Thursday, October 02, 2008
1:27 PM

1. [10] Please indicate true or false. no explanations required

—1 for incorrect answer, +2 for correct answer, 0 for blank answer .

(a) [T]
If an economy admits a strategy which costs nothing and at a future time has strictly positive

values with probability greater than zero, then this economy admits an arbitrage.
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(b) @ [F]

The price of a put option always mcreases with volatility.
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In a one-period economy, the risk-neutral branching probabilities are always uniquely deter-

mined.
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If S; is the price of a traded stock, then in the Black-Scholes economy, tlu_-7:»x1m~u=d rate of
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return of S? is equal to 27 + o2,
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@(D) m

A put option struck at $100 trades at $10, while a put option struck at $110 trades at $11.
Both puts have the same time to maturity. This economy admits an arbitrage.

[Hint: Consider 11 units of the first put and 10 units of the second put]
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2. Sketch the option price as a function of the current spot-level for maturities of 7' = 0, T' = 1 month

and T" = 1 vear for

(a) [5] call option

[draw the three curves on the sanie giaplhaddazly labshthemcdnd @uy interesting points. |
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(b) /5] bear spread option. This option can be viewed as a long put struck at Ky and a short put
struck at Ky (0 < Ky < K5 < o0)

[draw the three curves on the same graph, clearly label them and any interesting points..]
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4. Consider an economy with a defaultable stock and bond (interest rates are 0 in all states of the
world);
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Defaultable Stock price tree

Defaultable Bond price tree

(a) Determine the risk-neutral default probabilities shown in the diagram a,, ag. by, by, ¢y, c4.

[Hint: It is easiest if you find by and cgq by using the default bond tree, then find b, and ¢,
_frun.'. the default stock tree, and ffmr”l.'; ﬁmf aq and ay fr'rrm both trees. |
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(b) Value an American put option with the stock as underlier, strike of 100 and maturity of two
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5. Consider the interest rate tree shown in the diagram below. The rates correspond to effective
discounting — e.g. discounting over the first period 1s 1/(1 + 0.04). The probabilities shown are

risk-neutral probabilities.
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(a) /5] Consider a 2-year coupon bearing bond with coupons of $§5 paid every year and notional

of $100. Determine the rate R such that the bond is valued at par (1.e. has current value of

100).

v
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|+ R ]-ov
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= SuW.294 + So.%§
| + 1

= oo

= R= lo.%éy.

(b) 71 Determine the price and replication strategy of a call option maturing at £ = 1 written
on the coupon bearing bond with strike equal to today’s price of the bond. Note: the option

holder will not receive the coupon due at ¢ = 1.
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6. (a) /5] Assuming the Black-Scholes model, derive an expression for a contingent claim which
pays the geometric average of the asset price at two points in time. That is, the claim pays

{51, 51 ]% at maturity 7o where 0 < Ty < To.

1,

{

(c-+or>T + o JT) 2,

_r @ -
vV, = ¢ K It LQS’T/ S’Tz,3

0

Sy = S

>,

o o- oD@ o JTor T, 2a

T

\t

< &Cr—{az)’f'z + o T 2+ o 5T, 24
-4

1

I A SR

—r Tyt (- 2T HTD

2V, = Sa e LT 5
— O—‘ "‘-r PR
. ]E@L @rJ-?“ 2. 87, viz-=l K

Ty 4+ (LoD LTt TR)

= Sp e
% eji T y ei"'l ot (2T

J r C‘T,*—Tz) ./_.8_’.(7/ ""T)')O'I

&

—_

S, ¢*

|

TermTest Page 7



(b) [5] Assuming the Black-Scholes model, derive an expression for a “forward start digital call
option”. A forward start digital call is an option which pays 1 at the maturity date T if the
stock price at time T is larger than the stock price at time U. ( U < T ) Write your answer in
terms of ®(x) := Q(Z < x) where Z is a standard normal random variable under the measure

Q.
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7. Suppose you model stock prices in a CRR like fashion. However, you assume that
Sy, = Sy_rexp{(r — %ag]i\.t + oV At Tn}
where xq,x9,... are id r.v. with P{z; = +1)=pand P{z; = —1) =1 —p.
(a) [5] Prove that if we force

E[P[ST] = SD E!FT 5

V¥In(Sr/So)] =T

in the limit as At | 0 while T = nAt i1s held fixed. Then,

a

1 L — T — o
p:a(1+pr r\hﬂt)+0(ﬁt].

< ¢ glrieste + o KL (2%F - 4 300)
‘T; o &

LoD + X

=S5, & 7

TermTest Page 8



pMere

X =0/()A~(: éz/% e vs)

PWZ/”/ V'2'>

%
m= o n it (251
Vi ot Atu (11— Cl/”ﬂz)
= ot T (17 1))
)E[P{j e1= S, @Q'

A~ L 32
2027 + VT T

| N I L 2 L z/
- C T2 3 + 3 m

—
—a

T
> mA = (> Er) T
) pine
WIPL ’M(;‘f/f(p)‘l = V'l {0,—2_ T

m= ([ -t teD)T- Lot T

-
—

(a-v) T

o w/At (2p-D

—
—

(- T

—

-

> P:i.(l+ u;rm)

TermTest Page 9



(b) [5] Prove that, in the limit as At | 0 while T = nAt is held fixed, the risk neutral probability

in this model is (with constant rate of interest r)
= 1 O(At)
E! = 5 + l |
and that

]EQ[H'T] = .B‘Dt'rr .
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