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SUMMARY

We examine the functional form of a statistical model with p dimensional variable and
parameter and with large sample or asymptotic structure. It is shown that the functional
form can be approximated to third order by a location or exponential model in a first
derivative neighbourhood of a data point and to second order on a wide range.

The transformation and exponential families provide a wide range of models in statis-
tics. They also provide basic patterns for statistical inference. Some recent asymptotics
uses these patterns to obtain statistical inference in a general asymptotic context ( e.g.
Fraser & Reid, 1993b) . An asymptotic model with one dimensional variable and parameter
can be approximated by a location model or an exponential model to order O(n_3/ 2)in a
first derivative neighbourhood and to order O(n~!) generally (Abebe et al, 1993; Cakmak
et al, 1993). In this paper we show that the same holds with a p dimensional variable and



parameter; this provides general structure for a range of inference methods. 1993July19.
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1. INTRODUCTION

We are concerned with a statistical model that has a p dimensional variable and a
p dimensional parameter and is asymptotic as some mathematical parameter n such as
initial sample size becomes large. For the one dimensional case various asymptotic results
of special interest for inference have been established in Fraser & Reid (1993a), Abebe et al
(1993), Cakmak et al (1993); specifically, that the model can be approximated closely by an
exponential or location model, and that these approximate models can provide O(n_3/ %)
significance probabilities for the initial model.

Consider a statistical model f(y;6) with p dimensional variable and p dimensional
parameter and suppose the model is asymptotic as some mathematical parameter n —
oo: that for each 6, y is O,(n~'/2) about the maximum density value §(0); and that
£(0;y) = log f(y;0) with either argument fixed is O(n) and has a unique maximum. For
some background, see DiCiccio, Field, & Fraser (1990), Fraser & Reid (1993a),

To obtain canonical models, we standardize at the observed data point y¥° and at the
corresponding maximum likelihood value §° = é(yo) and then reexpress the variable and
parameter appropriately.

In the p = 1 dimensional case we can obtain the exponential type canonical asymptotic

model, with expansion coefficients,

a4 (3ou—502-12¢)/24n  —az/2nY?  —{14(as—202—5c)/2n}  as/nY?  (au—302-6c)/n
0 1 0 0 —
-1 0 c/n - - ,
—az/nt/? 0 - - -
—au/n _ _ _ _

(1.1)
where a = —(1/2) log(2m). The array records the coefficients a;; = (0/060%)(07 /067)£(6;y) ,

0,Y0
of the Taylor series expansion of £(6;y) = In f(y; 0) = $a;;(0 — 00)*(y — yo)? /i!4! about an
observed data point and its corresponding maximum likelihood estimate. The mathemat-

ical parameter c records deviation from exponential model form. The zeros in the second
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row and second column express the exponential model pattern exp{fy — c(6)}f(y) where
log f(y; 0) has only one cross derivative that is not zero (from y6).
In a parallel way we can obtain the location type canonical asymptotic model with

expansion coefficients

a + (3as—5a2—12¢)/24n 0 —{1+ (=5¢)/2n} az/n*’? (—as—6c)/n
0 1 —ag/n/? ag/n —
-1 as/nt/? (—as+c)/n - — (1.2)
—ag/nt/? ag/n - - -
—au/n _ _ _ _

where ¢ now records the deviation from location model form. The pattern in the coefficients
expresses (0/0y + 0/00)*4(0;y) = 0 for a location type model f(y — 6). For background
details, see Fraser & Reid (1993a), Abebe et al (1993), and Cakmak et al (1993).

In this paper we show that the same approximation pattern holds with p dimensional
variable and p dimensional parameter. In Section 2 we location-scale standardize a general
asymptotic model. The exponential and location approximations are developed in Sec-
tions 3 and 4, with some brief comment on the calculation of the corresponding canonical

parameters in Section 5. Section 6 provides some general discussion.
2. LOCATION-SCALE STANDARDIZATION

Consider a statistical model f(y;6) with p dimensional variable and p dimensional
parameter and with the asymptotic properties described in Section 1. Let y° be a data
point of interest and 6° = é(yo) be the corresponding maximum likelihood estimate. We

consider a Taylor series expansion of £(0;y) = In f(y; 0) about (0°,y°):
003 y) = £(00s yo) + > ai(0; — 09) + > a*(y
3 a0 — 090, — 09) /2'+Za 60— —sD) )

+ ) a0 (ya —y2)(ys — yg) /2! +

where for example a$; = (0/06;)(0/00;)(0/0y*)L(0;y) ;
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In the various steps towards canonical form we will reexpress the initial variable y
and parameter 6 with coefficients a in terms of a new variable  and parameter ¢ with
coefficients A; then to keep notation manageable we will again use 6, y a for the next stage.
The transformations are thus described algorithmically.

We first recenter at the data value y° and maximum likelihood value ° = §(y°),
z=y—y° , p=0-0".

The visible effect on the coefficient array is that the first order derivatives with respect to

the 6 coordinates are equal to zero:

a a® %P  q2Bv

I
0 a(zl a, (2'2)
Qij Qi
Qijk

The indices run from 1 to p and summation over repeated indices will be used and implied.

We next rescale the parameter to have identity observed information at the expansion
point: let 8; = c;;¢ define a new parameter ¢ so that Iy, = —a;jc;rcje is an identity matrix
array. We obtain the coefficients

a a® a®f q*P7
0 a* o ...
T (2.3
- Zj a” “ e
Aijk
where again we use lower case letters for the coefficients in the new expansion.
We then rescale the variable so that the cross Hessian aff becomes an identity array

I let yo = d)z., define a new variable z so that I = afdY is an identity array. We

obtain the coeflicients

0 I® %P oo
g a af _
—I;j aofj ag) (2.4)
~Qijk Gk T - -
—Qijke  —  — - -



where elements with three indices are O(n~'/2), those with four are O(n~1), and the lower
right elements that are missing are O(n=3/2). This follows the pattern in Fraser & Reid
(1993a) and Abebe et al (1993). Also we have used —ayjx, —jke for the third and fourth
derivative terms in the likelihood at the data expansion point: these a’s correspond to
standardized third and fourth cumulant arrays in the pure exponential case.

In the following sections we will transform towards location and exponential form.

3. EXPONENTIAL MODEL APPROXIMATION

We now consider the location-scale standardized model with coefficients as in (2.4)
and further transform the parameter and variable towards the exponential type indicated
by (1.1).

With a pure exponential model £(6,y) = 0y—c(0)—1n f(y) we have all cross derivatives
equal to zero except those that are first order in 6 and first order in y. This is the pattern
we now seek in applying transformations to the arguments for (2.4).

First we define a new parameter ¢ to obtain appropriate zeros in the second column:

Yo =04 + a?jHﬂj/% + a%kezé’ﬂk/i’;' (31)

This changes many coefficients in the array as indicated by the scalar case in Cakmak et

al (1993). Then using the original notation for the new coefficients we obtain the array

B B
0 I al”  al”
_Iij 0 a%ﬂ - — . (32)
—aijk 0 — — —
—Qijke — - -

Second we define a new variable x to obtain appropriate zeros in the second row

B

i = Ui + 00 Yapyays /2! + a2 Yaypy, /3! . (3.3)

6



The resulting array again using the original notation has the form

a ad a®P a¥Pr  qhd
0o I 0 0 -
~L; 0 f o0 - : (3.4)
— ik 0 _ _ _
—Qijke  — - -

If the coefficients cf‘jﬁ are equal to zero, then we have an exponential model to order

O(n=3/?) and the elements in the first row are available from formulas in Section 4 of
Fraser & Reid (1993a).

More generally we can use the fact that c;"jﬂ = O(n™!) to derive the adjustment h(y)
to the first row elements. For this let g(y;0) be the exponential model obtained with
cgf = 0 (ibid); then

/ {1+ h(y) + <220,0,5° Y (y; 0)dy = 1 (3.5)

to order O(n=3/2). To calculate with the O(n~") terms c%ﬂ, h(y), we need g(y;0) only
to order O(n~='/2), which is normal (8, ). It follows that h(y) is a unique polynomial of
order O(n™!) and its coefficients give the corrections to be added to the first row of the
expansion of the exponential model. For background see the discussion preceding formula
(5) in Cakmak et al.(1993). It follows that an asymptotic model can be approximated to
order O(n~1) by an exponential model on a compact set for the standardized variable and
to order O(n~3/2) by an exponential model in a first derivative neighbourhood of the data
point, except for a constant of O(n™1).

We thus have that the first row in (3.4) is uniquely determined by the third and
fourth likelihood cumulants o;;x, aijke, together with the non exponential coefficients c%ﬂ .
While explicit formulas for these may be possible from Section 4 in Fraser & Reid and
the calculations described in the preceding paragraph, it suffices here to have the general
characteristics of the coefficients.

We now derive an invariant type expression for the exponential model described by

replacing the c%ﬁ by zeros. If we change the expansion point, we find that there is no change

7



in the top left element to order O(n=3/2); see the discussions in Cakmak et al (1993). The
first column corresponds to the observed likelihood £°(9) = £(0;y°); the second column

corresponds to the gradient of the likelihood

0= 0(0) = (0/00)(0:v)| | = £y (0:1") (3.6)

at the data point; the second row corresponds to the score variable at the observed max-
imum likelihood estimate, s = (8/8y’)(£(0;y)‘é0 = &p(éo;y). The exponential model

defined by c%ﬂ = 0 is then given by

C ~ | —
@y PLO) + s} ds
(3.7)
C ~ A~
= Gapr exp{€°(0) + ¢s}|j,|"/? d¢

where j is the observed information form the tilted likelihood in the exponent. This is
the tangent exponential model (Fraser, 1990) which gives a primary basis for the inference

methods in Fraser & Reid (1993b).
4. LOCATION MODEL APPROXIMATION

Again we consider the location-scale standardized model (2.4) and now transform the
parameter and variable towards the location type indicated by (1.2).

With a pure location model £(0,y) = In f(y — ) we have £y + £, = 0. We first
examine this location property to first derivative at the expansion point y = 0. Let
£(0) = £(0;0) be the likelihood at the data y = 0, {£1(0),...,£P(0)} = (8/0y")£(0;vy)
be the gradient with respect to y at y = 0 and {£1(0),...,£4,(8)} = (0/00)£(0;0) be t;le
gradient with respect to # at y = 0. We then define a non-location measure at y = 0:
d(0) = {d*(9),...,dP(0)} where

d*(0) = £'(0) + 4:(0)
= di0;01/2nM* + dig 40,010,/ 6

i i
ik = O T ik, dikp = Qjre + Qijhe (42)
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and summation is assumed for ijkl over {1,...,p}. A model then is first derivative location
at y = 0 if d(f) = 0; this expresses the gradient propery above. In addition a model is
first derivative location at y = 0 to order O(n~3/2) if and only if d;k =0, d;ke = 0, that
is, a;k + aijx = 0, aéke + a;jke = 0 to order O(n~1/2).

We now examine whether a parameter transformation can produce a new model form
that satisfies the y = 0 location property (4.2). For this we first examine terms in (4.1) of

order O(n='/?) and consider a transformation

0; = @; + b;-k@j@kﬂnl/z . (4.3)

Substitution in £(f) and £¢(#) produces the old nonlocation measure d*(¢) = d;kwicpjwk/2n1/2

as re-expressed in terms of the new parameter plus an adjustment term; the first coordi-

nate, say, of the adjustment is

1 0
P(0) = 5ozl — g, Meieion + biivs | (4.4)

and is due to the O(n~/2) terms in (4.3). This first coordinate (4.4) can be reexpressed

as
1 ; ; )
onl/2 { — 2b1;7 — 2(by; + b11)prpi — (bL; + b{j)%‘ﬁj} (4.5)
where 4, j now run over {2,...,p}. We now add (4.5) to the first coordinate

1
57 { dh e} + 2dho10 + dlipip |
of (4.1) and a zero nonlocation effect requires the coefficients to be zero; this gives
2b1, =dj; , (by; +b%y) =di; , bilj + by, = dz'lj
. . 1 1 1 . .
The first equation gives by; = §d11 and thus in general gives

1
e = =dS..- 4.
baa 2daa ( 6)
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The third equation with i = j gives b, = dJ;/2 and thus in general with o, 3, assumed

not equal, gives

1
B8 _ a
Vop = 588 - (4.7)
. 1 ‘
The second can be used with (4.7) to give b}; = 5(2d}i —dj;), and thus
s _ Ligge _ g8
baa = 5(2dal o daa) : (48)

The third equation with ¢ # j say 2, 3 can then be used with two permutations of its
coordinates to give b3, + by = d35 , bis + b33 = d3, , biy + b33 = d23 which solve easily to
give the general

Bl = o (A, +d, — d7) (4.9)

—1/2

With the preceding values for the b’s used in (4.3) we suppress the n terms in the

revised nonlocation measure (4.1).

—1/2

We now assume that the n terms in (4.1) have been eliminated by the chosen

trasformation (4.3), and examine a transformation

0; = pi + b;kggojcpkcpgmn (4.10)

with the objective of eliminating the n~! terms in the modified nonlocation measure
(4.1). Substitution in £(f) and #'(9) produces the old nonlocation measure d*(p) =

d;k 1P Prpe/n as re-expressed in terms of the new parameter plus an adjustment terms;,

the first coordinate, say, of the adjustment is

1 a9,
b (p) = %{ - a—%bjke%@jsf?kw + bgl'kz(pj(Pk(PE} (4.11)

and is due to the O(n™!) terms in (4.10). This first coordinate (4.11) can be reexpressed

as
1 .
%{—3511190? — (6b1y; + 3biy;) Pl

— (3b14; + 31 + 3611, p10i0 (4.12)
+ (B35 + bl + blfij)‘Pi‘Pj‘Pk}
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where 4, 7, k run over {2,...,p}. We now add (4.12) to the first coordinate

1

o {dhmi”i + 3d11:070i + 3duij 10505 + d%jk%@jwk} :

of (4.1), and require a zero non-location effect; this gives

3biys = diq; 5 2biys + by = dig 5 buj + billj + bgu = du4j

o (413)
1k bl T b’fij = dzljk
These equations can be solved as after (4.5) giving
1 1
baaa = 3%aca > bpss = g(3d§ﬂﬁ — 2dj5)
1 1
25 = 5 (g — %)  Biipy = 5 ( @y + Aoy — %)) (4.14)
1 B B 5
by = 3(dags = 243y + 2dagy) 5 5ys = (daqs + acps + dapy — dys)
The preceding parameter change places the model (2.4) in the following form
a Qo Aap  Cypgy  Qapys
0 I; aBi  Qafyi —
_Iij a’ija aa/@ij - — (415)
—Qijk  Qijka  — - -
—Qijke — - - -

We can now change the variable z; = y; + b;-kyjyk/2nl/2 + b;keyjykyg/fin to make the
second row follow the location model form of the first and second column. This can be
done in two steps: collapse the variable to have only a linear term as in Section 3; then

redefine the variable to obtain the location form. The model then becomes

a Oq Gap Qypy  Aapys
0 Iz — g Qi By -
—lij  Qija  —Gijap + Cijop  — - (4.16)
—Qijk  Qijka - - -
—Qijke  — - - -

If the nonlocation characteristics ¢;jog are equal to zero, the model is exponential and
the coefficients in the first row for the 6y density are determined by formulas in Fraser &
Reid, (1993b). For non zero coefficients c;;qo3, the normal (0, I) distribution determines

the order O(n~!) adjustments to the first row of the exponential case.
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Thus an asymptotic model with p dimensional variable and p dimensional parameter
can be expressed in the canonical location type form with coefficients as in (4.16). It follows
that an asymptotic model can be approximated to order O(n™!) by a location model on a
compact set for the standardized variable and to order O(n~3/2) by an location model in

a first derivative neighbourhood of the data point, except for a constant of order O(n™1).
5. CONSTRUCTION OF CANONICAL PARAMETERS

For third order asymptotic statistical infernece it suffices to have the observed likeli-
hood function and its sample space gradient in an appropriate direction (Fraser & Reid,
1993b). To then apply methods appropriate to exponential or location models it is neces-
sary to obtain the corresponding parametrization for the approximating model.

For the exponential model approximation developed in Section 3, the reparametriza-
tion is given explicitly at (3.6) by the sample space gradient of the likelihood function.

For the location approximation developed in Section 4, we have in effect only an
existence result given by (4.6)-(4.9) and (4.14). We now discuss briefly the derivation of
an invariant formula for the location reparametrization.

As a preliminary step we reparametrize in the pattern (3.6) appropriate to the ex-
ponential approximation; with this parametrization, say ¢, the expansion takes the form
(3.4). Now let x designate the desired location approximation parametrization discussed
in Section 4. Then with likelihood re-expressed in terms of the intermediate parameter ¢,

the location relationship for x obtained from (4.1) has the form

Ly(#)04'/Ox = =4 (5.1)

where parameter vectors are represented as rows and ly = 0£/0¢.
We now use (5.1) to define x along an arbitrary ray ¢ = da where § is a scale and
« is a unit vector. For an increment d¢ in ¢ in the direction «, equation (5.1) gives the

image increment dx in x: thus (0, ..., dap) has image {—41(dcv), ..., —¢p(0c)}, and the
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increment df = dd - a has image (dd/0){—41(dcv), ..., —€p(dc)}. It follows that

é
X:/o —{El(sa),...,ﬂp(sa)}% (5.2)

defines the new parameter along the ray in the direction a.
In the p = 1 case we can avoid the intermediate parameterization and obtain the

location parameterization y at y =0

0 s
S rrert .

These formulas assume the preliminary centering discussed in Section 2.
6. DISCUSSION

An exact or approximate ancillary can reduce a general asymptotic model to a con-
ditional asymptotic model with variable and parameter of the same dimension p; the con-
struction of such ancillaries has been developed in Fraser and Reid (1993b). The reduced
model can then be approximated by an exponential model (Section 3) or a location model
(Section 4) to obtain O(n~3/2) significance formulas for component parameters. The expo-
nential approximation leads to significance formulas of the Lugannani & Rice (1990) type
and the location approximation provides the basis for isolating the distribution appropriate
for assessing a component parameter.

The parameter transformation that gives location form provides at the same time a
likelihood function that gives significance values as areas or volumes under the likelihood
function. This has special advantages for presenting information in an easily understood

manner and has been strongly recommended by D.A. Sprott.
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