting the partial derivatives to zero gives the equations

X X
+ 2020 and -2+ 22y,
A EA A A +A A

—2+

and solving for A, and A, gives the maximum-likelihood estimates

SN x N N X
== +1| a =2 +1].
1Ty + Y, Ty Y,

(b) Let g(X, Yo y;;_) = (y1/2)((x/(y1 +y2)) + 1) Then

) Y1 1( X 1
s ) = s A +
8(%y1,2) 2y, +y2) 2\y +y,

Y1 x Y1 x )

2 PRV
2 (yy+y,) 2 (y +)’2)2
and we find
. Ay Ay A
E(A, Ay, Ay) = 5,1 BETR _—?3)

The covariance matrix of X,Y,,Y, is diagonal with A, A;, A, along



220 A Course in Large Sample Theory

the diagonal, so the asymptotic variance of A, is

A 0 0 2
g ALA[0 A O g, )\Z)T =A - ﬁ
0 0 A

7. (a) This is a two-parameter exponential family with

L(0,,86,) = lj!f(xlwpez) = n exp{—S,/G, ‘32/92}-

(6, + 6,)

(b) Setting the partial derivatives to zero gives the equations

n Ay B q n A _0
I A T R Ay
and solving for 8, and 6, gives
.5 | .5
913_‘/;(‘/3':4_‘/3';) and 923_‘/%(‘/3'1_4,‘/3‘;).

It should be checked that this holds if S; =0 or S, = 0. They
cannot both be zero.

(c) Taking n = 1 and writing log f(x|6,, 8,) = —log(6, + 8,) — S,/ 6,

Dylog f=—-1/(6, + 8,) + 31/912
and

D,logf=—-1/(8, + 8,) + S,/63.
This implies ES, = 02/(6, + 8,),
~ED}log f = ~1/(6; + 6,)* + 2ES,/6} = (6; + 292)/[91(91 + 92)2]
and —D,D, log f = —1/(8, + 6,)* Thus,

~ 1 (6, +26,)/6, -1
g(el,ez)_m( -1 (2014‘02)/62).

From this, vn (6, — 6) Z»/;/(O,Ss(e,, 8,)!), where

. 2
%(01, 62)—1 — (61 + 62) 6162 (261 + 62)/62 1 )
4+ 20, + 26, 1 (8, + 26,/6,)
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8. Since
log( fa (%) /fo(x)) = (8 = 8)T(x) = (c(8o) — c(8)),
we have ,
K(feoxfe) = (6, — G)EOOT(X) - (C(Go) - C(G))-

Using

0= E4(d/8) log fy(X) = E,[T(X) —c'(6)],
we find E,;T(X) = ¢'(6), so

K(fo,» fo) = (8o — 0)c'(85) — (c(6p) — c(0))-
Fisher Information can be found as

() = —Eg(0%/36%)log fo(X) = c"(8).

The expansion of ¢(8) to two terms in a Taylor series is ¢(8) = c(6,)
+ (6 — 0,)c'(8,) + (8 — 6,)°c"(8,)/2 + O(8 — 8,)*. From this we may
conclude

K(fo fo) = — (6= 65)°c"(85) /2 — O(6 — 6,)’
—(6- 90)2 c"(6,)/2
(6 — 6,)"3(8o) /2.

l

SOLUTIONS TC THE EXERCISES OF SECTION 19

1. (@) Let Y, = —log(X; ). From Exercise 1(a) of Section 18, the MLE of 6
is 6 = 1/Y Hence the MLE of 1/6 is Y Because X; e%(0,1),
we have Y, € £(1,1/86), so that EY, = 1/0 and var(Y) =1/(n6?).
From Exercise 1(a) of Section 18, %(0) = 1/62. The information
inequality with g(8) = 1/6 [and g'(8) = —1/6%] and sample size
n then gives g'(6)?/(n3(8)) = 1/n6? as the lower bound, attained
by the MLE.

(b) Since X; €#(6,1), we have EX, = 6/(6+ 1) (unbiased) and
var(X,) = 6/n(8 + 1)*(8 + 2). The information inequality with
g(8) = 6/(8 + 1)[and g'(8) = 1/(8 + 1)*]and I(8) = 1/6? gives

g(6)’/(n3(8)) = 62/n(6 + 1)°,
So X does not achieve the lower bound In fact, we can do better
asymptotlcally using the MLE, 6,/(6, + 1).
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2. Selected components of the 5 X 5 matrix, (1 — p2)y:

(1 - P2)¢"n = _1/‘712;
(1 - Pz)ll"xz = p/0103;
(1 - Pz)ll"xs = —-2(X- l’«x)/013 —p(Y - #2)/01202,
the expectation of which is 0;
(I-»p )¢33 (1= p?)/of =3(X — ) /01
= 2p(X = w)(Y ~ 1) /ovey,
the expectation of which is —(2 — p2)/0?;

(1 - P2)¢"34 =p(X — w)(Y - l’«z)/"xzazz,

the expectation of which is p?/o,0,;
(1 - P2)¢1’35 = [2P(X_ #1)2/013

—(1+ p?)(X = )Y - #2)/0120-2]/(1 - 0%),

the expectation of wh1ch is p/oy.
. @I EG=p, - 2(6), then g(8) = (1, —1,0,0,0) and

var(é ) 2g(6)3(6)~1g(6)'/n = (012 +of — 2p0y0;)/n.

() If E() py/oy =g(8), then g(8) =(1/0,,0, —p,/0f,0,0) and
var(9) >0+ 2208 /n.

() If EG = po,0, = g(6), then g(8) = (0,0, poy, poy, 0,0,) and
var() > 01022(1 + p?)/n.

. We think of the X in (1) as a vector of observations, X = (Xj,..., X,),

and find the Fisher Information for § based on X. Since the X, are

independent, the Fisher Information based on X is the sum of the

individual informations. The information in X; is

var(—logf(XO))—var( —z; exp{0z;} + 2, X))

= 27 var( X;) = z7 exp( 6z} .

Hence, the Fisher Information in the whole sample is 3(8) =
L7 z2 exp{6z;}). When dealing with unbiased estimates, we have g'(8) =
1 in (1), so we have as a lower bound to the variance of an unbiased
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estimate, é(X),

varf (X) >

z? exp{6z;}

i=1 %i

5. (a) The density of X is f(x|6) = (1/6)1q 4,(x) and its derivative is
(9/96) f(x18) = —(1/6*)] ¢, 4,(x). If the derivative with respect to
6 may be passed under the integral sign in 1= [f(x|6)dx, we
would have 0 = [(9/98) f(x|68) dx = — [§(1/6%)dx = —1/6. Thus
one of the regularity conditions of the information inequality is not
satisfied.

(b) We have (3/d6)log f(x|6) = —1/6 for 0 <x < @. This gives
var((9/08)log f(x[6)) = 0 for all 8> 0. So the information in-
equality would give infinity as a lower bound to a variance.

(c) We have E,(2X) = 6 and var,(2X) = 42 /3. Thus, the information
inequality is not valid here.

SOLUTIONS TC THE EXERCISES COF SECTICN 20

1. (a) We have
log f(X16) = —(X — 6) — 2log(1 + e~ ¥~9)),
Y(X,0) =dlog f(X10)/00=1—2e X9 /(1 + ¢7X=9)),

and
(X, 8) /96 = —2 X0 /(1 + e=x-0%)?].

To find J(0) = —E, oy(X, 0)/06, make the change of variable
U=1+¢%9(dU=—e*"®dX) and find

J(0) = 2E[e_(x_6)/(1 + e—(x—0))2] = 2fm[(u — 1) /u?] /u du
1

- 2flm{u‘3 —uYdu =2 - 1) = 1.
(b) We have
log f( X16) = —log(m) — log(1 + (X — 8)°),

Y(X,0)=2X—-0)/(1+(X-18)"),
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and
2

ow(X,8)/960=-2(1-(X-6)")/(1+ (X -6))
We change variables, Y = (X — ) (dY = dX) to find

3(6) =2B(1 - Y/ + ¥ = @/m) [ (1-y)/(A+y) &y

@ -3 @ -2
= (2/7r)[2f_ (L+y?) dy— [ (1+y°) )dy].
To find [* (1 + y?)™™ dy, we integrate by parts:
fm (1+ yz)*m dy=y(1+ yz)_m 12w + mfo y(1+ yz)_("'H)Zydy

=0+2mfo (1+y2)_mdy

- me (1 +y2)_(m+”dy,
giving the recursion for m > 1,

f:(l +y2) "D gy — [(2m - 1)/2m]f:(1 +y%) " dy.

Now using the fact that (1/7)[>(1 +y?)~'dy =1, we find
21 +y)"2dy = 7w/2, and [Z.(1 +y?)~3dy=3w/8. Hence,
3(0) = @/ m)6m/8 — w/2] = 3.
2. Since log L(6) = —nlog 7 — L] log(l + (X; — 6)?), the likelihood
equations are

9 log L(8) /99 = 2‘2(& —0)/(1+ (X, - 6)) = 0.
1

(There may be many roots.) Since J(8) = 3, the scores are

3(0) (9 log L(6)/98) /n = (4/n) T.(X; — 6)/(1 + (X; - 6)’).

From Example 2 of Section 10 the asymptotic distribution of the
median m, is given by va (m, — 8) -0, w/4). This may be im-
proved by adding the scores

m}y =m, + (4/n) Z(X] - m,,)/(l +(X; - m,,)z)

to obtain an asymptotically efficient estimate: va (m* — 6) =10, 2).
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3. Since EX; = (1 - 6) + 26 = 1 + 6, the method of moments equates
X, and 1 s 6 to give the estimate §* = X, — 1. This estimate cannot
be admissible, since it may estimate 6 to be negative or to be greater
than one. Since Eij =2(1 - 6) + 660 =2 + 46, we have that

var(X)) = (2 +48) — (1 + 6)’ =1+ 26 — 6.

Therefore by the Central Limit Theorem, Vn (6F — 6) >10,1 + 26
— 62). The asymptotically efficient estimate given by one iteration of
Newton’s method is
n THX 1) /(L +6F(X, -1
0 = o* + 1(, Z/( (1 ))2
ZHX - 1) /(1 + 65 (X, - 1))

n n

4. (a) The mean and variance of this exponential distribution are 1/6 and
1/6%. The method-of-moments estimator of f is 6, = 1/X,. Its
asymptotlc distribution is vn (6, — 6) —>/1’(0 92). Flsher informa-
tion is A(6) = 1/67, so the estimator 6, is fully efficient.

(b) In the information inequality, let (X ) X. Then g(6) =1/,
and the information inequality becomes var,(X) >
(—1/62)*/3(8). Using var,(X) = 1/62, this inequality becomes
3(6) > 1,/62. This lower bound to Fisher information is achieved
by the given exponential distribution.

SCLUTICNS TC THE EXERCISES OF SECTICN 21

1. Fisher Information for the Poisson distribution is J(6) = 1/6, and the
maximum-likelihood estimate of 6 is X,. The posterior density is
approximately the normal density centered at X, with variance equal
to 6,, where 6, is the true value of 6. Since 6, is unknown, it may be
useful to approximate this density by the normal density with mean X,
and variance X,. Mathematically, we may say that if 6, is the true
value, the posterior density Vn(6 — X,) converges to the density of
M0, 6,) in L, almost surely.

2. Let g,(0) (resp. h,(¢)) represent the conditional density of 6
(resp. ¢) given X,,...,X,. We are to show that for all ¢, A,({) —
(1/6,) exp{—¢/0,H(¢ > 0) almost surely as n — «. We have

g.(0) =g(6)67"1(M, < 0)/C,,
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where C, is the normalizing constant,
C, =j g(6)67" do.
M,

Changing variables to ¢ = n(6 — M,) with d6 = d{/n, we have
ho(L) = g(M, + {/m)(1+ {/(nM,)) " 1(0 < 2)/D,,

where
= f:g(M,, + ¢/n)(1 + {/(nM,,))"' di.

Since M, converges to 6, almost surely, the numerator of h,({)
converges to g(6,) exp{—¢/6,11(0 < ¢) almost surely. To complete the
proof, we must show that D, converges to g(6,)6, almost surely. Using
the assumption that g(#) is bounded, and using the fact that the
convergence of (1 + ¢{/(nM))™" to exp{—{/M]}, for fixed positive {
and M, is monotone decreasing in n, we can bound the integrand in D,
above by a function of the form const. times (1 + ¢{/M')"2, which is
integrable. Then the Lebesgue Bounded Convergence Theorem gives
the result.

SCOLUTICNS TC THE EXERCISES OF SECTION 22

1.

L(8) = (2mo,0;) " exp{— [ L (X, - p«,)z/az + L - w)/02)/2)-

The general MLEs are o, = X, f, =Y, 62 = (1/n) Z(X; — X)?, and
= (1/n) Z(Y; — Y)2. Under Ho, the X and"Y; together form a
sample of size 2n from a single normal dlstnbutlon, so the MLEs are

wi=py =(X+Y)/2
o’ = o = [L(X - ) + L (% - )] 2n.
From this, we find
L(6*) = (277(7*2)_’l exp{—n}, L(§)= (2m?xc?y)—n exp{ —n}.
There are two restrictions under H,, so that

—2log A = n[2log o*? — log &,2 — log &yZ] - Xzz-
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2. L(6, ) = 6"u"exp{—0 L X, — uLY}. The general MLEs are 6=
1/X and p=1/Y. Under H,, the likelihood function is L(6) =
279" exp{ (L X, + 2LY))}, which leads to the MLEs 6* = 2/(X +
2Y), p* =26*. Hence L(G B) =X""Y " exp{—2n} and L(6*, p*)
= 2"(6*)*" exp{ —2n). Since there is a single restriction under H,, we
have

—2log A = 2n[2log((X’+ 2)_’)/2) —log X — iog2)_’] - xi
3. As is well known, the MLEs for the 6’s are é, =X,. If all the 6’s are

the same, then the X,, form a sample of size nk from the Poisson, so
that the MLE is 6* = X_. Since the log likelihood is

Y Y [-6 + X, log6 —log X, ],
P

log L(6)

-nY. 0 +nYy. Xlogh— Y. ) logX,
P

and since there are k — 1 restrictions under H,

~2log A = 2[log L(8 ) — log L(6*)]
= 2n| T X, log X~ k¥log X| - k2.,

4. Find an orthogonal matrix Q such that QPQ” = (10, g); call it D. Let

W QZ. Then W €.41(Q8,1,) and ZTPZ WIQPQ'W = WIDW =

7.1 W2 This has a noncentral x> distribution with r degrees of

freedom and noncentrality parameter ¢ equal to the sum of the squares

of the first r coordinates of Q8, namely, the square of the length of the
vector DQS. Thus, ZTPZ € x2(¢), where ¢ = 3"Q"DDQ3 = 5" P3.

5. (a) The distribution of —2log A, is approximately noncentral chi-

square, x?(¢), where the noncentrality parameter ¢ has the form,

¢ = 82(G, — G%/G,), since all of these matrices reduce to scalars.

Using 8, = v1000(0.1) and

1/0? 0
0 2/0%)

3(#«,0)=(

we find that ¢ = 10/0¢.
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(b) Again the asymptotic distribution is noncentral chi-square, xZ(¢),
with the same formula for ¢ and the same value of 8,, but this time

¥ (a) 1/3)
1/ a/B?)

so that ¢ = 10F (1) — 1) independent of B. Replacing F (1) by its
value, 72 /6, we find that ¢ = 6.449. .
6. From Eq. (4), —2iog A, ~ n(d, — 0,)7#6,X8, — 0,), where @, is the
unrestricted maximum-likelihood estimate, which from Theorem 16 has
an asymptotic normal distribution,

Vi (8, — 8,) S1(0,.7(8,) 7).

Therefore, the asymptotic problems may be reduced to the following
fixed sampie problems for the normal distribution.

Suppose X €410, %), where X =_#(0,)"! is known. Find the distri-
bution of —2log A, where A is the likelihood ratio test statistic for
testing Hy: 68, = 0, 6, = 0 against (a) H,: 6, > 0, 6, unrestricted, or
(b) H: 6,>0, 6, >0, 8 # 0. We reformulate this problem by trans-
forming to independent normal variables. Let Y, = X, /oy and

Y,= ((Xz/az) - P(Xx/al))/vl - PZ-

Then Y e M, 1), where p, = 6,/0, and pu, = ((6,/07) —

pCpy/a))/ VY1 — p*. The hypotheses have become Hy: g = 0, o, = 0

against (a) H,: u; >0 p, unrestricted, or (b) Hy: py >0, pmy

+\/1—p2/.L220,|1,¢0.

(a) The unrestricted MLE of p is Y. The MLE under H,U H, is
(Y{,Y,). On the half plane Y, > 0, —2log A is the squared dis-
tance of Y to 0. This occurs with probability 4 under H,, which
gives x7 with probability . On the half plane Y, < 0, Y is pro-
jected onto the line Y, = 0; thus, —2log A is the squared distance
of ¥, to zero which gives a x{ with probability 3.

(b) Now the MLE under H, U H, is the projection of Y onto the cone
Y, > 0, pY, + y/1 — p?Y, > 0. Thus there are four regions. On the
cone itself, Y is unchanged, giving a ;7 distribution with the
probability of the cone. On Y; < 0, Y, > 0, Y is projected onto the
line Y, = 0, giving a x? distribution with probability 1. Similarly,
on the set pY, + 1 — p?Y, < 0, those Y whose perpendicular
projection onto the line pY; + /1 — p?Y, = O ends up with ¥; > 0
are so projected. This occurs also with probability 1 and gives a x{

3(#«,0)‘—‘(
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distribution. All remaining points are projected into the origin
giving a 8, = xZ distribution with the remaining probability. The
probability of the cone under Hj is the angle 9 of the cone divided
by 2#. 9 is the angle between the line pY; + /1 — p?Y, = 0 with
Y, > 0 and the line Y, = 0 with Y, > 0. This is easily found to be
¢ = 7 — arccos p.

SCLUTICONS TC THE EXERCISES OF SECTICN 23

1. The minimum y? estimate is the value of @ that minimizes Q,(w(0)).
Its asymptotic variance is

V= (A(0) £(w(0)) ' A(8)) "
where L(ar) denotes (d/dw)¢(ar). Because 4(0) = o(17(0)), we have
A(8) = T(w(0))w(8) and V = (#(0Y L(w(0))71(0))"!. For the expo-
nential family,
log f(x10) = w(8)T(x) — (w(6)),
and Fisher Information is
3(8) = varg{ @ (6)T(X) — ¢(w(0))#(0)} = 7r(0) vary{T(X)} 7(0)
= #1(0) L(0)#(0) = V1.

Thus the MLE and the minimum y? estimates have the same asymp-
totic variance.

2. (3
) 4 25 100
= + 4+ — —
X T T g7 T 297 29
So solving
(d/d8) 4 25 9 0
X°= + - =
3-0) (G-oy 20

gives 6 = 0.1471.
(b)

X2os = 20(2/3 = 56)% + 50(3 — 26)" + 30(1 — 206/3)’,
(d/d8) x2.a = —200(% — 56) — 200(5 — 26) — 400(1 — 206,/3)
=0
gives § = 0.1475.
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(c) The log likelihood is proportional to 20log(1 /3 - 6) + 50 log(2/3

— 6) + 30log(26). The likelihood equation is thus -20/(3 - 6)
—~50/(2 — 6) +30/6 = 0. The MLE is 6 = o 1472.

3. (a) Let probit(p) = ®~'(p). The transformed y? becomes

= nY (probit(n,/n) — (a + ij))qu((a + B)cj))2
! ®(a+ Br;)(1 - ®(a + Bx))) ’
using d®~'(p)/dp = 1/®'(®7(p)). Applying modification

L (probit(£) = (a+ Bx)) @(®7'())
probit x> =n}). Ta-7)

tan(wp — 7/2). The transformed modified y

(b) Let cogit(p) =

5 (cogit(f;) = (a+ BX,)) cos*(nrf, ﬂ/?_)
cogit x> =nY, )7

The minimum y? equation of Example 4 is

—e™* 04 — e /%) /2
20 + ( )/

(0.8 —e™%/%) /4
1—¢" 1—e 972

1—e 9/ =0

We may simplify by replacing the denominators by their estimates
_ =672
o, (04 —e7%7%) /2
0.6

(08 —e%/%) /4
—e

= 0.
0.2

This reduces to

e8/2 gm0/4 4

e ? + + ==

1.2 0.8 3

Solution by numerical methods gives 6 = 1.7407 --
5. n

1 =30, n, =20, n; =50, z, = log(03) 2, = log(02) 2y =

log(0.3),
)cl =0, x, = 1, and x; = — 1. The linearized constraint _ n;a; = L n;z;
gives 0y = 0.36, + ¢, where

¢ =0.3log0.3 + 0.21og0.2 + 0.5l0og 0.5 = —1.0297
(9/98)Q,

= 0 leads to the equation

(91og0.3 + 261log0.2 — 3510g0.5) /(2.7 + 33.8 + 24.5) = —0.4659
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from which we find 6, = —1.1694. This results in p, = exp{6,} =
0.3105, p, = exp{6, + 6} = 0.1949, and p, = exp{6, — 6,} = 0.4948.
Because the sum is 1.0002, slightly too large, we modify 6, by subtract-
ing log(1.0002) = 0.0002, to make §, = — 1.1692.
6. (a) We make the transformation g(x) = arcsin(x), g'(x) = (1 — x2)!/?,
on each coordinate to arrive at the transformed y2

2
X(% = nZ(Z, = 0ix, — 6,)",

where Z, = arcsin(Y,) for i = 1,..., d. This is now a simple least-
squares problem so that

[

X2

N

LS

(b) In the transformed 2, A(@) = 6,x + 6,1, so that A(Q)is the d X 2
matrix (x1). We have

Vn (0, - 0) >.(0,%), where 3 = (A’MA)_I.

For the transformed 2, M is the unit matrix, so

rx Tx
rx, d

(¢) To minimize var(f,), we maximize s2; that is, we put d /2 observa-
tions at 0 and d/2 at 1. The same is true if we try to minimize the
determinant. To minimize the asymptotic variance of 6,, we obvi-
ously put all the observations at 0, but this gives us no information
about 6,. In general, we should put m observations at 0 and d — m
at 1, where m > d/2. A reasonable compromise might be m =
2d/3.

1

3 = (AA) -

IRYE -X
Cast| =X XXl

SCOLUTICNS TC THE EXERCISES CF SECTICN 24

1. (a) Under H,, all expected cell frequencies are equal to 20. So,
2 2 2
,  (10-20° (@-27  (16-20)"
Xb = + Foe b ——— =
0 20 20 20

This is close to the 10% cutoff point, x2(0.90) = 9.24, so we accept
at the 5% level.

9.2.
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{(b) If p, and p, are known to be equal, then they are estimated as
(n, + ng)/(2n), et cetera. The expected cell frequencies become
13, 24, 23, 23, 24, and 13, respectively. We find

2
X = (iﬁ—li + - = 2.167.
Since this y? distribution has 3 degrees of freedom, we obviously
accept H,.

(c) For testmg H, against H,,we use x4, — x4, = 9-2 — 2.167 = 7.133.
Since this is beyond x2(0.95) = 5. 99 we would reject H, if it were
known that H, were true.

(d) The noncentrality parameters may be computed in the same way as
the x?’s above, but pretending that the observations were 15, 15,
15, 15, 30, and 30, respectively. We find ¢,, = (15 — 20)*/20 + ---
= 15. At 5 degrees of freedom at the 5% level, we find the power
from the Fix tables (Table 3) to be about g = 0.86. Similarly, under
H, we estimate p, = p, = (15 + 30)/240 et cetera and compute
¢y, = (15 - 22.5)2/22.5 + - = 10. At 3 degrees of freedom, we
find the power to be B = 0.86 again. The noncentrality parameter
for the test of H,, against H, is the difference, ¢ = ¢, — ¢y = 3.
At 2 degrees of freedom, this gives a power of g = 0.50.

2. (a) Estimate p,; by n,,/n, p;, = px by (ny, + ny)/Q2n), et cetera,
and evaluate the y? as

(6 -85)> (10 —16.5)° (20 — 17.5)°
2 = = 7.306.
Xin =2 " ge s Y T s

The x? has 3 degrees of freedom, and since x2(0.95) = 7.81, we
are close to rejecting at the 5% level.
(b) Under hypothesis H|, the likelihood is proportional to

niptngy nptngy nptny 2n33
P3

L ~p}"i(p,p,) (p1P3) p3"2(pyps)

n|+nl n2+n2 n3+n3
=D P2 P3

We find the maximum-likelihood estimates of p;, p,, and p, to be
Py = (n.+ n,)/(2n) = (31 + 49) /400 = 0.20, p, = 0.18, and p;
= 0.62 from which we may compute the table of expected values,

8 7.2 24.8
72 648 2232,

248 2232 76.88
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from which the x* may be computed as xj = (15— 8)%/8 +
= 24.09. Nine cells and two parameters estimated leaves 6
degrees of freedom Smce x£(0.95) = 12.59, we reject H, strongly.
(c) Our x? is now ,\/H — XH = 16.78, again highly s1gn1ﬁcant when
compared to xZ(0. 95) — 7.81.
3. We find the maximum-likelihood estimates of the p;; under the two
hypotheses. The likelihood function, L(p) is proportional to

I J
L(p) « I_'! I_Ip.-’,’-"-

(a) Under H, we seek to maximize L{(p) under the constraints Z’
pij=1 /I Thls occurs at pU n;/(In;) for all i and j, where

n,= Z, . The x* statistic is
L (ry = NB)) L (o (N/DY
Xa2 = Z ( JNA J) Z N
i=1j=1 Pij i=1 /1

For each i, J— 1 paraimneters were estimated so the x2 has
J-1)-1J-D=1-1 degrees of freedom.

(b) Under H,, we seek to maximize L when p;; is replaced by p; and
we have the constraint L/, p; = 1/L The maximum-likelihood
estimates are pf =n.; /(IN ), and the chi-square is

= ZI“ y ("ij_NPf)z.

*
=1 j=1 np;

It has (IJ — 1) — (J — 1) = {J — J degrees of freedom.

(c) To test H, against H — H,, we use x7 — x2. It has ( —J) —
I-D=U-I-J+1=—-1XJ—1) degrees of freedom.
Under H,, x? — x? is asymptotically equivalent to the x? of
Example 1 for testing the homogeneity of a contingency table.

4. All tests are of the form: Reject H,, if

— Np, )
2 ( ijk ijk 2
X = oA 2 Xdf;a
i,‘]/'_?k Npijk o
(@) L o I, (p,g;r)™* = TIpt )T pf+XI1pg+), so p; = n. /N,
i) n}/N, and ﬁk = n_k/N.
df.=(UK-1)-({U-1D)—-(J-1)—-(K-1)

=UK-1-J-K+2.
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(b) L« I_Il]k(plq]k) = (I_Ip: )(I_Iq klk) S0 pl =n; /N q}k ;k/N'
df—(IJK—1)—(1—1)—(JK—1)—(I— 1)(JK— 1.

© L o I1,,(mq, )"+ = (I XI1gj#), so g, = nj/N. df.= (WK
-1)-UK-1)=UK-JK.

(d L« I_I:;k(pukq;[krk) uk = (HP,|k‘)(H‘I,|I< XI1ry*), so Pix =

/N Qe =n g/n ., and A =n,/N. df.= (UK - 1) - KU
-1 - K(J—l)—(K—l)—IJK IK —JK — K.

(C) L« I_qu(P:q;rkw) ok (le )(Hq I)(I_Irk k) 50 p: =n /N q]
=n;/N, and 7 ;;=n;/n,. df.=WK-1)-U- D-U-
D-IK-1D=U-DJ - 1.

5. (a) In this problem, there are 10 independent y2’s with two cells each.
Let n;; and X;; represent the total number of ticks and the number
of dead ticks, respectlvely, of species S, given treatment T§ Then,
collapsing the two-celled y?’s into one- celled we have a y* of the
form

2 2
(Xy; — "1;1’;) i( 2j "2;'7’;')

- j=1 nljpj(l P,) j=1 M2j J( - WI) ,

with 10 degrees of freedom. If p, = ;, the common value of p; and
w; is estimated by the total number of deaths divided by the total
number of observations, namely, p = 7r (X + X 2j )/ (ny, + )
na;j ). Thus, pl =i, =030+ 42)/(50 + 77) = 0567 p, = 0.728,
pPs= 0552 P4 = 0308, ps = 0.400. Replacing the p; and the m; in
the x? by their estimates, we find

1.652 3422 0.082 1.23% 0.2?
+ + + +
1228 105 28.1 13.0  6.72

1.652 3422 0.08% 1.232 0.22
+ + + + +
18.9 12.08 9.89 9.16 12.48

x*=

=2.73. (1)

Since we lost 5 degrees of freedom estimating five parameters, this
x? has five degrees of freedom, so the null hypothesis is obviously
accepted.

(b) The numerators of the x? in (1) depend on the X,; and X,; only
through the differences, (X;;/n,;) — (X;;/n,;). In fact,

The noncentrality parameter at any alternative such that p, — m; =
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0.1 may be found by replacing the differences (X, /n, ) ~ (X,;/n,,)
by 0.1 in the numerators of the y2.

3.032  2.84% 2962 252 1822
= + + + +
¢ 12.28  10.5 28.1 13.0 6.72
3.032  2.84% 2962 2522 1822
+ + + +
189  12.08  9.89 9.16  12.48

From the Fix Tables at « = .05 and 5 degrees of freedom, we find
that the power is only about 0.42.

= 5.81.
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Edgeworth Expansions 32-3, 35, 48-8,
186
Efficiency, see Asymptotic distribution,
asymptotic efficiency;
Superefficiency
Empirical distribution functions,
consistency 22-3, 178
Estimation 105-71, 215-35
asymptotic efficiency 133-9, 223-5
asymptotic normality 140-3, 225-6
Bayes estimates 140-3, 225-6
Cauchy distribution 125, 161, 218-9,
230
Central Limit Theorem 122, 154
consistency 112-18, 121-2, 138,
- 215-6
Continuity Theorem 112-25, 151-62,
215-21, 229-31
covariance 125, 151-62, 219-20,
229-31
Cramér-Rao lower bound 126-39,
221-5
Cramér’s Theorem 121, 155
Fisher information 120-3, 124-5,
218, 2201, 229
general chi-square tests 163-71,
231-5
least-square estimates 27-8
Lebesgue Dominated Convergence
Theorem 124
likelihood ratio test statistic 144-50,
226-9
maximum-likelihood estimates
112-25, 215-21
method of scoring 133-9, 223-5
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minimum chi-square estimates
151-62, 229-31

Pearson’s chi-square statistic 616,
151-71, 195-7, 229-35

Poisson distribution 120, 125, 219-20

posterior distributions 146-3, 225-6

random vectors 15162, 229-31

regression coefficients 27-8

Slutsky’s Theorem 122

unbiased estimates 126-39, 221-5

uniform strong law of large numbers
107-11, 138

see aiso Testing

Exercise solutions 172-235
Extreme order statistics

asymptotic theory 94-104, 210-14

exponential distribution $6, 100,
210-12

extrema 1014, 212-4

normal distribution 98-9, 100,
210-12

Fatou-Lebesgue Theorem
lemma §, 7, 173, 175-6
uniform strong law of large numbers
111
Fisher information
asymptotic efficiency 135, 139,
223-5
Cramér-Rao lower bound 126-32,
139, 221-3, 225
likelihood ratio test statistic 149
maximum-likelihood estimates
120-3, 124-5, 218, 220-1
minimum chi-square estimates 229
posterior distributions 54
Fisher’s transformation 54 .
Fix tables 62, 149, 195, 196, 232, 235

Gamma distributions 128, 131, 136-8,
139, 150, 225, 228

Gauss—-Markov Theorem 178

Glivenko—Cantelli Theorem 19, 23, 85,
205

Hellinger’s chi-square statistic 59
Helly—Bray Theorem 13-18
Holder’s Inequality 6, 173
Hotelling’s 7(3 57, 60, 194
Human blood groups 168-9
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Hypergeometric distribution 77, 84,
201-2
Hyperplanes 14-15

Information inequality, see Fisher
information
Insecticide treatment 171, 234-5

Jensen’s Inequality 113, 180

Kendall’s coefficient 34-5, 77, 184-5
K ruskal-Wallis statistic 86, 207
Kullback-Leibler information number
113-14
Kurtosis 32-3, 35, 186
sample correlation coefficient 534,
193

Lagrange muitipliers 157-8, 166
L.aplace distribution 102
Large Deviation Theory 22, 24-5,
180-1
Law of Large numbers
finite second moments 19-25,
178-81 ‘
probability theory 19-25, 178-8
strong law 19-25, 10711, 114, 123,
138, 178-81
weak law 19-25, 41, 44, 57,
178-81
Least-square estimates 27-8
L.ebesgue Dominated Convergence
Theorem 5, 7, 10, 17-18, 173, 174
maximum-likelihood estimates 124
posterior distributions 226
uniform strong law of large numbers
110
see also Convergence
L.ebesgue measure 112, 115, 140
Le Cam’s Theorem
inequality 18, 177-8
posterior distributions 140
uniform strong law of large numbers
108-11
L’Hospital’s rule 98-9, 210-12
Likelihood ratio test statistic
asymptotic distribution 144-50,
226-9
cutoff point 144-7

Index

one-sided 150, 228-9
power approximation 148-9
see also Maximum-likelihood
estimates; Testing
Lindeberg Condition, see
Lindeberg-Feller Theorem
Lindeberg-Feller Theorem 27-8, 30, 34,
182-8
asymptotic normality 82-3
Logistic distribution 139, 155, 223

Married couples, source of news tests
169-70, 232-3
Maximum-likelihood estimates
asymptotic efficiency 133-9, 223-5
asymptotic normality 119-25,
216-21
Cramér- Rao lower bound 131, 221
general chi-square tests 166, 169-70,
232-3
married couples’ source of news tests
169-70, 232-3
minimum chi-square estimates 154,
161, 229-30
normal distribution 121
Poisson distribution 120
posterior distributions 140-3
strong consistency 112-18, 121-2,
138, 141, 215-16
see also Estimation; Likelihood ratio
test statistic m-dependent
sequences, see Stationary m-
dependent sequences
Mean-squared error 129
Mean-Value Theorem 20, 124
Method of moments 137, 139, 225
Minimum chi-square estimates 151-62,
229-31
exponential family 1534, 165
generalization 153-8
matrix inverse 153, 163-5
maximum-likelihood estimates 154,
161, 229-30
see also Estimation; Pearson’s chi-
square statistic
Monotone Convergence Theorem 5, 7,
16, 173
uniform strong law of large numbers
109
see also Convergence



Index

Monte Carlo methods 24, 29-30, 179
Moth capture 125, 219-20

Newton’s method 135-8, 139, 156, 225
Neyman’s chi-square statistic 60, 155,
194
Order statistics
extreme 94-104, 210-14
sample quantiles 87-93, 208-9

Paired comparison experiments
randomization tests 28-30
signed-rank tests 30-1
Partial converses
Continuity Theorem 13-18, 176-8
convergence 8-12, 173-6
probability theory 8-12, 173-8
Pearson’s chi-square statistic
asymptotic distribution 47-9, 56-66,
194-7

contingency tables 165-8

die tossing 65

fix tables 62, 149, 195, 196, 232, 235

general theory of tests 163-171,
231-235

likelihood ratio test statistic 148-50,
226-9

minimum estimates 151-62, 229-31

modification 154-8, 161-2, 165,
229-31

multinomial experiments 58

power function 61-6, 148-9, 164-5,
195-7

sample correlation coefficient 51, 53

Slutsky’s Theorem 56-60, 645,
194-5

test sensitivity 61-6, 148-9, 195-7

Permutations
rank statistics 75-86, 200-7
see also Randomization tests

Poisson Approximation to Binomial

Distribution 18, 176-8
Poisson distribution 34, 55, 180, 182,

193

Cramér—Rao lower bound 132,
222-3

dispersion test 50, 191

likelihood ratio test statistic 150,
227

maximum-likelihood estimates 120,

243

125, 219-20
posterior distributions 143, 225
Posterior distributions, asymptotic
normality 140-3, 225-6
Probability theory 1-35, 172-86
Central Limit Theorem 26-35, 181-6
convergence in law 3-35, 172-86
laws of large numbers 19-25, 178-81
partial converses 8-12, 173-8

Quantiles, see Sample quantiles

Randomization tests
paired comparison experiments 28-30
rank statistics 76-7, 84
against trend 77, 85, 202-3
two-sample 76, 84
see also Testing
Random permutations, rank statistics
75-86, 200-7
Random variables
asymptotic efficiency 133-9, 223-5
Cramér-Rao lower Bound 126-32,
221-3
extreme order statistics 94104,
210-14
m-dependent sequences 69-74,
197-200
order statistics 87-93, 208-9
uniform strong law of large numbers
107-11
Random vectors
Central Limit Theorem 26-35,
181-6
convergence in law 3-35, 172-86
laws of large numbers 19-25,
178-81
minimum chi-square estimates
151-62, 229-31
partial converses 812, 173-8
Slutsky’s Theorem 39-50, 187-92
Rank statistics 75-86, 2007
asymptotic normality 77-84, 85-6,
201, 204-6
hypergeometric distribution 77, 84,
201-2
randomization tests 76-7
sampling 76, 83-4, 86, 200-2,
206-8
Rank-sum tests 76
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Regression coefficients
asymptotic distribution 54, 192
consistency 23, 178
least-square estirnates 23-5, 27-8,
178-81
Riemann approximation 86, 205-6
Sample correlation coefficient 51-5,
192-3
robustizing 53-4, 192-3
Sample quantiles, asymptotic
distribution 87-93, 208-9
Sampling
k-Sample problem 86, 206-8
rank statistics 76, 834, 200-2
Scheffé’s Useful Convergence Theorem
8-9, 12,175,176
extrema 102
posterior distributions 141-2
see also Convergence
Schwartz Inequality 175-6
Scoring
asymptotic efficiency 133-9, 223-5
badminton scoring 73, 197
Shannon-Kolmogorov Information
Inequality 113
Signed-rank tests, paired comparison
experiments 30-1
Skewness 32-3, 35, 186
Slutsky’s Theorem 3943, 187-9
convergence 42
extrema 103, 213
functions of the sample moments
44-50, 189-92
maximum-likelihood estimates 122
Pearson’s chi-square statistic 56-60,
64-5, 194-5
rank statistics 207
uniform strong law of large numbers
108
Solutions, to exercises 172-235
Spearman’s Rho 77, 85, 203
Stationary m-dependent sequences
69-74, 197-200
autocorrelation 74, 199
autocovariance 73, 197-8
badminton scoring 73, 197
probability of success 734, 197-8
Stirling’s formula 35, 185
Strong convergence, see Convergence,
almost sure

Index

Success runs, stationary m-dependent
sequences 734, 197-8
Superefficiency 134

Taylor expansion 44-50, 157-8, 177,
189-92, 221
Taylor’s Theorem 20, 26-7
Testing 105-71, 215-35
asymptotic efficiency 133-9, 223-5
asymptotic normality 140-3, 225-6
contingency tables 165-8
Cramér-Rao lower bound 126-39,
221-5
general chi-square tests 163-71,
231-5
human blood groups 168-9
likelihood ratio test statistic 144-50,
226-9
married couples’ source of news tests
169-70, 232-3
maximum-likelihood estimates
112-25, 215-21
minimum chi-square estimates
151-62, 229-31
paired comparison experiments
28-31
Pearson’s chi-square statistic 61-6,
151-71, 195-7, 229-35
Poisson dispersion test 50, 191
Poisson distribution 50, 191
posterior distributions 140-3,
225-6
against restricted alternatives 166-9
rank-sum tests 76
signed-rank tests 30-1
uniform strong law of large nuinbers
107-11
see also Estimation; Randomization
tests
Ticks, insecticide treatment 171, 234-5
Time-series analysis, stationary m-
dependent sequences 69
t-statistic
asymptotic distribution 41-2, 44-55,
187-93
sample correlation coefficient 51-5,
1923
Slutsky’s Theorem 39-50, 187-91
Two-sample randomization tests 76,
84
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Uniform strong law of large numbers see also Covariance
107-11, 123, 138 Vectors, see Random vectors

Variance-stabilising transformations 54, ~ Weak convergence, see Convergence, in
55, 193 law
Pearson’s chi-square statistic 59, 60, Wilcoxon rank-sum test 76
195



