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Foundations

Sample Space 2, w € ()

o () is a set, the underlying sample space.
o J is a class of subsets of (2.

@ There is a probability measure P defined on the elements of
F.

Probability space (2, F, P)



Random variables are functions from €2 into the set of

real numbers

Pr{X e B} =Pr{weQ: X(w) € B})



Found s

Random Sample X;(w),..., X, (w)

o T=T(X1,...,Xn)
o T =T,(w)

o Let n — oo to see what happens for large samples.



Fou

Modes of Convergence

o Almost Sure Convergence
o Convergence in Probability

o Convergence in Distribution



Foundations

Almost Sure Convergence

We say that T, converges almost surely to T, and write T}, “3 T

if

Priw: nlg]g@ T(w)=T(w)} =1.

Acts like an ordinary limit, except possibly on a set of
probability zero.

o All the usual rules apply.

o Called convergence with probability one or sometimes
strong convergence.

o In this course, convergence will usually be to a constant.

Pri{w: lim T,(w)=c} =1.
n—o0



LLN

Strong Law of Large Numbers

Let X3,..., X, be independent with common expected value pu.

X, B EX)=u

The only condition required for this to hold is the existence of
the expected value.



LLN

Probability is long run relative frequency

o Statistical experiment: Probability of “success” is 6.
o Carry out the experiment many times independently.

o Code the results X; = 1 if success, X; = 0 for failure,
1=1,2,...
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LLN

Sample proportion of successes converges to the

probability of success
Recall X; =0 or 1.

E(X;) = Y aPr{X; =z}

= 0-(1—-0)+1-6
= 0

Relative frequency is

] — —
ﬁigxz:xn
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LLN

Simulation

Using pseudo-random number generation by computer

Estimate almost any probability that’s hard to figure out.

(]

Statistical power
Weather model

Performance of statistical methods

Tests or confidence intervals for estimated probabilities.



LLN

Back to the Law of Large Numbers



LLN

Recall the Change of Variables formula: Let Y = g(X)

Or, for discrete random variables

E(Y)=> yp,(y) =) glx)py(z)

This is actually a big theorem, not a definition.
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LLN

Applying the change of variables formula

To approximate E[g(X)]

Simulate X7,..., X, from the distribution of X. Calculate
n n
1 1 a.s.
= g(X) = =) Vi EY)
n < n <
1=1 1=1

= E(g9(X))



LLN

So for example

1 < 0.
=3 X/ % B(XY
n 4
1=1
l a.s
EZUEV}WE’ Y E(UVW?)
=1

That is, sample moments converge almost surely to population
moments.



LLN

Approximate an integral: [~ h(z)dz

Where h(z) is a nasty function.

Let f(x) be a density with f(x) > 0 wherever h(x) # 0.

/_Z h(z)dr = —f(z)dz

So
e Sample X1,..., X, from the distribution with density f(z)

e Calculate V; = g(X;) = ?gzg fori=1,...,n

o Calculate Y, % E[Y] = E[g(X)]

e Confidence interval for ;4 = E[Y] is routine.
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LLN

Convergence in Probability

We say that T;, converges in probability to T', and write T, B

if for all € > 0,

lim P{w: |T)(w) —T(w)| <e} =1

n—0o0

For us, convergence will usually be to a constant:

lim P{|T,, —c| <€} =1

n—oo

Convergence in probability (say to ¢) means no matter how

small the interval around ¢, for large enough n (that is, for all

n > Njp) the probability of getting that close to ¢ is as close to

one as you like.

We will seldom use the definition in this class. 17/ 44



LLN

Weak Law of Large Numbers

X, 5

@ Almost Sure Convergence implies Convergence in
Probability

o Strong Law of Large Numbers implies Weak Law of Large
Numbers
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Consistency

T =T(X1,...,X,) is a statistic estimating a parameter 0

The statistic T, is said to be consistent for 0 if T, E) 0 for all 0
in the parameter space.

lim P{|T,, — 0| <e} =1

n—oo

The statistic T}, is said to be strongly consistent for 6 if T,, ©3 6.

Strong consistency implies ordinary consistency.
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Consistency

Consistency is great but it’s not enough.

100, 000, 000 4.
=0

a.S.

T, —=0=U,=1T,+

n
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Co ncy

Consistency of the Sample Variance

1< -
~2 L 2
52 = n;l(Xz X)
1 n
= Y x2-X
n
i=1

By SLLN, X, ©% pand 1 37 | X2 % BE(X?) = 02 + 2.

(2

Because the function g(z,y) =« — y? is continuous,

- I o+ | as
U’%:g<anijn> S g(o® +pPp) =0+t — P =’
i=1
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CLT

Convergence in Distribution

Sometimes called Weak Convergence, or Convergence in Law

Denote the cumulative distribution functions of 17,75, ... by
Fi(t), Fa(t), . .. respectively, and denote the cumulative
distribution function of T' by F(¢).

We say that T, converges in distribution to T, and write

Th T if for every point ¢ at which F' is continuous,
lim F,(t) = F(t)
n—00

Again, we will seldom use this definition directly.



CLT

Univariate Central Limit Theorem

Let X4,...,X, be a random sample from a distribution with
expected value u and variance 0. Then

7, < VKo=) 4 5 N(0, 1)

o)
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CLT

Connections among the Modes of Convergence

T X T =T, 5T =T, 5T

. d
o If a is a constant, T),, — a = 1T, L .



CLT

Sometimes we say the distribution of the sample mean

is approximately normal, or asymptotically normal.

This is justified by the Central Limit Theorem.

But it does not mean that X,, converges in distribution to
a normal random variable.

e The Law of Large Numbers says that X,, converges almost
surely (and in probability) to a constant, p.

e So X, converges to u in distribution as well.
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CLT

Why would we say that for large n, the sample mean is

approximately N (u, 07—12)7

Have Z, = Y2Xe=t) 4 7 N(0,1).

[

PrX <o} = Pr{ﬁz(x—m g \/ﬁ(w—u)}

_ PT{ZHSOM} iy (Lrte=1)

Suppose Y is ezactly N (pu, %2)

Pr{y <z} = pr{\/m—u) - ﬁ(x—u)}

Il
R
=
—
N
AN
2
8
|
=
H,_/
o
/N
3
8
|
=
N——



Conv: of random vectors

Convergence of random vectors I

@ Definitions (All quantities in boldface are vectors in R™ unless
otherwise stated )
* T, 3 T means P{w : lim, o Tp(w) = T(w)} = 1.
% Ty 5 T means Ve > 0, lim,_, o P{|IT, —T| <€} =1

* T, % T means for every continuity point t of Fr,
limn_mo Z‘TTn (t) = FT (t)

9T, S3T=T,5T=T, 3T
@ If a is a vector of constants, T, La=1T,5a

@ Strong Law of Large Numbers (SLLN): Let X,...X, be independent
and identically distributed random vectors with finite first moment,
and let X be a general random vector from the same distribution.
Then X,, 5" E(X).

@ Central Limit Theorem: Let Xi,...,X,, be i.i.d. random vectors with
expected value vector p and covariance matrix . Then /n (X, — p)
converges in distribution to a multivariate normal with mean 0 and
covariance matrix 3.



Convergence of random vectors

Convergence of random vectors 11

@ Slutsky Theorems for Convergence in Distribution:
o If T, e R™, Tni)Tandiff: R™ — R? (where ¢ < m) is
continuous except possibly on a set C' with P(T € C) =0,
then f(T,) % f(T).
@ If T, 5 T and (T, — Y,) 50, then Y,, -5 T.
@ IfT, cR: Y, e RE, T,, % T and Y,, 5 ¢, then

(v (%)
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Convergence of random vectors

Convergence of random vectors 111

@ Slutsky Theorems for Convergence in Probability:

© If T, eR™, T, 5 T andif f: R™ — R? (where q < m) is
continuous except possibly on a set C with P(T € C) =0,
then f(T,) 5 f(T).

@ If T, & T and (T, - Y,) 50, then Y,, 5 T.

@ IfT,cRY Y, cRF T, 5 Tand Y, 5, then

(v)* (%)
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Convergence of random vectors

Convergence of random vectors IV

@ Delta Method (Theorem of Cramér, Ferguson p. 45): Let g : RY — R¥

be such that the elements of g(x) = [gfl] are continuous in a
ilkxd

neighborhood of 6 € R If T, is a sequence of d-dimensional random
vectors such that /n(T, — ) 4 T, then Vn(g(Ty,) —g(0)) 4 ¢(0)T.
In particular, if v/n(T, — 0) 4T~ N(0,3), then

Vi(g(Ta) = 9(8)) Y ~ N(0,5(0)S5(6)).
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Convergence of random vectors

An application of the Slutsky Theorems

o Let Xi,..., X, &2y, 02)

By CLT, Y, = Vn(Xpn — 1) 3 Y ~ N(0,0?)

o Let 7, be any consistent estimator of o.

Thenby6.3,Tn:<}:">i><Y):T

On o

(]

e The function f(x,y) = x/y is continuous except if y =0
so by 6.1,
n(X,, — d Y
fm = YR 4 iy = X v,
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Convergence of random vectors

Another application: Asymptotic normality of the

sample variance

i.5.d.

Let X1,..., X, """ ?2(pu,0?), and 52 = 1 37 (X, — Xp)2
Want to show /n ( o2 — 02) converges to a normal.
Substitute p for X,,? Look at 2 > | (X; — p1)%?

If so, it’s easy.
Let YV; = (X; — p)?

o E(Y;) =0?
° Var(Y) E(Y?) - (B(Y;))* = B(X; — p)* — o* = o2.
i i Zz 1( )2

By CLT, Vi (Y, —0%) %Y ~ N(0,02).



Convergence of random vectors

1 _
—> (Xi—X,)?
n 4
=1
n
= (X4 = X)?
i=1
n
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of random vectors

Vi (Yo —0) =vn (G, —0%) = Vn(Ya-35)
= Vo (Yu—(Va—(Xo0—n)?)
= \/ﬁ (Yn - N)2
= Va(Xn—p) - (Xn—p)

First term goes in distribution to X ~ N(0,0?) by CLT.
Second term goes to zero in probability by LLN.

° (ﬁy(f"_;”) )i()(]()byﬁ.s.

By continuous mapping 6.1, v/n(Xn — p) - (Xn — 1) L X.0=0
Convergence in distribution to a constant implies convergence in

probability (Rule 3), so the difference converges in probability to zero,
and the result follows by 6.2 |



Convergence of random vectors

The Result

@ Because the difference between /n (6\% — 02) and
Vi (2300 (Xi — p)? — 0?) goes to zero in probability,
they converge in distribution to the same target.

e Target is N (0, 03)

o 0l = B(X; — p)* — o,
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Delta Method

Univariate delta method

In the multivariate Delta Method 8, the matrix g(0) is a
Jacobian. The univariate version of the delta method says that

If \/n (T, —6) 4 T and g"(x) is continuous in a neighbourhood
of 8, then

When using the Central Limit Theorem, especially if there is a
0 # 1 in the model, it’s safer to write

Vi (9(Xa) —g(w) % ¢ () T.

and then substitute for p in terms of 6.



Delta Method

Delta Method Example

Xy, X, R Poisson(\)
E(X;)=Var(X;) =\

ViA(Xn-2) d o,
S 2~ N0, 1)

Confidence interval <Xn — Za/2\/ % , Xn+ 2021/ )fln>

Maybe we can do better.
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Delta Method says /n (g(T},) — g(0)) N q@O)T

V(X —A) 3 X ~ N0, ).

Vi (9(X0) = g(N) 5 ¢'(0) X ~ N(0,9'(V)2N)
o Choose g to make the variance not depend on A.
e How about g(\) = 2v/A

g =2iN"12 = %
e Variance of the target is ¢'(A\)2\ = 1.

So,

vn <2\/X7n - 2&) 4 Zy ~ N(0,1).
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NG (2 X, - 2\/X> 4 Zy ~ N(0,1)

0.95 ~ P{ a/2<f< 2f><za/z}
{ 0‘/2<\/7 VA < “/2}

= P{ X, — a/2<f<\/>+ a/2}
{ X, O‘/Z <>\<(\/7+Z°‘/2)}.

CompareP{ —za/Q\/ n < \N< X, —i—za/m/ }

I
v

= P
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Delta Method

The delta method comes from Taylor’s Theorem

Taylor’s Theorem: Let the nth derivative f(™ be continuous
in [a,b] and differentiable in (a,b), with = and z¢ in (a,b). Then
there exists a point £ between x and xg such that

J" (o) (x — x0)?

flz) = flzo) + f'(wo) (x— o) + 51 -
N F™ (o) (x — o)™ n FOED(E) (m — mo)" !
n! (n+1)!
where R,, = F D@ @—20)"* 1o alled the remainder term.

(n+1)!
If R, — 0 as n — oo, the resulting infinite series is called the

Taylor Series for f(x).
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Delta Method

Taylor’s Theorem with two terms plus remainder

Very common in applications

Let g(z) be a function for which ¢”(x) is continuous in an open

interval containing x = 6. Then

g"(0")(z — 0)*
2!

g(z) = g(0) + g'(0)(x — 0) +

where 6* is between x and 6.



Delta method
Using g(z) = g(0) + ¢'(0)(z — 6) + 39" (0%)(z — 6)*

Let +/n(T, )%TsothatT 20

1

VAT ~a6) = Vi (a0) + 4 O ~0)+ 3" )T~ 0)* - 4(6))

= Vi (40T~ 0)+ 3" E(T. - 07
= g O)Vn(T, -9
+59"(63) - V(T = 0) - (T, ~0)

S 4 OT+0
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Delta Method

That was fun, but it was all univariate.

o The multivariate CLT establishes convergence to a
multivariate normal.

@ Vectors of MLEs are approximately multivariate normal for
large samples.

@ The multivariate delta method can yield the asymptotic
distribution of useful functions of the MLE vector.

We need to look at random vectors and the multivariate normal
distribution.



Delta Method

Copyright Information

This slide show was prepared by Jerry Brunner, Department of
Statistics, University of Toronto. It is licensed under a Creative
Commons Attribution - ShareAlike 3.0 Unported License. Use
any part of it as you like and share the result freely. The

IXTEX source code is available from the course website:
http://www.utstat.toronto.edu/brunner/oldclass/2053f22
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