Generalized Linear Models

Y = X3+ ¢€



Components

e Random Part: Elements of Y have
independent normal distributions with E(Y) =
K and constant variance o?.

* Systematic Part: Covariates x,, ... X, produce a
linear predictor n given by

p
n=)_x0
j=1

* Link between random and systematic
components: u=n



Generalizations

* Random component: Distribution may be a
member of the exponential family other than

the normal

* Link function n, =g(pw) may be any monotone
differentiable function



Exponential Family
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Table 2.1 Characteristics of some common univariate distributions in the erponential family'

Normal Poisson  Binomial Gamma Inverse Gaussian
Notation N(g,0?%) P(p)  B(m,7)/m G(p,v) IG(p, %)
Range of y (coo00) 0o M (0,00) (0,00)
Dispersion parameter: ¢ =0 1 1/m p=v""! ¢ =o’
Cumulant function: b(0) 6%/2 exp(6) log(l + %) — log(—6) —(—26)"*
c(y; 9) -1 (% + 10g(27r¢)) —logy! log (7::;) v 105(;:;)11—(”1;)81/ -1 {10g(27r¢y3) " é}
w(8) = E(Y;6) ) exp(8) €’/(1+¢°) -1/ B (—20)" V2
Canonical link: 6(p) identity log logit reciprocal 1/ u
Variance function: V(i) 1 i u(l —p) u? ud

TThe mean-value parameter is denoted by g, or by = for the binomial distribution.

The parameterization of the gamma distribution is such that its variance is ut/v.

The canonical parameter, denoted by 8, is defined by (2.4). The relationship between 4 and 8 is given in lines 6 and 7
of the Table.



(0, ¢,y) = log f(y|0, @)

o/
E(@) -
0%( AN
E%)*E(%)

|
-



yo — b(0)
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* E(Y)=p=Db'(0)
* Var(Y) = b”(8) a(¢)

e Variance function b”’(0)
* V(p)

-y, @)

* ¢ is the “dispersion parameter”

/




Link Function

* Relates the linear predictor n to pu=E(Y)
p
n=>_ x;b
j=1
* For example (Binomial)

]
1 —p

— Logit: n = log

— Probit: n=2o"(p)



Canonical Link: n=6

Normal: n=u

Poisson: n=log u
Binomial: n = log{u/(1-u)}
Gamma: n=1/u

Inverse Gamma: n = 1/p?
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Sufficient Statistics
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