STA2112F99 e-d Review 1. Sequences of real numbers : Let a, a, ... be a sequence of real numbers. We will write a a, or nfi¥ a =˚a, if forall > 0, there exists a real number N such that if n > N, |a.For short, we can write: a a means " e>0, $ N˛ if n > N, |a.Example 1: Show 1n

0. : We seek to show that " e>0, $ N˛ if n > N, |

1 n 1 n

. Let N = 1/e andlet n > N. Then n > 1/ �

1 n

, which was to be shown.

Example 2: Show

n + 1 2n + 6 1 2

. . We seek to show that " e>0, $ N˛ if n > N, |

n + 1 2n + 6 1 2

. Now |

n + 1 2n + 6 1 2 2(n + 1) – (2n +6) 2(2n + 6)

=

2n + 2 – 2n – 6) 4(n + 3)

=

– 4 4(n + 3)

=

1 n + 3

<˚ n+3 > n˚>˚ —˚3.

Example 3: Let a a and b b . Show a + b a + b.Proof 1: We seek to show that " e>0, $ N˛ if n > N, |(a + b ˚—˚ (a + b)|˚<˚ . Let begiven. a a implies N˛ if n > N, |a /2. Similarly, b b implies N˛ if n> N, |b /2. Let N = Max(N, N) and let n > N. Then |a /2 |b /2.Consequently, |(a + b ˚—˚ (a + b)| = |(a—a) + (b—b)|

�

|a—b| < /2 + /2 = , as

Proof 2: We seek to show that " e>0, $ N˛ if n > N, |(a + b ˚—˚ (a + b)|˚<˚ . Let begiven.

1. a a implies N˛ if n > N

/22. b b implies N˛

/23. Let N = Max(N

, N) and let n > N. Then /2 |b /2.

Using steps 1 and 2.

4. |(a + b ˚—˚ (a + b)| = |(a—a) + (b 5.

�

|(a6. < /2 + /2

7. = e>0, if n > N, |(a + b ˚—˚ (a + b)|˚<˚

Example 4: Show that if exists, it is unique.

without loss of generality, let x > y. Now a x implies N˛ if n > N, |a—x|˚<˚(x—y) /3.Similarly, a y implies N˛ if n > N, |a—y|˚<˚(x—y) /3. Let N = Max(N, N) and let n > proves nothing. ˚(Not˚A). In fact, these two statements are equivalent. The idea behind proof byA B.

2. Limits of real functions

lim_{x � x0} f(x)

f’(a) =

lim_{x � a} f(x) – f(a) x – a

=

lim_{x � a} q(x)

:

lim_{x � x0} f(x)

= y means " e>0, $ >0 if |x-xd x

� then |f(x)-y|˚<˚

Example 5: Let f(x) = 3x + 1. Show

lim_{x � 2} f(x)

= 7.: We seek to show that " e>0, $ >0 if |x-2|<d

�

2, then |(3x+1)˚-˚7|˚<˚

Now |3x—6|˚<˚ 3 |x—2|˚<˚ |x—2|˚<˚ Set d = e/3, and the result follows.

�

2; that’s because in this case, |x-x

1. We seek to show that " e>0, $ if |x—2|<d x2, then |(3x+1)˚-˚7|˚<˚

lim_{x � 2} f(x)

= 72. Set d = e/3;

3. |x—2|˚<˚

Substitute for

4. 3 |x—2|˚<˚

5. |3x—6|˚<˚

6. |(3x+1)˚-˚7|˚<˚

7. Done.

lim_{x � 2} f(x)

= 7 is satisfied.Example 6: Let f(x) = x if x

�

0, and f(x)=4 if x=0. Prove that

lim_{x � 0} f(x)

= 0. : We seek to show that " e>0, $ >0 if |x—0|<d

�

0, then |f(x)—0|˚<˚

�

0 and let

>0 be given. Then |f(x)| = |x

| = x <˚|x| <

�

. Set

�

Example 7: Let f(x) =

7x^2 + 11x – 6 x + 2

. Show

lim_{x � 0} f(x)

= —3.Proof 1: We seek to show that " e>0, $ >0 if |x—0|<d

�

0, then

7x^2 + 11x – 6 x + 2

– (– 3)

. Assume x

� 7x^2 + 11x – 6 x + 2

– (– 3)

=

7x^2 + 11x – 6 x + 2 + 3

=

7x^2 + 11x – 6 x + 2 + 3(x + 2) x + 2

=

7x^2 + 11x – 6 + 3x + 6 x + 2

=

7x^2 + 14x x + 2

=

7x(x + 2)

x + 2

= |7x| = 7|x| <˚ ˚|x| <˚/7. Accordingly, let = /7, and the result follows.

� �

"obvious" in the sense that it starts with |x-x and proceeds to |f(x)-y|˚<˚. But it’s less obviousProof 2: We seek to show that " e>0, $ >0 if |x—0|<d

�

0, then

7x^2 + 11x – 6 x + 2

– (– 3)

<˚. Let >0 be given, let = /7, and let |x|< with x

�

. Then |x| <˚/7

7|x| <˚ �

7x(x + 2) x + 2

<˚ �

7x^2 + 14x x + 2

�

7x^2 + 11x – 6 + 3x + 6 x + 2

7x^2 + 11x – 6 x + 2 + 3(x + 2) x + 2

7x^2 + 11x – 6 x + 2 + 3 7x^2 + 11x – 6

x + 2

– (– 3)

This iswhat we needed to show.˚

Example 8: Assume

lim_{x � x0} f(x)

= 3. Show

lim_{x � x0} 2 f(x)

= 6.: We seek to show that " e>0, $ >0 if |x-xd x

� then |2f(x)-6|˚<˚. Let be given.

lim_{x � x0} f(x)

= 3 means

>0 if |x-x x

� then |f(x)-3|˚<˚. Choose =

, and let |x-x d x

�

. Then |f(x)-3|˚<˚e/2 � , which was to be shown.˚

Example 9: Assume

lim_{x � x0} f(x) lim_{x � x0} g(x)

= y. Prove

lim_{x � x0} [f(x) + g(x)]

= y + y. : We seek to show that " e>0, $ >0 if |x-xd x

�

. Let be given.

lim_{x � x0} f(x)

= y implies

if |x—x

� then |f(x)—y. Similarly,

lim_{x � x0} g(x) if |x-x

�

. Take = Min() and let |x-xd x

�

. Then |f(x)—y

. Consequently, |f(x)+g(x)—(y)| = |(f(x)—y)|

�

|f(x)—y

< /2 +

/2 =

, as required.

Example 10: Let f(x) = cos(1/x). Prove

lim_{x � 0} f(x)

�

0 then |cos(1/x)-y|˚<˚

. Suppose on the contrary that there is such a pair), and let be given, 0< <1. Note that x ˛ ) and x ˛ ) with f(x) = cos(1/x) =˚1and f(x

) = cos(1/x

) =˚—1. Now by the definition of a limit, |f(x

<1 and |f(x

<1, so that)| = |f(x)|

�

|f(x)| < 2 <2. But |f(x)| = 2. This

: f continuous at x means

lim_{x � x0} f(x)

= f(x). Example 11: Show f(x) = 3x + 1 is continuous everywhere. Example 12: Let f(x) = x if x

�

0, and f(x)=4 if x=0. Prove that f is not continuous at x=0.Example 13: Show f(x) =

x is continuous for x > 0.Example 14: Prove that if f(x) and g(x) are both continuous at x

, then f(x)+g(x) is also continuousat x. Example 15: Prove that if f(x) is continuous at x

, then g(x) = 3f(x) is also continuous at x

= {1,2, ... } is the set of natural numbers.

of to the set of integers = {0, –1, –2, ...}.

A, x a.

LUB of A if (2a)

A, y a, and (2b) " e>0, $ aA a>yupper bound. It remains to show (1b) (2b).

(2b): Suppose (1b) holds, but there is an

>0 with no a

. Then y-

:

2

: Suppose on the contrary that

2

2

2 2

2

If {a, ...} is a bounded non-decreasing set of real numbers with LUB = x,

a =x. :

The preceding result implies that any real number can be written uniquely asan infinite decimal. For example, let x[0,1]. x=0.e ... means the following: letx. In general, let S

e_k 10^k

�_{k=1}^{n – 1}

˚x.x from {e, e, ...} by constructing {S, S, ...} from {e, e, ...}, and then taking

Countable and uncountable sets

P(A) 0 A .

If {A

, A, ...} is a sequence of disjoint sets in , then

] = .density f, then

real a and b with ab, P(aXb) = countable too, and they can be listed in some order x

, x, .... Then {x: axb} = {x

} ¨ ... . These singleton set are disjoint, and so P[aXb] = P[X=x, some n=1, 2, ...] = P[

] = = P[x

= = 0.

Proof that the real numbers are uncountable. It is enough to show that the x1 = . e e e e e ...x2 = . e e e e e ...x3 = . e e e e e ...x4 = . e e e e e ...x5 = . e e e e e ...

Now construct another real number y = . a a a a a ... as follows. For k = 1, 2, ..., if

bounded above, the sup (pronounced soup) is the least upper bound. If unbounded, it’sthe sup.

bounded below.