
Recall that when X is a nonnegative r.v., and i 2 f1; : : : ; ng; j 2 f1; : : : ; 2ng;
in Lecture 13 we de�ned

Ai;j;n = f! : (i� 1) + (j � 1)=2n � X(!) < (i� 1) + j=2ng 2 A

Xn =
nX
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2nX
j=1

((i� 1) + (j � 1)=2n)IAi;j;n
=

nX
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2nX
j=1

ai;jIAi;j;n
;

so Xn is a nonnegative simple function satisfying Xn(!) � X(!):Then when
n � n0;

if X(!) � n; then 0 = Xn(!) � Xn0(!);
if ! 2 Ai;j;n; then ! 2 Ai;j0;n0 for some j0 and Xn(!) � Xn0(!)

and limn!1Xn(!) = X(!) for all ! 2 
:We then de�ned E(X) = limn�!1E(Xn)
which exists because E(Xn) is monotone increasing. We want to be sure that
this de�nition doesn�t depend on the particular sequence fXng:
De�ne
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and note that

jE(X�
n)� E(Xn)j �

nX
i=1
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jbi;j � ai;j jP (Ai;j;n) � 1=2n:

Therefore, since E(Xn)! E(X); we have that E(X�
n)! E(X):

Now suppose Y =
Pm

k=1 ckIBk
is a nonnegative simple function with Y � X:

Then, since fAi;j;ng forms a partition
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Now choose n s.t. n � maxfb1; : : : ; bmg: Therefore, whenever ! 2 Ai;j;n \ Bk;
we have ck � X (!) � bi;j and so

E(Y ) � E(X�
n);

which implies E(Y ) � limn!1E(X
�
n) = E(X): From the de�nition we gave in

Lecture 13 and this result, we see that we can also de�ne E(X) by

E(X) = supfE(Y ) : Y is nonnegative, simple and Y � Xg;

which is a commonly used de�nition. The de�nition we gave in Lecture 13,
however, is constructive as we provided a particular sequenceXn of nonnegative,
simple functions with Xn � X such that E(Xn) converges to this supremum.
So, there is no dependence in our de�nition on the particular sequence.
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