STAC63 Final Exam 2024

Name of the instructor: Michael Evans

Date: April 17, 2024

Start time: 19:00

Duration of the exam: 3 hours

- Number of pages of the exam: 7 pages (including cover page)
Location of the exam: IC200

Any results established in the class or in the Exercises, appropriately referenced,
can be used as part of solving these questions. The exam is open book, so
any aids, such as books or notes, are allowed but the use of computers is not
permitted.
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1. (10 marks) Suppose you are asked to provide an algorithm to generate from
the standard logistic distribution with density given by f () = e = /{1 + )2
for z € R!. Assuming you have a source of iid uniform(0, 1) random variables,
provide such an algorithm. '
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2 (10 marks) Suppose that the r.v.’s X, “%" X where X ~ N (0,1). What do
P(| X5 — X| > 1) and P(X,, > 1) converge to? Justify your conclusions,
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3. Consider the Markov chain {X,, : n = 0,1,2...} with states space § =
{1,2,3}, initial dlstnbutmn v={(1//3,1/3,1/3) and transition probability ma-

trix
. 1 ¢ 0
P= 0 1/2 1/2 .
1/2 1/2 0

3 (a) (5 marks) Determine the probability distﬁbution of Xj.
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3 (b) (5 marks) Is this chain irreducible? Justify your conclusion.
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3. (¢) (10 marks) Classify the states as recurrent or transient and determine the
return probabilities f;;.

é&ew/&l ."gv\";’-\ so 9*% |\ s t»@g,wwm@?)%m

-gmz,.»-@\ VE MX Wewe %,4\ f;; 4\
QXZ@ X o “&‘% 2 w&m z ove e st R
. "Sif?f'“’ O gﬂb )

‘? w \
N & \/\M— v\ 3 |
g - % '?z\ -z%g\

SYI = @z"z«gz\ ez = 5’“"%,\«-,}“
2

‘%»"& = sz,* P'?'?f: 3e = % “V"%;:%%@

Q‘@. b Pz.é’%’()zz‘%%g‘s"’&”‘h‘%w% :’mg%m‘
gm\ Z Ca, "’GE\Q 3 *‘“L‘%\”’*L‘%\ M‘Gz,\-%\-«\

Con = 0,8nt f3m = P =

%‘3%2 Pmm'%@;%m “-i'%& =



4, Consider the Markov chain {X, : n = 0;1,2.. "} with states space § =
{1,2, 3}, initial d1str1but10n v={(1/73,1/3,1/3) and transition probability ma-

trix . s
P= ( 173 0 2/3 ) .
1/4 3/4 0

4 (8) (5 marks) Determine if this chain is irrreducible and aperiodic. Justify
your conclusmns ' :
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4 (b) (5 marks) Determine a stationary distribution # for this chain.
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4 (c) (5 marks) -Deténﬁine whether or not 1'im;1_,mp§’§) =T,. ' |
; S i . . E% e \.,a_‘ o pls o Fme
‘ﬁ;m@w o daair B 1TTE Ave | o

N &&W -é\‘cé’&i‘%\%ﬁ o e (Y7 gy CoMAzeim
WS PN

AT
e A ) w13 ﬁfﬁggm
& co e i tge e ¥ wﬁ:}\ oy Y \‘; n |
WW ..tr | . .



4 (d) (5 marks)
Determi
rmine whether or not Z;";l pgg) - oo
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4. (e) (5 marks) Determine the mean retun times m, for each of the states.
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* 5. Suppose that

: 11212
XNNg((Q),(I/Q 1 1/2 ))
3 /2 172 1

5. (a) (5 marks) Determine F{X; | X3). ok
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5. (b) (5 marks) Determine E(E(X | X3) | Xy, X3) and E(B(X1| Xy, X3)| Xa).
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6. (a) (8 marks) Suppose that {Xn:n=0,1,2,...} is a stochastic process with
state space S = Ny, Justify whether or not each of the following is in general a
stopping time for such s process:

(1) T = Xy,
(i) T = [E(X10)| where || denotes the floor function,

(iit) 7' = mf{ ZX >10}

i=0

(iv) T = sup{ ZX > 10}
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6. (b) (7 marks) Suppose that Xq = 1 and Xy, X5, ... are iid r.v.’s and Y, =
XoX3Xp - Xy, Under what conditions is {Y;, : n =0,1,2,...} a martingale?
When is the process {log¥;, : n = 0,1,2,...} a martingale? In the cases where
these processes are martingales and the stopping time 1" = min{100, inf{n :
n > 10}} what is the expected value of the stopped random variables Yy and

log Yr, respectwely
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7. (10 marks) Suppose {B, : t > 0} is Brownian motion and # € RY. Prove that
{X = exp(6B; — 6%/2 : t > 0} is a martingale.
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