Chapter 7
Bayesian Inference

CHAPTER OUTLINE
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In Chapter 5, we introduced the basic concepts of inference. At the heart of the the-
ory of inference is the concept of the statistical model { fyp : & € Q} that describes the
statistician’s uncertainty about how the observed data were produced. Chapter 6 dealt
with the analysis of this uncertainty based on the model and the data alone. In some
cases, this seemed quite successful, but we note that we only dealt with some of the
simpler contexts there.

If we accept the principle that, to be amenable to analysis, all uncertainties need to
be described by probabilities, then the prescription of a model alone is incomplete, as
this does not tell us how to make probability statements about the unknown true value
of 6. In this chapter, we complete the description so that all uncertainties are described
by probabilities. This leads to a probability distribution for &, and, in essence, we are in
the situation of Section 5.2, with the parameter now playing the role of the unobserved
response. This is the Bayesian approach to inference.

Many statisticians prefer to develop statistical theory without the additional ingre-
dients necessary for a full probability description of the unknowns. In part, this is
motivated by the desire to avoid the prescription of the additional model ingredients
necessary for the Bayesian formulation. Of course, we would prefer to have our sta-
tistical analysis proceed based on the fewest and weakest model assumptions possible.
For example, in Section 6.4, we introduced distribution-free methods. A price is paid
for this weakening, however, and this typically manifests itself in ambiguities about
how inference should proceed. The Bayesian formulation in essence removes the am-
biguity, but at the price of a more involved model.

The Bayesian approach to inference is sometimes presented as antagonistic to meth-
ods that are based on repeated sampling properties (often referred to as frequentist
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374 Section 7.1: The Prior and Posterior Distributions

methods), as discussed, for example, in Chapter 6. The approach taken in this text,
however, is that the Bayesian model arises naturally from the statistician assuming
more ingredients for the model. It is up to the statistician to decide what ingredients
can be justified and then use appropriate methods. We must be wary of a// model
assumptions, because using inappropriate ones may invalidate our inferences. Model
checking will be taken up in Chapter 9.

7.1 | The Prior and Posterior Distributions

The Bayesian model for inference contains the statistical model { fy : @ € Q} for the
data s € S and adds to this the prior probability measure 11 for . The prior describes
the statistician’s beliefs about the true value of the parameter 8 a priori, i.e., before
observing the data. For example, if Q = [0, 1] and € equals the probability of getting
a head on the toss of a coin, then the prior density 7 plotted in Figure 7.1.1 indicates
that the statistician has some belief that the true value of € is around 0.5. But this in-
formation is not very precise.

prior

1.0T
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theta

Figure 7.1.1: A fairly diffuse prior on [0,1].

On the other hand, the prior density 7 plotted in Figure 7.1.2indicates that the statis-
tician has very precise information about the true value of 6. In fact, if the statistician
knows nothing about the true value of 8, then using the uniform distribution on [0, 1]
might be appropriate.
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Figure 7.1.2: A fairly precise prior on [0,1].

It is important to remember that the probabilities prescribed by the prior repre-
sent beliefs. They do not in general correspond to long-run frequencies, although they
could in certain circumstances. A natural question to ask is: Where do these beliefs
come from in an application? An easy answer is to say that they come from previous
experience with the random system under investigation or perhaps with related sys-
tems. To be honest, however, this is rarely the case, and one has to admit that the
prior, as well as the statistical model, is often a somewhat arbitrary construction used
to drive the statistician’s investigations. This raises the issue as to whether or not the
inferences derived have any relevance to the practical context, if the model ingredients
suffer from this arbitrariness. This is where the concept of model checking comes into
play, a topic we will discuss in Chapter 9. At this point, we will assume that all the
ingredients make sense, but remember that in an application, these must be checked if
the inferences taken are to be practically meaningful.

We note that the ingredients of the Bayesian formulation for inference prescribe a
marginal distribution for #, namely, the prior II, and a set of conditional distributions
for the data s given 8, namely, { fp : @ € Q}. By the law of total probability (Theorems
2.3.1 and 2.8.1), these ingredients specify a joint distribution for (s, 8), namely,

7 (0) fo(s),

where 7 denotes the probability or density function associated with IT. When the prior
distribution is absolutely continuous, the marginal distribution for s is given by

m(s):/gn(&)f@(s)da

and is referred to as the prior predictive distribution of the data. When the prior distri-
bution of @ is discrete, we replace (as usual) the integral by a sum.
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If we did not observe any data, then the prior predictive distribution is the relevant
distribution for making probability statements about the unknown value of s. Similarly,
the prior 7 is the relevant distribution to use in making probability statements about 6,
before we observe s. Inference about these unobserved quantities then proceeds as
described in Section 5.2.

Recall now the principle of conditional probability; namely, P(A4) is replaced by
P(A]|C) after we are told that C is true. Therefore, after observing the data, the rel-
evant distribution to use in making probability statements about € is the conditional
distribution of @ given s. We denote this conditional probability measure by I (- | s)
and refer to it as the posterior distribution of . Note that the density (or probability
function) of the posterior is obtained immediately by taking the joint density 7 (9) fo (s)
of (s, #) and dividing it by the marginal m(s) of's.

Definition 7.1.1 The posterior distribution of 6 is the conditional distribution of
0, given s. The posterior density, or posterior probability function (whichever is

relevant), is given by
7 (0) fo(s)

m(s)

Sometimes this use of conditional probability is referred to as an application of
Bayes’ theorem (Theorem 1.5.2). This is because we can think of a value of 6 being
selected first according to 7, and then s is generated from fy. We then want to make
probability statements about the first stage, having observed the outcome of the sec-
ond stage. It is important to remember, however, that choosing to use the posterior
distribution for probability statements about € is an axiom, or principle, not a theorem.

We note that in (7.1.1) the prior predictive of the data s plays the role of the inverse
normalizing constant for the posterior density. By this we mean that the posterior
density of @ is proportional to 7 (8) fy(s), as a function of ; to convert this into a
proper density function, we need only divide by m(s). In many examples, we do not
need to compute the inverse normalizing constant. This is because we recognize the
functional form, as a function of @, of the posterior from the expression 7 (9) fo(s)
and so immediately deduce the posterior probability distribution of 8. Also, there are
Monte Carlo methods, such as those discussed in Chapter 4, that allow us to sample
from z (6 | s) without knowing m(s) (also see Section 7.3).

We consider some applications of Bayesian inference.

m@]s) = (7.1.1)

EXAMPLE 7.1.1 Bernoulli Model

Suppose that we observe a sample (xi, ..., x,) from the Bernoulli(#) distribution with
6 € [0, 1] unknown. For the prior, we take 7 to be equal to a Beta(a, ) density (see
Problem 2.4.16). Then the posterior of € is proportional to the likelihood

ﬁgxi (1- a)l—x,- — ani 1- H)n(l—i)
i=1

times the prior
B (o, p) 07 (1 -0y
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This product is proportional to

eni+a—1 (1- e)n(l—)f)+ﬂ—l )

We recognize this as the unnormalized density of a Beta(nx + a, n (1 — x) + f) dis-
tribution. So in this example, we did not need to compute m(x1, . .., x,) to obtain the
posterior.

As a specific case, suppose that we observe nx = 10 in a sample of # = 40 and
a = B =1, i.e., we have a uniform prior on §. Then the posterior of 4 is given by the
Beta(11, 31) distribution. We plot the posterior density in Figure 7.1.3 as well as the
prior.

09 . 1.0
theta

Figure 7.1.3: Prior (dashed line) and posterior densities (solid line) in Example 7.1.1.

The spread of the posterior distribution gives us some idea of the precision of any
probability statements we make about 8. Note how much information the data have
added, as reflected in the graphs of the prior and posterior densities. i

EXAMPLE 7.1.2 Location Normal Model
Suppose that (x1, ..., x,) is a sample from an N (g, a%) distribution, where u € R! is
unknown and 0(2) is known. The likelihood function is then given by

n _
L(ulxt,...,xn)= erp(——2 (x —#)2)-
20

Suppose we take the prior distribution of x to be an N (uy, r%) for some specified
choice of x( and r%. The posterior density of x is then proportional to
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1
eXP["E;g(ﬂ'—!Hﬂ2]eXp["EZg(f'-ﬂ)2]
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= €X b - ) ——= \X — X

-1 2
1(1 n n _
XeXp1s\ 2T 3 5+ 55
2\ 75 oy LI
1 2 =2
X exp I—E (,u_g + %)] . (7.1.2)
To 9o

We immediately recognize this, as a function of x, as being proportional to the density

of an
1 - 1 -
n n _ n
o 0o To 99 o 0o
distribution.

Notice that the posterior mean is a weighted average of the prior mean u and the
sample mean x, with weights

-1 -1
1+n 1 d 1+n n
— + — —and | = +— —,
% o) T 5 o5) 9%

respectively. This implies that the posterior mean lies between the prior mean and the
sample mean.

Furthermore, the posterior variance is smaller than the variance of the sample mean.
So if the information expressed by the prior is accurate, inferences about x based on
the posterior will be more accurate than those based on the sample mean alone. Note
that the more diffuse the prior is — namely, the larger r% is — the less influence the
prior has. For example, when n = 20 and 0(2) =1, r% = 1, then the ratio of the
posterior variance to the sample mean variance is 20/21 & 0.95. So there has been a
5% improvement due to the use of prior information.
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For example, suppose that 0(2) =1,u9 =0, r% = 2, and that for n = 10, we
observe x = 1.2. Then the prior is an N (0, 2) distribution, while the posterior is an

distribution. These densities are plotted in Figure 7.1.4. Notice that the posterior is
quite concentrated compared to the prior, so we have learned a lot from the data. i

12T
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Figure 7.1.4: Plot of the N (0, 2) prior (dashed line) and the N (1.1429, 9.5238 x 10_2)
posterior (solid line) in Example 7.1.2.

EXAMPLE 7.1.3 Multinomial Model
Suppose we have a categorical response s that takes & possible values, say, s € S =
{1,...,k}. For example, suppose we have a bowl containing chips labelled one of
1,..., k. A proportion 8; of the chips are labelled i, and we randomly draw a chip,
observing its label.

When the 6; are unknown, the statistical model is given by

{pw©,,...00 : O1,...,0;) € Q},
where p,... 0, (i) = P(s =i) =0, and
Q={01,...,0r):0<0; <1l,i=1,...,kand 61 +---+0; =1}.

Note that the parameter space is really only (k — 1)-dimensional because, for example,

0 = 1—601 —--- — 0x_1, namely, once we have determined £ — 1 of the §;, the
remaining value is specified.
Now suppose we observe a sample (s1, ..., s,) from this model. Let the frequency

(count) of the ith category in the sample be denoted by x;. Then, from Example 2.8.5,
we see that the likelihood is given by

LO1s .. 0k (51, 0) = 071032 - 03
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For the prior we assume that (91, ..., 8x—1) ~ Dirichlet(a, ay, . .., ar) with den-
sity (see Problem 2.7.13) given by

r e B B B

[(o1) -+ T'(ak)
for (81,...,0%) € Q (recall that @y =1 — 01 — --- — 0;_1). The a; are nonnegative
constants chosen by the statistician to reflect her beliefs about the unknown value
of (01,...,0%). The choice a; = ay = --- = a; = 1 corresponds to a uniform

distribution, as then (7.1.3) is constant on Q.
The posterior density of (61, ..., 8x—1) is then proportional to

9T1+a1—19;2+az—1 . ,€;k+ak—1

for (@1, ...,0;) € Q. From (7.1.3), we immediately deduce that the posterior distrib-
ution of (01, ..., 0%—1) is Dirichlet(x; + a1, x2 + a2, ..., xx + o). 1

EXAMPLE 7.1.4 Location-Scale Normal Model
Suppose that (xq, ..., x,) is a sample from an N(u, o?) distribution, where x4 € R!
and ¢ > 0 are unknown. The likelihood function is then given by

L (,u, o2 [x1,..., x,,) = (27m2)_n/2 exp (—% (x — ,u)z) exp (— n2;21s2) .

Suppose we put the following prior on (u, o2). First, we specify that

1% | 0-2 ~ N(ﬂo? T%O-z):

i.e., the conditional prior distribution of x given o2 is normal with mean , and vari-

ance T%O’z. Then we specify the marginal prior distribution of 2 as
1
— ~ Gamma(ao, B). (7.1.4)
o

Sometimes (7.1.4) is referred to by saying that o2 is distributed inverse Gamma. The
values (), r%, ag, and B are selected by the statistician to reflect his prior beliefs.

From this, we can deduce (see Section 7.5 for the full derivation) that the posterior
distribution of (u, ¢2) is given by

-1
1
wlo, xi,...,xp ~N yx,(n—i-—z) o2 (7.1.5)
7o
and :
) | X1, ..., X, ~ Gamma(ag +n/2, f,) (7.1.6)
where

-1
| _
4, = (n + —2) (”—g + nx) (7.1.7)
7o 7o
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and
n—1, 1n(x — uo)?

2 2 l—i—nr%

By =PBo+ (7.1.8)

To generate a value (u, 0%) from the posterior, we can make use of the method of
composition (see Problem 2.10.13) by first generating o2 using (7.1.6) and then using
(7.1.5) to generate u. We will discuss this further in Section 7.3.

Notice that as 79 — o0, i.e., as the prior on u becomes increasingly diffuse,
the conditional posterior distribution of x given o2 converges in distribution to an
N (¥, 62 /n) distribution because

Uy > X (7.1.9)

-1
1 1
(n+—2) - - (7.1.10)
TO n

Furthermore, as 79 — oo and f, — 0, the marginal posterior of 1/5% converges in
distribution to a Gamma(ao +n/2,(n—1)s%/ 2) distribution because

and

B — (n—1)s%)2. (7.1.11)

Actually, it does not really seem to make sense to let 79 — oo and Sy — 0 in
the prior distribution of (u, o2), as the prior does not converge to a proper probability
distribution. The idea here, however, is that we think of taking 7 large and S small,
so that the posterior inferences are approximately those obtained from the limiting
posterior. There is still a need to choose a, however, even in the diffuse case, as the
limiting inferences are dependent on this quantity. I

Summary of Section 7.1

e Bayesian inference adds the prior probability distribution to the sampling model
for the data as an additional ingredient to be used in determining inferences about
the unknown value of the parameter.

e Having observed the data, the principle of conditional probability leads to the
posterior distribution of the parameter as the basis for inference.

e Inference about marginal parameters is handled by marginalizing the full poste-
rior.

EXERCISES |

7.1.1 Suppose that S = {1,2}, Q = {1, 2, 3}, and the class of probability distributions
for the response s is given by the following table.

s=1 s=2
f1(s) 172 172
f2(s) 1/3 2/3
f3(s) 3/4 1/4
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If we use the prior z (8) given by the table

0=1 0=2 0=3
z©) | 15 255 255 |

then determine the posterior distribution of 6 for each possible sample of size 2.
7.1.2 In Example 7.1.1, determine the posterior mean and variance of 6.

7.1.3 In Example 7.1.2, what is the posterior probability that u is positive, given that
n = 10,x = 1 when 0% =1,y = 0, and r% = 10? Compare this with the prior
probability of this event.

7.1.4 Suppose that (xy, ..., x;,) is a sample from a Poisson(1) distribution with 2 > 0
unknown. If we use the prior distribution for A given by the Gamma(a, f) distribution,
then determine the posterior distribution of 4.

7.1.5 Suppose that (xi, ..., x,) is a sample from a Uniform[0, 8] distribution with
6 > 0 unknown. If the prior distribution of # is Gamma(a, /) , then obtain the form of
the posterior density of 6.

7.1.6 Find the posterior mean and variance of §; in Example 7.1.3 when k£ = 3. (Hint:
See Problems 3.2.16 and 3.3.20.)

7.1.7 Suppose we have a sample

6.56 639 330 3.03 531 5.62 510 245 824 3.71
4.14 280 743 682 475 4.09 795 584 844 9.36

from an N(u, o2) distribution and we determine that a prior specified by u |o2 ~
N(3,46%),062 ~ Gamma(l, 1) is appropriate. Determine the posterior distribution
of (u, 1/5?).

7.1.8 Suppose that the prior probability of 6 being in a set A C Q is 0.25 and the
posterior probability of 6 being in A4 is 0.80.

(a) Explain what effect the data have had on your beliefs concerning the true value of
0 being in A4.

(b) Explain why a posterior probability is more relevant to report than is a prior proba-
bility.

7.1.9 Suppose you toss a coin and put a Uniform[0.4, 0.6] prior on 6, the probability
of getting a head on a single toss.

(a) If you toss the coin n times and obtain n heads, then determine the posterior density
of 4.

(b) Suppose the true value of 4 is, in fact, 0.99. Will the posterior distribution of 6 ever
put any probability mass around 6 = 0.99 for any sample of n?

(c) What do you conclude from part (b) about how you should choose a prior ?

7.1.10 Suppose that for statistical model {fy : @ € R'}, we assign the prior density
7. Now suppose that we reparameterize the model via the function y = W (), where
¥ : R' — R!is differentiable and strictly increasing.

(a) Determine the prior density of .
(b) Show that m(x) is the same whether we parameterize the model by & or by .
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7.1.11 Suppose that for statistical model { fy : 0 € Q}, where Q = {-2, —1,0, 1, 2, 3},
we assign the prior probability function z, which is uniform on Q. Now suppose we
are interested primarily in making inferences about |6].

(a) Determine the prior probability distribution of |8|. Is this distribution uniform?

(b) A uniform prior distribution is sometimes used to express complete ignorance about
the value of a parameter. Does complete ignorance about the value of a parameter imply
complete ignorance about a function of a parameter? Explain.

7.1.12 Suppose that for statistical model { fy : & € [0, 1]}, we assign the prior density
7, which is uniform on Q = [0, 1]. Now suppose we are interested primarily in making
inferences about 6.

(a) Determine the prior density of 6. Is this distribution uniform?

(b) A uniform prior distribution is sometimes used to express complete ignorance about
the value of a parameter. Does complete ignorance about the value of a parameter imply
complete ignorance about a function of a parameter? Explain.

COMPUTER EXERCISES |

7.1.13 In Example 7.1.2, when py = 2,73 = 1,0} = 1,n = 20, and ¥ = 8.2,
generate a sample of 10% (or as large as possible) from the posterior distribution of
and estimate the posterior probability that the coefficient of variation is greater than
0.125, i.e., the posterior probability that oo/u > 0.125. Estimate the error in your
approximation.

7.1.14 In Example 7.1.2, when py = 2,73 = 1,063 = 1,n = 20, and ¥ = 8.2,
generate a sample of 10% (or as large as possible) from the posterior distribution of
and estimate the posterior expectation of the coefficient of variation o¢/x. Estimate
the error in your approximation.

7.1.15 In Example 7.1.1, plot the prior and posterior densities on the same graph and
compare them when » = 30,x = 0.73,a = 3, and f = 3. (Hint: Calculate the
logarithm of the posterior density and then exponentiate this. You will need the log-
gamma function defined by InT (a) fora > 0.)

PROBLEMS

7.1.16 Suppose the prior of a real-valued parameter 6 is given by the N (0o, z2) dis-
tribution. Show that this distribution does not converge to a probability distribution as
7 — oo. (Hint: Consider the limits of the distribution functions.)

7.1.17 Suppose that (xq,...,x,) is a sample from {fy : @ € Q} and that we have a
prior . Show that if we observe a further sample (x,,+1, - .., X,+m ), then the posterior
you obtain from using the posterior z# (- | x1, ..., Xx,) as a prior, and then condition-
ing on (X;41,--.,Xn+m), 1 the same as the posterior obtained using the prior z7 and
conditioning on (X1, ..., Xy, Xp+1, - - - » Xn+m ) - Lhis is the Bayesian updating property.
7.1.18 In Example 7.1.1, determine m (x). If you were asked to generate a value from
this distribution, how would you do it? (Hint: For the generation part, use the theorem
of total probability.)
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7.1.19 Prove that the posterior distribution depends on the data only through the value
of a sufficient statistic.

COMPUTER PROBLEMS|

7.1.20 For the data of Exercise 7.1.7, plot the prior and posterior densities of o over
(0, 10) on the same graph and compare them. (Hint: Evaluate the logarithms of the
densities first and then plot the exponential of these values.)

7.1.21 In Example 7.1.4, when g = 0,73 = l,a9 = 2, fp = 1,n = 20, = 8.2,
and s> = 2.1, generate a sample of 10* (or as large as is feasible) from the posterior
distribution of o2 and estimate the posterior probability that ¢ > 2. Estimate the error
in your approximation.

7.1.22 In Example 7.1.4, when po = 0, r% =1l,a0=2,p=1,n=20,x = 8.2,
and s% = 2.1, generate a sample of 10* (or as large as is feasible) from the posterior
distribution of ( i, 52) and estimate the posterior expectation of ¢. Estimate the error
in your approximation.

DISCUSSION TOPICS |

7.1.23 One of the objections raised concerning Bayesian inference methodology is
that it is subjective in nature. Comment on this and the role of subjectivity in scientific
investigations.

7.1.24 Two statisticians are asked to analyze a data set x produced by a system under
study. Statistician I chooses to use a sampling model { fp : 8 € Q} and prior z ;, while
statistician 1I chooses to use a sampling model {g,, : w € ¥} and prior 7 ;;. Comment
on the fact that these ingredients can be completely different and so the subsequent
analyses completely different. What is the relevance of this for the role of subjectivity
in scientific analyses of data?

7.2 | Inferences Based on the Posterior

In Section 7.1, we determined the posterior distribution of 6 as a fundamental object
of Bayesian inference. In essence, the principle of conditional probability asserts that
the posterior distribution z (¢ | s) contains all the relevant information in the sampling
model {fy : 8 € Q}, the prior 7 and the data s, about the unknown true value of 4.
While this is a major step forward, it does not completely tell us how to make the types
of inferences we discussed in Section 5.5.3.

In particular, we must specify how to compute estimates, credible regions, and carry
out hypothesis assessment — which is what we will do in this section. It turns out that
there are often several plausible ways of proceeding, but they all have the common
characteristic that they are based on the posterior.

In general, we are interested in specifying inferences about a real-valued charac-
teristic of interest w (6). One of the great advantages of the Bayesian approach is that
inferences about y are determined in the same way as inferences about the full para-
meter 6, but with the marginal posterior distribution for y replacing the full posterior.
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This situation can be compared with the likelihood methods of Chapter 6, where it
is not always entirely clear how we should proceed to determine inferences about i
based upon the likelihood. Still, we have paid a price for this in requiring the addition
of another model ingredient, namely, the prior.

So we need to determine the posterior distribution of . This can be a difficult task
in general, even if we have a closed-form expression for 7 (6 | s). When the posterior
distribution of 4 is discrete, the posterior probability function of y is given by

olygls)= D, =@l

{0:9(@)=wo}

When the posterior distribution of @ is absolutely continuous, we can often find a
complementing function A(f) so that 2(0) = (yw (@), A(#)) is 1-1, and such that the
methods of Section 2.9.2 can be applied. Then, denoting the inverse of this transforma-
tion by @ = h~!(y, 1), the methods of Section 2.9.2 show that the marginal posterior
distribution of y has density given by

o(yols) = / (W (o, DI (o, I dA, (7.2.1)

where J denotes the Jacobian derivative of this transformation (see Problem 7.2.35).
Evaluating (7.2.1) can be difficult, and we will generally avoid doing so here. An
example illustrates how we can sometimes avoid directly implementing (7.2.1) and
still obtain the marginal posterior distribution of i .

EXAMPLE 7.2.1 Location-Scale Normal Model

Suppose that (xi, ..., x,) is a sample from an N(u, o?) distribution, where u e R!
and ¢ > 0 are unknown, and we use the prior given in Example 7.1.4. The posterior
distribution for (u, o'2) is then given by (7.1.5) and (7.1.6).

Suppose we are primarily interested in w(u, 02) = 2. We see immediately that
the marginal posterior of o2 is prescribed by (7.1.6) and thus have no further work to
do, unless we want a form for the marginal posterior density of 62>. We can use the
methods of Section 2.6 for this (see Exercise 7.2.4).

If we want the marginal posterior distribution of w (x, 0%) = u, then things are not
quite so simple because (7.1.5) only prescribes the conditional posterior distribution
of u given o2. We can, however, avoid the necessity to implement (7.2.1). Note that
(7.1.5) implies that

H— Uy |
(n+ 1/1%)_1/25

0-25-x15---3xn ~ N(07 1)5

where 4, is given in (7.1.7). Because this distribution does not involve o2, the pos-
terior distribution of Z is independent of the posterior distribution of o. Now if X ~
Gamma(a, ), then Y = 28X ~ Gamma(a, 1/2) = y?>(2a) (see Problem 4.6.16 for
the definition of the general chi-squared distribution) and so, from (7.1.6),

By

2= |x1, .. s Xn ~ x2Qag + n),
o
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where £, is given in (7.1.8). Therefore (using Problem 4.6.14), as we are dividing an
N(0, 1) variable by the square root of an independent y? (2¢¢ 4 1) random variable
divided by its degrees of freedom, we conclude that the posterior distribution of

Z H—= py

\ I T
\/(2%) / Qao +n) \/(2ao+n)(n+1/rg)

is 1 (2ag + n). Equivalently, we can say the posterior distribution of x is the same as

[ 2,
+ T
fa 200 +n\ n+ 1/‘[%

where 7' ~ ¢ (200 + n). By (7.1.9), (7.1.10), and (7.1.11), we have that the posterior
distribution of x converges to the distribution of

.y n—1 K
I - - 2
(ao +n) /n

as 79 — ocoand Sy — 0.

In other cases, we cannot avoid the use of (7.2.1) if we want the marginal posterior
density of . For example, suppose we are interested in the posterior distribution of the
coefficient of variation (we exclude the line given by ¢ = 0 from the parameter space)

o o 1 f1\'?
v=yluo 2)=—=—(—2) :
poop\o
Then a complementing function to i is given by

1
A= /l(luyo-_z) = >
o

and it can be shown (see Section 7.5) that
JOp, 1) =y~ 22712,

Ifwelet (|27, x1,...,x,) and p (- | x1, ..., x,) denote the posterior densities of
4 given /, and the posterior density of 4, respectively, then, from (7.2.1), the marginal
density of y is given by

o0
yﬂ/ Q272107 x, L x)p QX x) A7V 2dA (7.2.2)
0

Without writing this out (see Problem 7.2.22), we note that we are left with a rather
messy integral to evaluate. I

In some cases, integrals such as (7.2.2) can be evaluated in closed form; in other
cases, they cannot. While it is convenient to have a closed form for a density, often
this is not necessary, as we can use Monte Carlo methods to approximate posterior
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probabilities and expectations of interest. We will return to this in Section 7.3. We
should always remember that our goal, in implementing Bayesian inference methods,
is not to find the marginal posterior densities of quantities of interest, but rather to have
a computational algorithm that allows us to implement our inferences.

Under fairly weak conditions, it can be shown that the posterior distribution of 6
converges, as the sample size increases, to a distribution degenerate at the true value.
This is very satisfying, as it indicates that Bayesian inference methods are consistent.

7.2.1 | Estimation

Suppose now that we want to calculate an estimate of a characteristic of interest y ().
We base this on the posterior distribution of this quantity. There are several different
approaches to this problem.

Perhaps the most natural estimate is to obtain the posterior density (or probability
function when relevant) of w and use the posterior mode g/A/, i.e., the point where the
posterior probability or density function of y takes its maximum. In the discrete case,
this is the value of y with the greatest posterior probability; in the continuous case,
it is the value that has the greatest amount of posterior probability in short intervals
containing it.

To calculate the posterior mode, we need to maximize w(y |s) as a function of .
Note that it is equivalent to maximize m(s)w(y | s) so that we do not need to compute
the inverse normalizing constant to implement this. In fact, we can conveniently choose
to maximize any function that is a 1-1 increasing function of w(- | s) and get the same
answer. In general, w(-|s) may not have a unique mode, but typically there is only
one.

An alternative estimate is commonly used and has a natural interpretation. This is
given by the posterior mean

E(y©@)]s),

whenever this exists. When the posterior distribution of i is symmetrical about its
mode, and the expectation exists, then the posterior expectation is the same as the
posterior mode; otherwise, these estimates will be different. If we want the estimate to
reflect where the central mass of probability lies, then in cases where w(- | s) is highly
skewed, perhaps the mode is a better choice than the mean. We will see in Chapter §,
however, that there are other ways of justifying the posterior mean as an estimate.

We now consider some examples.

EXAMPLE 7.2.2 Bernoulli Model
Suppose we observe a sample (x1, ..., x,) from the Bernoulli(d) distribution with 8 €
[0, 1] unknown and we place a Beta(a, £) prior on 8. In Example 7.1.1, we determined
the posterior distribution of § to be Beta(nx + a,n (1 — x) + f). Let us suppose that
the characteristic of interest is w () = 6.

The posterior expectation of § is given by
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E(€|xls---3xﬂ)

_/19 I(n+a+p)
o Tmx+a)T(n(1 =x)+p)

0nf+a—l (1 _ H)n(l—f)+ﬁ—l d6

_ F(n+a+,5) ! nx—+a n(1-x)+p—1
T T+ T =5 4B Jo © (1 —oymortds
_ IF'n+a+p) Fnx +a+ D1 —x)+p)
- T(x +a)T(n(1 —%) + p) Fh+a+p+1)

_ nx +a

T n+a+p

When we have a uniform prior, i.e., « = = 1, the posterior expectation is given by
nx +1
n+2°

E@|x) =

To determine the posterior mode, we need to maximize
e+l (@ =gy 0=l = iz + o — )0+ (1 —=3)+ - 1)In(1 —06).
This function has first derivative

ns+a—1 n(l-x)+p-1
0 1-6

and second derivative

nx+a—1 n(l=-X)+p-1

6> (1—0)>
Setting the first derivative equal to 0 and solving gives the solution
é _ n)? +a— 1
S nta+p-2

Now, if a > 1, # > 1, we see that the second derivative is always negative, and so 0
is the unique posterior mode. The restriction on the choice of @ > 1, # > 1 implies
that the prior has a mode in (0, 1) rather than at O or 1. Note that whena =1, =1,
namely, when we put a uniform prior on @, the posterior mode is & = %. This is the
same as the maximum likelihood estimate (MLE).

The posterior is highly skewed whenever nx + o and n (1 —x) + f are far apart
(plot Beta densities to see this). Thus, in such a case, we might consider the posterior
mode as a more sensible estimate of 8. Note that when 7 is large, the mode and the
mean will be very close together and in fact very close to the MLE x. I

EXAMPLE 7.2.3 Location Normal Model

Suppose that (x1, ..., x,) is a sample from an N (u, ag) distribution, where u € R! is
unknown and a% is known, and we take the prior distribution on x to be N (x, r%). Let
us suppose, that the characteristic of interest is y (1) = .
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In Example 7.1.2 we showed that the posterior distribution of u is given by the

-1 -1
1 n n _ 1 n
To 99 o Oy o 0o

distribution. Because this distribution is symmetric about its mode, and the mean exists,
the posterior mode and mean agree and equal

-1
1 n n _
To O To Oy

This is a weighted average of the prior mean and the sample mean and lies between
these two values.

When # is large, we see that this estimator is approximately equal to the sample
mean x, which we also know to be the MLE for this situation. Furthermore, when we
take the prior to be very diffuse, namely, when r% is very large, then again this estimator
is close to the sample mean.

Also observe that the ratio of the sampling variance of x to the posterior variance

of u is
2 2
o 1 n o
—0(—2+—2 :1+_023
n\t; op ntg

is always greater than 1. The closer r% is to 0, the larger this ratio is. Furthermore, as
r% — 0, the Bayesian estimate converges to .

If we are pretty confident that the population mean x is close to the prior mean y,
we will take r% small so that the bias in the Bayesian estimate will be small and its
variance will be much smaller than the sampling variance of x. In such a situation, the
Bayesian estimator improves on accuracy over the sample mean. Of course, if we are
not very confident that u is close to the prior mean x, then we choose a large value
for r%, and the Bayesian estimator is basically the MLE. I

EXAMPLE 7.2.4 Multinomial Model

Suppose we have a sample (sq, ..., s,) from the model discussed in Example 7.1.3
and we place a Dirichlet(a 1, a2, ..., ax) distribution on (@1, ..., 8x—1). The posterior
distribution of (01, ..., 0x—1) is then

Dirichlet(x; + a1, x2 + a2, ..., Xk + ax),

where x; is the number of responses in the ith category.

Now suppose we are interested in estimating w () = 6, the probability that
a response is in the first category. It can be shown (see Problem 7.2.25) that, if
@1, ...,0%—1) is distributed Dirichlet(a1, as, ..., ar), then 8; is distributed

Dirichlet(a;, o.—;) = Beta(a;, a—;)

where a_; = a1 + a2 + - - - + ax — ;. This result implies that the marginal posterior
distribution of 8 is

Beta(xy + a1, X2 + - +xp + a2 + - + o).



390 Section 7.2: Inferences Based on the Posterior

Then, assuming that each a; > 1, and using the argument in Example 7.2.2 and
X1 4 -+ - + xx = n, the marginal posterior mode of ¢ is

b — x14+a;—1
Y 2o+ tar
When the prior is the uniform, namely, a1 = --- = ay = 1, then
N X1
0= ——.
! n+k—2

As in Example 7.2.2, we compute the posterior expectation to be

X1+ o

E@© = .
@11x) n+oayr+---+og

The posterior distribution is highly skewed whenever x; + a1 and xy +- - -4+ xx + a2 +
-+ + oy are far apart.

From Problem 7.2.26, we have that the plug-in MLE of 6 is x;/n. When # is
large, the Bayesian estimates are close to this value, so there is no conflict between the
estimates. Notice, however, that when the prior is uniform, then a1 + - - - + a; = £,
hence the plug-in MLE and the Bayesian estimates will be quite different when & is
large relative to n. In fact, the posterior mode will always be smaller than the plug-in
MLE when k > 2 and x; > 0. This is a situation in which the Bayesian and frequentist
approaches to inference differ.

At this point, the decision about which estimate to use is left with the practitioner,
as theory does not seem to provide a clear answer. We can be comforted by the fact
that the estimates will not differ by much in many contexts of practical importance. I

EXAMPLE 7.2.5 Location-Scale Normal Model
Suppose that (xi, ..., x,) is a sample from an N(u, o?) distribution, where x4 € R!
and ¢ > 0 are unknown, and we use the prior given in Example 7.1.4. Let us suppose
that the characteristic of interest is y (u, 02) = u.

In Example 7.2.1, we derived the marginal posterior distribution of x to be the

same as the distribution of
[ 1 28,
+ T
fa 200 +n\ n+1/ 1(2)

where T ~ t(n 4 2ag). This is a t (n 4 2ag) distribution relocated to have its mode at

4, and rescaled by the factor
1 28,
20 4+n\ n+1/t3

So the marginal posterior mode of y is

-1
1 _

ﬂx=(n+—2) (ﬂ—g+nx).
7o 7o




Chapter 7: Bayesian Inference 391

Because a ¢ distribution is symmetric about its mode, this is also the posterior mean of
i, provided that n + 2a9 > 1, as a #(4) distribution has a mean only when 1 > 1 (see
Problem 4.6.16). This will always be the case as the sample size n > 1. Again, u, isa
weighted average of the prior mean x( and the sample average x.

The marginal posterior mode and expectation can also be obtained for v (u, 0%) =
2. These computations are left to the reader (see Exercise 7.2.4).

One issue that we have not yet addressed is how we will assess the accuracy of
Bayesian estimates. Naturally, this is based on the posterior distribution and how con-
centrated it is about the estimate being used. In the case of the posterior mean, this
means that we compute the posterior variance as a measure of spread for the posterior
distribution of y about its mean. For the posterior mode, we will discuss this issue
further in Section 7.2.3.

EXAMPLE 7.2.6 Posterior Variances
In Example 7.2.2, the posterior variance of 8 is given by (see Exercise 7.2.6)

mx+a)m(1—%x)+p)
(m+a+pPm+a+p+1)

Notice that the posterior variance converges to 0 as n — ©0.
In Example 7.2.3, the posterior variance is given by (1/1% + n/a%)_l. Notice that
the posterior variance converges to 0 as r% — 0 and converges to a%/ n, the sampling

variance of x, as r% — 0.
In Example 7.2.4, the posterior variance of 81 is given by (see Exercise 7.2.7)

(xit+a) G+ +xktor+--+ap)
mtoar+-+a)t+ar++ap+1)

Notice that the posterior variance converges to 0 as n — 0 .
In Example 7.2.5, the posterior variance of x is given by (see Problem 7.2.28)

() () ) = () (aas)
n+2a0)\n+1/t3 J\n+200-2)  \n+1/73 J\n+200-2)"

provided n + 209 > 2, because the variance of a #(4) distribution is /(4 — 2) when
A > 2 (see Problem 4.6.16). Notice that the posterior variance goes to 0 as n — c0. 11

7.2.2 ﬂ Credible Intervals

A credible interval, for a real-valued parameter y (9), is an interval C(s) = [I(s), u(s)]
that we believe will contain the true value of . As with the sampling theory approach,
we specify a probability y and then find an interval C(s) satisfying

Iy (@) € Cls) |s) =TL({0 : 1(s) < w(O) < u(s)} |s) = 7. (7.2.3)

We then refer to C(s) as a y -credible interval for y .
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Naturally, we try to find a y -credible interval C(s) so that IT (y(0) € C(s) |s) is
as close to y as possible, and such that C(s) is as short as possible. This leads to the
consideration of highest posterior density (HPD) intervals, which are of the form

Ci)={y :o(yls)>c},

where @ (- | 5) is the marginal posterior density of w and where ¢ is chosen as large as
possible so that (7.2.3) is satisfied. In Figure 7.2.1, we have plotted an example of an
HPD interval for a given value of c.

oy |s) A

v

1 }
1s) u(s)

Figure 7.2.1: An HPD interval C(s) = [/(s), u(s)] ={w : o (w | s) > c}.

Clearly, C(s) contains the mode whenever ¢ < max,, o (y |s). We can take the
length of an HPD interval as a measure of the accuracy of the mode of w (- | s) as an
estimator of y(f). The length of a 0.95-credible interval for w will serve the same
purpose as the margin of error does with confidence intervals.

Consider now some applications of the concept of credible interval.

EXAMPLE 7.2.7 Location Normal Model

Suppose that (x1, ..., x;) is a sample from an N (u, a%) distribution, where u € R! is
unknown and 0% is known, and we take the prior distribution on u to be N (u, T%). In
Example 7.1.2, we showed that the posterior distribution of 4 is given by the

-1 -1
1 n n _ 1 n
To Op o Oy To Op

distribution. Since this distribution is symmetric about its mode (also mean) /i, a short-
est y -HPD interval is of the form

-1/2
R 1 n
/l:l: —2+—2 c,
o 9o
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where ¢ is such that

Since

1/2
1 n o
(_2+_2) (= ) 151,50 ~ N (O, ),

o 0o

we have y = @ (c) — ®(—c), where O is the standard normal cumulative distribution
function (cdf). This immediately implies that ¢ = z(14,),2 and the y -HPD interval is

given by
| -1 | —-1/2
n n _ n
o 0o To 99 o 0o

Note that as r% — 00, namely, as the prior becomes increasingly diffuse, this
interval converges to the interval

- )
X+ —z ,
NG (I+y)/2

which is also the y -confidence interval derived in Chapter 6 for this problem. So under
a diffuse normal prior, the Bayesian and frequentist approaches agree. i

EXAMPLE 7.2.8 Location-Scale Normal Model

Suppose that (x1, ..., X,) is a sample from an N(u, ¢2) distribution, where u € R!
and ¢ > 0 are unknown, and we use the prior given in Example 7.1.4. In Example
7.2.1, we derived the marginal posterior distribution of u to be the same as

1 20,
+ T
fx \V 200 +n n—l—l/r%

where T ~ t(2a¢0 + n). Because this distribution is symmetric about its mode #,, a
y -HPD interval is of the form

1 2
- b,
200 +n\ n+1/7;
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where c¢ satisfies

| u e + ! 2
= C Xlyeoon X
7 el R 200 +n\ n+1/73 ! !

5 —12
= II _CS( ﬂx )) (ILL—I&)SC X1y Xn

Qoo +n) (n + 1/1(2)

= Gag+n(€) = G2gg+n(—0).

Here, G+ is the 1 (2a0 + n) cdf, and therefore ¢ = #(14),2(2a0 + 1).

Using (7.1.9), (7.1.10), and (7.1.11) we have that this interval converges to the
interval

n—1 s
—_— 2
* Qag +n) /n (n + 2a0)

as 79 — oo and By — 0. Note that this is a little different from the y -confidence
interval we obtained for x in Example 6.3.8, but when 0o/ is small, they are virtually
identical. i

In the examples we have considered so far, we could obtain closed-form expres-
sions for the HPD intervals. In general, this is not the case. In such situations, we have
to resort to numerical methods to obtain the HPD intervals, but we do not pursue this
topic further here.

There are other methods of deriving credible intervals. For example, a common
method of obtaining a y -credible interval for y is to take the interval [y, y,.] where
w;isa (1 — y) /2 quantile for the posterior distribution of y and y,.isal—(1 —y) /2
quantile for this distribution. Alternatively, we could form one-sided intervals. These
credible intervals avoid the more extensive computations that may be needed for HPD
intervals.

7.2.3 | Hypothesis Testing and Bayes Factors

Suppose now that we want to assess the evidence in the observed data concerning
the hypothesis Hy : y(0) = . It seems clear how we should assess this, namely,
compute the posterior probability

H(y (@) = wols). (7.2.4)

If this is small, then conclude that we have evidence against Hy. We will see further
justification for this approach in Chapter 8.

EXAMPLE 7.2.9
Suppose we want to assess the evidence concerning whether or not 8 € 4. If we let
w = I 4, then we are assessing the hypothesis Hp : y(f) = 1 and

My (@) =11s) = T1(4]s).

So in this case, we simply compute the posterior probability that § € A. 1
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There can be a problem, however, with using (7.2.4) to assess a hypothesis. For
when the prior distribution of y is absolutely continuous, then I1(y (6) = y|s) =0
for all data s. Therefore, we would always find evidence against Hy no matter what
is observed, which does not make sense. In general, if the value y is assigned small
prior probability, then it can happen that this value also has a small posterior probability
no matter what data are observed.

To avoid this problem, there is an alternative approach to hypothesis assessment that
is sometimes used. Recall that, if w is a surprising value for the posterior distribution
of y, then this is evidence that Hj is false. The value y is surprising whenever it
occurs in a region of low probability for the posterior distribution of . A region of low
probability will correspond to a region where the posterior density (- | s) is relatively
low. So, one possible method for assessing this is by computing the (Bayesian) P-value

{0 w(y (@) |s) < o(ygls)}s). (7.2.5)

Note that when w(- | s) is unimodal, (7.2.5) corresponds to computing a tail probability.
If the probability (7.2.5) is small, then y is surprising, at least with respect to our
posterior beliefs. When we decide to reject Hy whenever the P-value is less than 1 —y |
then this approach is equivalent to computing a y -HPD region for  and rejecting Hy
whenever y is not in the region.

EXAMPLE 7.2.10 (Example 7.2.9 continued)

Applying the P-value approach to this problem, we see that y () = 4 () has pos-
terior given by the Bernoulli(I1(4 |s)) distribution. Therefore, w(-|s) is defined by
w0]s) =1—TI(A4|s) = I1(A°|s) andw(1l]|s) = T1(4 | s).

Now g =1, so
{0 0@ ]s) <alls)} = {0:w0( @) ]s) <II(4]s)}
_ ] Q I(4]s) = TI(4]s)
- Y| IT(A4|s) < II(A€|s).
Therefore, (7.2.5) becomes
10 0w ©)15) < o1 19) |s) = [ Tl G e,

so again we have evidence against Hy whenever I1(4 | s) is small. i

We see from Examples 7.2.9 and 7.2.10 that computing the P-value (7.2.5) is essen-
tially equivalent to using (7.2.4), whenever the marginal parameter  takes only two
values. This is not the case whenever  takes more than two values, however, and the
statistician has to decide which method is more appropriate in such a context.

As previously noted, when the prior distribution of y is absolutely continuous,
then (7.2.4) is always 0, no matter what data are observed. As the following example
illustrates, there is also a difficulty with using (7.2.5) in such a situation.

EXAMPLE 7.2.11
Suppose that the posterior distribution of 6 is Beta(2, 1), i.e., w (6 |s) = 20 when
0 <6 <1, and we want to assess Hy : 0 = 3/4. Then w(@ |s) < w(3/4]s) if and
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only if @ < 3/4, and (7.2.5) is given by
3/4
/ 20d6 = 9/16.
0

On the other hand, suppose we make a 1-1 transformation to p = 62 so that
the hypothesis is now Hp : p = 9/16. The posterior distribution of p is Beta(1, 1).
Since the posterior density of p is constant, this implies that the posterior density at
every possible value is less than or equal to the posterior density evaluated at 9/16.
Therefore, (7.2.5) equals 1, and we would never find evidence against Hy using this
parameterization.

This example shows that our assessment of Hy via (7.2.5) depends on the parame-
terization used, which does not seem appropriate. i

The difficulty in using (7.2.5), as demonstrated in Example 7.2.11, only occurs with
continuous posterior distributions. So, to avoid this problem, it is often recommended
that the hypothesis to be tested always be assigned a positive prior probability. As
demonstrated in Example 7.2.10, the approach via (7.2.5) is then essentially equivalent
to using (7.2.4) to assess Hy.

In problems where it seems natural to use continuous priors, this is accomplished by
taking the prior IT to be a mixture of probability distributions, as discussed in Section
2.5.4, namely, the prior distribution equals

where I11(w (@) = wy) = 1 and II2(y (0) = ywo) = 0, i.e, [1; is degenerate at y
and I is continuous at . Then

My ©) = yo) = pi(w(©) = vo) + (1 = p) 2 (y(0) = o) =p >0

is the prior probability that Hy is true.
The prior predictive for the data s is then given by

m(s) = pmy(s) + (1 — p)yma(s),

where m; is the prior predictive obtained via prior I1; (see Problem 7.2.34). This im-
plies (see Problem 7.2.34) that the posterior probability measure for 6, when using the
prior II, is

I1(4]5)
- prmi(s) (1 = p)ma(s)
= o)+ (1 _p)mz(s)nl(A|S)+ P _p)mz(s)HQ(A|S) (7.2.6)

where IT; (- | s) is the posterior measure obtained via the prior I1;. Note that this a
mixture of the posterior probability measures I1 (- | s) and IT5(- | s) with mixture prob-
abilities
pmi(s) and (1 = p)ma(s)
pmi() + (1= pma(s)  pmi(s) + (1 — pma(s)’
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Now IT1 (- | s) is degenerate at y, (if the prior is degenerate at a point then the posterior

must be degenerate at that point too) and II2(- | s) is continuous at . Therefore,
pmi(s)

pmi(s) + (1 = pyma(s)’

(v (©0) = vols) = (7.2.7)
and we use this probability to assess Hp.
The following example illustrates this approach.

EXAMPLE 7.2.12 Location Normal Model

Suppose that (x1, ..., x;,) is a sample from an N (u, a%) distribution, where u € R!
is unknown and a% is known, and we want to assess the hypothesis Hy : 4 = pq. As
in Example 7.1.2, we will take the prior for u to be an N (uq, T%) distribution. Given
that we are assessing whether or not u = p, it seems reasonable to place the mode of
the prior at the hypothesized value. The choice of the hyperparameter r% then reflects
the degree of our prior belief that Hy is true. We let I1, denote this prior probability
measure, i.e., 1, is the N (x, a%) probability measure.

If we use I1 as our prior, then, as shown in Example 7.1.2, the posterior distribution
of 4 is absolutely continuous. This implies that (7.2.4) is 0. So, following the preceding
discussion, we consider instead the prior I1 = pIl; + (1 — p)II, obtained by mixing
I1, with a probability measure I1; degenerate at xy. Then Hl({,uo}) = 1 and so
H({ ,uo}) = p. As shown in Example 7.1.2, under I, the posterior distribution of 4 is

-1 -1
1 n n _ 1 n

N (—z+—z) (ﬂ_g+_zx)’(_z+_2) ’
o 0o To 099 o 0o

while the posterior under I1; is the distribution degenerate at u,. We now need to
evaluate (7.2.7), and we will do this in Example 7.2.13. 1
Bayes Factors

Bayes factors comprise another method of hypothesis assessment and are defined in
terms of odds.

Definition 7.2.1 In a probability model with sample space S and probability mea-
sure P, the odds in favor of event 4 C S is defined to be P(4)/P(A°), namely, the
ratio of the probability of 4 to the probability of A°€.

Obviously, large values of the odds in favor of 4 indicate a strong belief that A4 is true.
Odds represent another way of presenting probabilities that are convenient in certain
contexts, e.g., horse racing. Bayes factors compare posterior odds with prior odds.

Definition 7.2.2 The Bayes factor B Fp, in favor of the hypothesis Hy : w(0) =
is defined, whenever the prior probability of Hy is not 0 or 1, to be the ratio of the
posterior odds in favor of Hy to the prior odds in favor of Hy, or

Iy @) = yols) }/{ Iy (0) = yy) ]
1—TI(y(©) = yols) 1-TI(w©) =wo) |

BFy, = { (7.2.8)
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So the Bayes factor in favor of Hj is measuring the degree to which the data have
changed the odds in favor of the hypothesis. If B Fy, is small, then the data are provid-
ing evidence against Hy and evidence in favor of Hy when B Fl, is large.

There is a relationship between the posterior probability of Hy being true and
BFpy,. From (7.2.8), we obtain

I’BFH
M(w(O) = wols) = ﬁ, (7.2.9)
0
where
I (y(0) = wo)

T =Ty ©) = o)

is the prior odds in favor of Hy. So, when B Fp, is small, then IT(w(8) = wyls) is
small and conversely.

One reason for using Bayes factors to assess hypotheses is the following result.
This establishes a connection with likelihood ratios.

Theorem 7.2.1 Ifthe prior I1 is a mixture I1 = pIl;+(1 — p) I1, where I1; (4) =
1, 15(A4€) = 1, and we want to assess the hypothesis Hy : @ € A4, then

BFy, =mi(s)/ma(s),

where m; is the prior predictive of the data under IT;.

PROOF | Recall that, if a prior concentrates all of its probability on a set, then the
posterior concentrates all of its probability on this set, too. Then using (7.2.6), we have

gry = AL /W pme) [ p_m©)
"TI-TUls/ 1-10M)  (-pymas)/ T—p  mals)

Interestingly, Theorem 7.2.1 indicates that the Bayes factor is independent of p. We
note, however, that it is not immediately clear how to interpret the value of BFy,. In
particular, how large does B Fy, have to be to provide strong evidence in favor of Hy?
One approach to this problem is to use (7.2.9), as this gives the posterior probability
of Hp, which is directly interpretable. So we can calibrate the Bayes factor. Note,
however, that this requires the specification of p.

EXAMPLE 7.2.13 Location Normal Model (Example 7.2.12 continued)
We now compute the prior predictive under I1,. We have that the joint density of
(x1,...,x,) given u equals

—1
(27[0%)_"/2 exp (_n 3 Sz) exp(—i2 (x — y)z)
20 20
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and so

mz(xl,--~»xn)
2\—n/2 _n=1.2 N (z_ )2
o | (27a}) exp( 7S exp( 7 (x —p) )

Ly Cred) e (~ (=)

21%
2N—n/2 n—1,
= (2moy) exp| ———-s
20

-1 -1/2 > noo- 2 1 2
x 1y (2m) ] (& —u)” Jexp ~3 (10— o)™ ) dp.
—00 0 0

Then using (7.1.2), we have

du

2
i+—) . (7.2.10)

Therefore,

ma (X1, ..., Xp)

-1 2
n—1 _ 1f1 n n o_
=(27w%)_”/2exp — 2s2 rolexp =+ u_§+_2x
207 2\ 9% T 90
11} nx? w1\
P\ N\t I)N\ate)
0 0 o To

Because I1; is degenerate at x4, it is immediate that the prior predictive under IT;
is given by

-1 n o, _ 2
mi(x1, ..., x,) = Qrod) % ex L 2 )expl —— (x - .
1(x1 n) = (2mag) p( 252 p 25%( Ho)

0

n _
exp(—g% (x — /"0)2)

Therefore, B Fy, equals

divided by (7.2.10).
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For example, suppose that xq = 0, r% =2, a% =1,n =10, and x = 0.2. Then

n _ 2 10 2)
exp| —— (% — —exp(—— (0.2)2) = 0.81873,
p( 2J%( 1) ) p( 5 (0.2)

while (7.2.10) equals

1 1 (1 -1 10(0.2)2 1\ "2
— —(=+10 10 (0.2))? ———= {(10+-=
ﬁexp(2(2+ ) (10( )))exp( 5 ( +2)
=0.21615.
So
_ 0.81873
T 0.21615

which gives some evidence in favor of Hy : u = uq. If we suppose that p = 1/2,
so that we are completely indifferent between Hy being true and not being true, then
r =1, and (7.2.9) gives

H = 3.7878,

3.7878

=———7—77—=0.79114
1+3.7878 ’

H(lu :()lxla"'axn)

indicating a large degree of support for Hp. i

7.2.4 | Prediction

Prediction problems arise when we have an unobserved response value ¢ in a sample
space T and observed response s € S. Furthermore, we have the statistical model
{Py : 0 € Q} for s and the conditional statistical model {Qg (- |s) : 8 € Q} for ¢ given
s. We assume that both models have the same true value of 6 € Q. The objective is to
construct a prediction (s) € T, of the unobserved value ¢, based on the observed data
s. The value of ¢ could be unknown simply because it represents a future outcome.

If we denote the conditional density or probability function (whichever is relevant)
of t by g (- | 5), the joint distribution of (@, s, t) is given by

qo(t|s) fo(s)m (0).

Then, once we have observed s (assume here that the distributions of § and ¢ are ab-
solutely continuous; if not, we replace integrals by sums), the conditional density of
(t,0), given s, is
qo(115) fo(s)m (0) _ q0(15) fo(s)m ) _ qo(t]s)fo(s)7 (©0)
Jo Jr a0 1s) fo()x©)did0 — |, fo(s)w (@) do mis)

Then the marginal posterior distribution of ¢, known as the posterior predictive of ¢, is

_ [ as@ls) fols)m @)
q(tls)—/Q ) d@—/gqe(tls)n(els)de.
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Notice that the posterior predictive of 7 is obtained by averaging the conditional density
of ¢, given (0, s) , with respect to the posterior distribution of 6.

Now that we have obtained the posterior predictive distribution of ¢, we can use it to
select an estimate of the unobserved value. Again, we could choose the posterior mode
f or the posterior expectation E(f | x) = S 7 1q(t|s)dt as our prediction, whichever is
deemed most relevant.

EXAMPLE 7.2.14 Bernoulli Model
Suppose we want to predict the next independent outcome X4, having observed
a sample (x1, ..., x,) from the Bernoulli(¢) and & ~ Beta(a, ). Here, the future
observation is independent of the observed data. The posterior predictive probability
function of X4 at ¢ is then given by

qt|x1,...,xn)
! I'(n+oa+p) : :
— 9[ 1—6 1—t¢ enx-i-(x—l 1—6 n(1-x)+p-1 do
/0 ( ) F(nx +a)T(n(1 —x)+ p) ( )
F(n+a+p) b sttt n(1=F)+fp+(1—1)—1
= 0 1—-6 do
Fnx +a)T(n(1=%)+B) Jo ( )
. I'n+oa+p) IF'nx+a+0)Tn(1-%)+p+1—1)
T Tk + )T (n(1 —%)+p) Tn+a+p+1)
n’fj—gﬂ t=1
=1 r=5)+8 f=0
n+a+f >

which is the probability function of a Bernoulli((zx 4+ @) / (n 4+ o + f)) distribution.
Using the posterior mode as the predictor, i.e., maximizing ¢ (¢ | x1, ..., x,) for ¢,
leads to the prediction

;= nta+pf = ntoa+p

. 1 if 2ite - nd-—O+p
0 otherwise.

The posterior expectation predictor is given by

nx +a

E(t|x1,..., %) = ————.
(| x1 Xn) ntatp

Note that the posterior mode takes a value in {0, 1}, and the future X}, | will be in this
set, too. The posterior mean can be any value in [0, 1]. 1

EXAMPLE 7.2.15 Location Normal Model
Suppose that (x1, ..., x,) is a sample from an N (u, a%) distribution, where

u € R'is unknown and a% is known, and we use the prior given in Example 7.1.2.
Suppose we want to predict a future observation X, 1, but this time X, is from the

—1
_ 1 n
N x,(—2+—2) o} (7.2.11)
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distribution. So, in this case, the future observation is not independent of the observed
data, but it is independent of the parameter. A simple calculation (see Exercise 7.2.9)
shows that (7.2.11) is the posterior predictive distribution of ¢ and so we would predict
t by x, as this is both the posterior mode and mean. i

We can also construct a y -prediction region C(s) for a future value ¢ from the
model {gg(-|s) : 6 € Q}. A y -prediction region for ¢ satisfies Q(C(s) | s > y ), where
O(- | s) is the posterior predictive measure for . One approach to constructing C(s) is
to apply the HPD concept to ¢ (z | s). We illustrate this via several examples.

EXAMPLE 7.2.16 Bernoulli Model (Example 7.2.14 continued)
Suppose we want a y -prediction region for a future value X),41. In Example 7.2.14,
we derived the posterior predictive distribution of X},;| to be

Bernoulli (M) .
n+a+p

Accordingly, a y -prediction region for ¢, derived via the HPD concept, is given by

(0.1} if max {55k T < g

Clxtyevoxa) = 4 1) ify < max A0k a0 calse

. % - 1-%
{0} ify <max {n’ft;(-l/f’ ngzl+;i;ﬂ} = nEl-H:?-—;ﬂ'

We see that this predictive region contains just the mode or encompasses all possible
values for X, 11. In the latter case, this is not an informative inference. 1

EXAMPLE 7.2.17 Location Normal Model (Example 7.2.15 continued)
Suppose we want a y -prediction interval for a future observation X, from a

distribution. As this is also the posterior predictive distribution of X, and is sym-
metric about x, a y -prediction interval for X, 1, derived via the HPD concept, is given

by
—12
- 1 n
)C:I:(—2 —I—?) 00Z(14y)/2-1

70 0

Summary of Section 7.2

e Based on the posterior distribution of a parameter, we can obtain estimates of
the parameter (posterior modes or means), construct credible intervals for the
parameter (HPD intervals), and assess hypotheses about the parameter (posterior
probability of the hypothesis, Bayesian P-values, Bayes factors).
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e A new type of inference was discussed in this section, namely, prediction prob-
lems where we are concerned with predicting an unobserved value from a sam-
pling model.

EXERCISES |

7.2.1 For the model discussed in Example 7.1.1, derive the posterior mean of y = 6™
where m > 0.

7.2.2 For the model discussed in Example 7.1.2, determine the posterior distribution
of the third quartile ¥ = u + 00z0.75. Determine the posterior mode and the posterior
expectation of .

7.2.3 In Example 7.2.1, determine the posterior expectation and mode of 1 /2.

7.2.4 In Example 7.2.1, determine the posterior expectation and mode of ¢2. (Hint:
You will need the posterior density of o2 to determine the mode.)

7.2.5 Carry out the calculations to verify the posterior mode and posterior expectation
of 81 in Example 7.2.4.

7.2.6 Establish that the variance of the 6 in Example 7.2.2 is as given in Example 7.2.6.
Prove that this goes to 0 as n — o0.

7.2.7 Establish that the variance of 1 in Example 7.2.4 is as given in Example 7.2.6.
Prove that this goes to 0 as n — o0.

7.2.8 In Example 7.2.14, which of the two predictors derived there do you find more
sensible? Why?

7.2.9 In Example 7.2.15, prove that the posterior predictive distribution for X,y is as
stated. (Hint: Write the posterior predictive distribution density as an expectation.)
7.2.10 Suppose that (xi,...,x,) is a sample from the Exponential(4) distribution,
where 4 > 0 is unknown and 4 ~ Gamma(a, ). Determine the mode of posterior
distribution of 4. Also determine the posterior expectation and posterior variance of 1.
7.2.11 Suppose that (x1,...,x,) is a sample from the Exponential(1) distribution
where 4 > 0 is unknown and A ~ Gamma(ag, ). Determine the mode of poste-
rior distribution of a future independent observation X,+1. Also determine the poste-
rior expectation of X,y and posterior variance of X, ;. (Hint: Problems 3.2.16 and
3.3.20.)

7.2.12 Suppose that in a population of students in a course with a large enrollment, the
mark, out of 100, on a final exam is approximately distributed N (x, 9). The instructor
places the prior 4 ~ N(65, 1) on the unknown parameter. A sample of 10 marks is
obtained as given below.

[46 68 34 86 75 56 77 73 53 64 |

(a) Determine the posterior mode and a 0.95-credible interval for . What does this
interval tell you about the accuracy of the estimate?

(b) Use the 0.95-credible interval for u to test the hypothesis Hy : u = 65.

(c) Suppose we assign prior probability 0.5 to 4 = 65. Using the mixture prior IT =
0.5I11 4+ 0.5115, where I1; is degenerate at u = 65 and I1; is the N (65, 1) distribution,
compute the posterior probability of the null hypothesis.
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(d) Compute the Bayes factor in favor of Hy : u = 65 when using the mixture prior.
7.2.13 A manufacturer believes that a machine produces rods with lengths in centime-
ters distributed N (u(, 02), where y is known and 62 > 0 is unknown, and that the
prior distribution 1/62 ~ Gamma(ao, ) is appropriate.

(a) Determine the posterior distribution of 2 based on a sample (x1, ..., x,).

(b) Determine the posterior mean of o2

(c) Indicate how you would assess the hypothesis Hy : 0% < a%.

7.2.14 Consider the sampling model and prior in Exercise 7.1.1.

(a) Suppose we want to estimate & based upon having observed s = 1. Determine the
posterior mode and posterior mean. Which would you prefer in this situation? Explain
why.

(b) Determine a 0.8 HPD region for 8 based on having observed s = 1.

(c) Suppose instead interest was in w () = I{1,2)(9). Identify the prior distribution of
w . Identify the posterior distribution of i based on having observed s = 1. Determine
a 0.5 HPD region for y.

7.2.15 For an event A, we have that P(4¢) =1 — P(A).
(a) What is the relationship between the odds in favor of 4 and the odds in favor of 4¢?

(b) When 4 is a subset of the parameter space, what is the relationship between the
Bayes factor in favor of 4 and the Bayes factor in favor of 4¢?

7.2.16 Suppose you are told that the odds in favor of a subset A4 are 3 to 1. What is the
probability of 4? If the Bayes factor in favor of 4 is 10 and the prior probability of 4
is 1/2, then determine the posterior probability of 4.

7.2.17 Suppose data s is obtained. Two statisticians analyze these data using the same
sampling model but different priors, and they are asked to assess a hypothesis Hp. Both
statisticians report a Bayes factor in favor of Hy equal to 100. Statistician I assigned
prior probability 1/2 to Hy whereas statistician II assigned prior probability 1/4 to Hy.
Which statistician has the greatest posterior degree of belief in Hy being true?

7.2.18 You are told that a 0.95-credible interval, determined using the HPD criterion,
for a quantity y (0) is given by (—3.3, 2.6). If you are asked to assess the hypothesis
Hp : w(@) = 0, then what can you say about the Bayesian P-value? Explain your
answer.

7.2.19 What is the range of possible values for a Bayes factor in favor of 4 C Q?
Under what conditions will a Bayes factor in favor of 4 C Q take its smallest value?

PROBLEMS

7.2.20 Suppose that (x1, ..., x,) is a sample from the Uniform[0, #] distribution, where
6 > 0 is unknown, and we have 6 ~ Gamma(a, f). Determine the mode of the pos-
terior distribution of 6. (Hint: The posterior is not differentiable at & = x;).)

7.2.21 Suppose that (x1, ..., x,) is a sample from the Uniform[0, #] distribution, where
6 € (0, 1) is unknown, and we have & ~ Uniform[0, 1]. Determine the form of the y -
credible interval for # based on the HPD concept.

7.2.22 In Example 7.2.1, write out the integral given in (7.2.2).
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7.2.23 (MV) In Example 7.2.1, write out ithe integral that you would need to evaluate
if you wanted to compute the posterior density of the third quartile of the population
distribution, i.e., ¥ = u + 0z0.75.

7.2.24 Consider the location normal model discussed in Example 7.1.2 and the popu-
lation coefficient of variation y = o¢/u.

(a) Show that the posterior expectation of y does not exist. (Hint: Show that we can
write the posterior expectation as

/OO o0 1 e_ZZ/z dZ,
o0 @+ bz 21

where b > 0, and show that this integral does not exist by considering the behavior of
the integrand at z = —a/b.)

(b) Determine the posterior density of .

(c) Show that you can determine the posterior mode of y by evaluating the posterior
density at two specific points. (Hint: Proceed by maximizing the logarithm of the pos-
terior density using the methods of calculus.)

7.2.25 (MV) Suppose that (01, ...,0,—1) ~ Dirichlet(a, a3, ..., ak).

(a) Prove that (01, ..., 0;—2) ~ Dirichlet(ai, as, ..., ar—1 + o). (Hint: In the inte-

gral to integrate out 03—, make the transformation 0y_1 — 0p—1/(1—01—---—0r_3).)
(b) Prove that 81 ~ Beta(a, a2 + - - - + ax). (Hint: Use part (a).)

(c) Suppose (i1, ..., ir) is a permutation of (1, ..., k). Prove that (8;,,...,0;_,) ~
Dirichlet(a;,, ai,, - .., @;,). (Hint: What is the Jacobian of this transformation?)

(d) Prove that §; ~ Beta(a;, o—;). (Hint: Use parts (b) and (c).)

7.2.26 (MV) In Example 7.2.4, show that the plug-in MLE of ¢ is given by x;/n, i.e.,
find the MLE of (41, ..., 8)) and determine the first coordinate. (Hint: Show there is
a unique solution to the score equations and then use the facts that the log-likelihood is
bounded above and goes to —oo whenever §; — 0.)

7.2.27 Compare the results obtained in Exercises 7.2.3 and 7.2.4. What do you con-
clude about the invariance properties of these estimation procedures? (Hint: Consider
Theorem 6.2.1.)

7.2.28 In Example 7.2.5, establish that the posterior variance of u is as stated in Ex-
ample 7.2.6. (Hint: Problem 4.6.16.)

7.2.29 In a prediction problem, as described in Section 7.2.4, derive the form of the
prior predictive density for # when the joint density of (@, s, t) is qo(t | ) fo(s)7 (6)
(assume s and @ are real-valued).

7.2.30 In Example 7.2.16, derive the posterior predictive probability function of
(Xn+1, Xn42), having observed x1, ..., x, when X1, ..., X;,, Xs+1, Xn42 are inde-
pendently and identically distributed (i.i.d.) Bernoulli(8).

7.2.31 In Example 7.2.15, derive the posterior predictive distribution for X, 41, having
observed x1, ..., x, when X1, ..., X, X4 are i.i.d. N(u, 0%). (Hint: We can write
Xn41 = 1 +00Z, where Z ~ N(0, 1) is independent of the posterior distribution of
u.)
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7.2.32 For the context of Example 7.2.1, prove that the posterior predictive distribution
of an additional future observation X,4| from the population distribution has the same
distribution as

28, ((n+1/23) 7" +1)
(Qao +n)

Myt

where 7' ~ t(2a0 + n). (Hint: Note that we can write X1 = u + oU, where
U ~ N(0, 1) independent of X7, ..., X,, i, o and then reason as in Example 7.2.1.)
7.2.33 In Example 7.2.1, determine the form of an exact y -prediction interval for an
additional future observation X, from the population distribution, based on the HPD
concept. (Hint: Use Problem 7.2.32.)

7.2.34 Suppose that I1; and I1, are discrete probability distributions on the parameter
space Q. Prove that when the prior IT is a mixture I1 = pIl; + (1 — p) Iy, then the
prior predictive for the data s is given by m(s) = pm(s) + (1 — p)m3(s), and the
posterior probability measure is given by (7.2.6).

7.2.35 (MV) Suppose that @ = (81,6,) € R? and h(01,62) = (w(0), A(6)) € R>.
Assume that 4 satisfies the necessary conditions and establish (7.2.1). (Hint: Theorem
2.9.2)

CHALLENGES |

7.2.36 Another way to assess the null hypothesis Hy : w(0) = y, is to compute the
P-value

. (w(we) $) _ ools)
o(y©@) ~ ey

where  is the marginal prior density or probability function of . We call (7.2.12) the
observed relative surprise of Hy.

s) (7.2.12)

The quantity w(y | s)/w(y) is a measure of how the data s have changed our a
priori belief that v is the true value of . When (7.2.12) is small, y is a surprising
value for w, as this indicates that the data have increased our belief more for other
values of .

(a) Prove that (7.2.12) is invariant under 1-1 continuously differentiable transforma-
tions of .

(b) Show that a value w that makes (7.2.12) smallest, maximizes w(y |s)/w(y ).
We call such a value a least relative suprise estimate of y .

(c) Indicate how to use (7.2.12) to form a y -credible region, known as a y -relative
surprise region, for v .

(d) Suppose that y is real-valued with prior density w and posterior density w(: | s)
both continuous and positive at y . Let 4c = (w9 — €, o + €). Show that BF 4, —
o(ygls)/w(y) as € | 0. Generalize this to the case where y takes its values in an
open subset of R¥. This shows that we can think of the observed relative surprise as a
way of calibrating Bayes factors.
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7.3 | Bayesian Computations

In virtually all the examples in this chapter so far, we have been able to work out the
exact form of the posterior distributions and carry out a number of important com-
putations using these. It often occurs, however, that we cannot derive any convenient
form for the posterior distribution. Furthermore, even when we can derive the posterior
distribution, there computations might arise that cannot be carried out exactly — e.g.,
recall the discussion in Example 7.2.1 that led to the integral (7.2.2). These calculations
involve evaluating complicated sums or integrals. Therefore, when we apply Bayesian
inference in a practical example, we need to have available methods for approximating
these quantities.

The subject of approximating integrals is an extensive topic that we cannot deal
with fully here.! We will, however, introduce several approximation methods that arise
very naturally in Bayesian inference problems.

7.3.1 | Asymptotic Normality of the Posterior

In many circumstances, it turns out that the posterior distribution of @ € R! is approx-
imately normally distributed. We can then use this to compute approximate credible
regions for the true value of 8, carry out hypothesis assessment, etc. One such re-
sult says that, under conditions that we will not describe here, when (x1,...,x,) is a
sample from fy, then

H(@—é(xh...,xn) <

o(x1,...,Xn)

x1,...,xn)—> D(2)

asn — 00, where 6 (x1, ..., x,) is the posterior mode, and

IO x1,. ... x)7 (0)) !

062

~2
o (xl,...,xn)z(

)

Note that this result is similar to Theorem 6.5.3 for the MLE. Actually, we can replace
9(x1, ...,Xp) by the MLE and replace &z(xl, ..., Xp) by the observed information
(see Section 6.5), and the result still holds. When 8 is k-dimensional, there is a similar
but more complicated result.

7.3.2 | Sampling from the Posterior

Typically, there are many things we want to compute as part of implementing a Bayesian
analysis. Many of these can be written as expectations with respect to the posterior dis-
tribution of 8. For example, we might want to compute the posterior probability content
of a subset 4 C Q, namely,

(4 ]s) = E(14(0)|s).

ISee, for example, Approximating Integrals via Monte Carlo and Deterministic Methods, by M. Evans
and T. Swartz (Oxford University Press, Oxford, 2000).
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More generally, we want to be able to compute the posterior expectation of some arbi-
trary function w (), namely
Ew(@)]s). (7.3.1)

It would certainly be convenient if we could compute all these quantities exactly,
but quite often we cannot. In fact, it is not really necessary that we evaluate (7.3.1)
exactly. This is because we naturally expect any inference we make about the true
value of the parameter to be subject (different data sets of the same size lead to different
inferences) to sampling error. It is not necessary to carry out our computations to a
much higher degree of precision than what sampling error contributes. For example, if
the sampling error only allows us to know the value of a parameter to within only 0.1
units, then there is no point in computing an estimate to many more digits of accuracy.

In light of this, many of the computational problems associated with implementing
Bayesian inference are effectively solved if we can sample from the posterior for 6.
For when this is possible, we simply generate an i.i.d. sequence 61, 6>, ..., 0y from
the posterior distribution of # and estimate (7.3.1) by

.
w:N;w(Gi).

We know then, from the strong law of large numbers (see Theorem 4.3.2), that =y
E(w@@)]|x)as N - oo.

Of course, for any given NV, the value of w only approximates (7.3.1); we would like
to know that we have chosen N large enough so that the approximation is appropriately
accurate. When E (w? (9) |s) < oo, then the central limit theorem (see Theorem 4.4.3)
tells us that

w—Ew@)]|s) b

/T 3 N, 1)

as N — oo, where 03) = Var(w(f) | s). In general, we do not know the value of 5120,
but we can estimate it by

1 N
2 _ N 2
v ,-zgl (w@;) — )

when w (0) is a quantitative variable, and by s2 = (1 — ) when w = 14 for 4 C Q.
As shown in Section 4.4.2, in either case, sl%) is a consistent estimate of 0120. Then, by
Corollary 4.4.4, we have that

o —Ew©)|s) b
— 3 N, 1)

as N — oo.
From this result we know that
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is an approximate 100% confidence interval for £ (w(#) | s), so we can look at 3s,,/ VN
to determine whether or not N is large enough for the accuracy required.

One caution concerning this approach to assessing error is that 3s,,/+/N is itself
subject to error, as s,, is an estimate of o, so this could be misleading. A common
recommendation then is to monitor the value of 3s,,/ /N for successively larger values
of N and stop the sampling only when it is clear that the value of 3s,,/+/N is small
enough for the accuracy desired and appears to be declining appropriately. Even this
approach, however, will not give a guaranteed bound on the accuracy of the computa-
tions, so it is necessary to be cautious.

It is also important to remember that application of these results requires that a%) <
0o. For a bounded w, this is always true, as any bounded random variable always has
a finite variance. For an unbounded w, however, this must be checked — sometimes
this is very difficult to do.

We consider an example where it is possible to exactly sample from the posterior.

EXAMPLE 7.3.1 Location-Scale Normal
Suppose that (xi, ..., x,) is a sample from an N(u, o?) distribution where 1 € R!
and ¢ > 0 are unknown, and we use the prior given in Example 7.1.4. The posterior
distribution for (x, 0%) developed there is

,u|a2,x1,...,xn NN(ﬂx,(n+1/r(2))_la2) (7.3.2)

and
1/6%|x1,...,x, ~ Gamma(ao + n/2, ), (7.3.3)

where x, is given by (7.1.7) and f, is given by (7.1.8).

Most statistical packages have built-in generators for gamma distributions and for
the normal distribution. Accordingly, it is very easy to generate a sample (u, 0%), cees
(uy, 0%\,) from this posterior. We simply generate a value for 1/ 0% from the specified
gamma distribution; then, given this value, we generate the value of u; from the speci-
fied normal distribution.

Suppose, then, that we want to derive the posterior distribution of the coefficient
of variation ¢ = o /u. To do this we generate N values from the joint posterior of
(u, 0?), using (7.3.2) and (7.3.3), and compute y for each of these. We then know
immediately that v, ..., w is a sample from the posterior distribution of .

As a specific numerical example, suppose that we observed the following sample

(xla"'axls)'

11.6714 1.8957 2.1228 2.1286 1.0751
8.1631 1.8236 4.0362 6.8513 7.6461
1.9020 7.4899 4.9233 8.3223 7.9486

Here, x = 5.2 and s = 3.3. Suppose further that the prior is specified by ¢( = 4, r% =
2,00 =2, and Sy = 1.
From (7.1.7), we have

= 15+1 B 4+15 52)=5.161
Hx = 2 2 . - s
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and from (7.1.8),

15 , 4 14
= 1+—=(52 — 4+ =
B + ) (5.2 + ) + )
= 77.578.
Therefore, we generate
1/62|x1, ...
followed by
y|a2,x1,...

(3.3)% — % (15 +
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1 -1 4 2
N —+15-52
) Grs2)

, X, ~ Gamma(9.5, 77.578),

,xn ~ N(5.161, (15.5) "' 62).

See Appendix B for some code that can be used to generate from this joint distribution.
In Figure 7.3.1, we have plotted a sample of N = 200 values of («, o) from this
joint posterior. In Figure 7.3.2, we have plotted a density histogram of the 200 values

of y that arise from this sample.

25 - «x
X X
X
3 -
© X X x X
o 15 ’ :
o | X x X
N x X X XXX « w X
g X xS XX * X
X
(@) Xxx >><><<><><>>x<>§<><>< XXXX
5 x X XX Xx
) X X
Koo X708 X R X x
X
><><>><<B§<X>>E X§>>?%(>S§§>3Z< ><><><>?< %
Xy RX K X X RO XX
5 — ><%X>®§<><X><X><X X x x X
X x X
I I I I I
3 4 5 6 7
mu

Figure 7.3.1: A sample of 200 values of (u, 0'2) from the joint posterior in Example 7.3.1
whenn =15, =5.2,5 =33, 49 =4,t3 =2, a9 =2, and By = 1.
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Figure 7.3.2: A density histogram of 200 values from the posterior distribution of ¥ in
Example 7.3.1.

A sample of 200 is not very large, so we next generated a sample of N = 10
values from the posterior distribution of . A density histogram of these values is pro-
vided in Figure 7.3.3. In Figure 7.3.4, we have provided a density histogram based on
a sample of N = 10* values. We can see from this that at N = 103, the basic shape of
the distribution has been obtained, although the right tail is not being very accurately
estimated. Things look better in the right tail for N = 10, but note there are still some
extreme values quite disconnected from the main mass of values. As is characteristic
of most distributions, we will need very large values of N to accurately estimate the
tails. In any case, we have learned that this distribution is skewed to the right with a
long right tail.

Figure 7.3.3: A density histogram of 1000 values from the posterior distribution of ¥ in
Example 7.3.1.
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Figure 7.3.4: A density histogram of N = 10% values from the posterior distribution of  in
Example 7.3.1.

Suppose we want to estimate

My <0.5]x1,... %) = E(L(—00,05 (W) | X1, ., xn).

Now w = I(~0,0.5) is bounded so its posterior variance exists. In the following table,
we have recorded the estimates for each N together with the standard error based on
each of the generated samples. We have included some code for computing these
estimates and their standard errors in Appendix B. Based on the results from N = 104,
it would appear that this posterior probability is in the interval 0.289 + 3 (0.0045) =
[0.2755, 0.3025].

N | Estimate of IT(y < 0.5|x1,...,x,) | Standard Error
200 0.265 0.0312
103 0.271 0.0141
10% 0.289 0.0045

This example also demonstrates an important point. It would be very easy for us to
calculate the sample mean of the values of y generated from its posterior distribution
and then consider this as an estimate of the posterior mean of . But Problem 7.2.24
suggests (see Problem 7.3.15) that this mean will not exist. Accordingly, a Monte Carlo
estimate of this quantity does not make any sense! So we must always check first that
any expectation we want to estimate exists, before we proceed with some estimation
procedure. 1

When we cannot sample directly from the posterior, then the methods of the fol-
lowing section are needed.
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7.3.3 | Sampling from the Posterior Via Gibbs Sampling (Advanced)

Sampling from the posterior, as described in Section 7.3.2, is very effective, when it
can be implemented. Unfortunately, it is often difficult or even impossible to do this
directly, as we did in Example 7.3.1. There are, however, a number of algorithms that
allow us to approximately sample from the posterior. One of these, known as Gibbs
sampling, is applicable in many statistical contexts.

To describe this algorithm, suppose we want to generate samples from the joint
distribution of (Y1, ..., Y;) € R¥. Further suppose that we can generate from each of
the full conditional distributions Y; | Y_; = y_;, where

Y_l = (Yl’ AR ),l_lﬂ ),l+15 MR Yk)’

namely, we can generate from the conditional distribution of Y; given the values of all
the other coordinates. The Gibbs sampler then proceeds iteratively as follows.

1. Specify an initial value (y1(0), . . ., Yk(0)) for (Y1, ..., Y%).

2. For N > 0, generate Y;(y) from its conditional distribution given
V1N)s - -+ VimL(N) Vit 1(N=1)» - - - » Ve(N—1)) foreachi = 1,... k.

For example, if k = 3, we first specify (y1(0), ¥2(0), 3(0))- Then we generate

iyl Y200 = 320 Y300 = »300
hoylYigy = yiy, Y300 = y30)
BoglYioy = yiy, 2y = »naq

to obtain (Y1(1), Y2(1), ¥3(1)). Next we generate

g 1200 = »a, o)y = »0)
Lo lYip = »es, o) = ¥
3ol Yiep = yie)» 200 = »ne)

to obtain (Y1(2), Y2(2), Y3(2)), etc. Note that we actually did not need to specify Y1),
as it is never used.

It can then be shown (see Section 11.3) that, in fairly general circumstances, (Y1(n),
... Yg(wv)) converges in distribution to the joint distribution of (¥1,...,Y;) as N —
oo. So for large N, we have that the distribution of (Y1), . . ., Yk(w)) is approximately
the same as the joint distribution of (Y1, ..., Y;) from which we want to sample. So
Gibbs sampling provides an approximate method for sampling from a distribution of
interest.

Furthermore, and this is the result that is most relevant for simulations, it can be
shown that, under conditions,

_ 1 N a.s.
w = NZw(Yl(,-),...,Yk(i))ﬁ E(w(Yy,..., Y)).
i=1
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Estimation of the variance of w is different than in the i.i.d. case, where we used the

sample variance, because now the w (Y1), ..., Yx(;)) terms are not independent.
There are several approaches to estimating the variance of w, but perhaps the most

commonly used is the technique of batching. For this we divide the sequence

w(Y10y5 - - -5 Yk0)), - - - WX1(v)5 - -+, Yi(v))

into N /m nonoverlapping sequential batches of size m (assuming here that N is divisi-
ble by m), calculate the mean in each batch obtaining wy, .. ., wx/n, and then estimate

the variance of w by
2

il 73.4
N/m’ (7.3.4)

where sg is the sample variance obtained from the batch means, i.e.,

It can be shown that (Y1), . . ., Yk)) and (Y1G4m)s - - - » Yi(i+m)) are approximately
independent for m large enough. Accordingly, we choose the batch size m large enough
so that the batch means are approximately independent, but not so large as to leave
very few degrees of freedom for the estimation of the variance. Under ideal conditions,

w1, ..., WN/m is an i.i.d. sequence with sample mean
R o
w=— i
N/m I

i=1

and, as usual, we estimate the variance of w by (7.3.4).

Sometimes even Gibbs sampling cannot be directly implemented because we can-
not obtain algorithms to generate from all the full conditionals. There are a variety
of techniques for dealing with this, but in many statistical applications the technique
of latent variables often works. For this, we search for some random variables, say
(I, ..., V), where each Y; is a function of (V71, ..., ¥;) and such that we can apply
Gibbs sampling to the joint distribution of (V71, ..., V;). We illustrate Gibbs sampling
via latent variables in the following example.

EXAMPLE 7.3.2 Location-Scale Student

Suppose now that (xi, ..., x,) is a sample from a distribution that is of the form X =
U+ oZ,where Z ~ t(1) (see Section 4.6.2 and Problem 4.6.14). If 2 > 2, then u is
the mean and o (1/(4 —2))!/? is the standard deviation of the distribution (see Problem
4.6.16). Note that 1 = oo corresponds to normal variation, while A = 1 corresponds to
Cauchy variation.

We will fix 4 at some specified value to reflect the fact that we are interested in
modeling situations in which the variable under consideration has a distribution with
longer tails than the normal distribution. Typically, this manifests itself in a histogram
of the data with a roughly symmetric shape but exhibiting a few extreme values out in
the tails, so a (1) distribution might be appropriate.
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Suppose we place the prior on (¢, ¢2), givenby u |62 ~ N(ug, 1(2)02) and 1/62 ~
Gamma(ag, f). The likelihood function is given by

—G+1))2
1 n/2 n 1 (x; —u 2
— 14— 7.3.5
(62) E[U(U) , (73.5)

hence the posterior density of (u, 1/5?) is proportional to

—(A+1)/2
1 n/2 n 1 Xi— U 2
— 1+ = X
(az) 11[ U( o )
() s} () ()

This distribution is not immediately recognizable, and it is not at all clear how to gen-
erate from it.

It is natural, then, to see if we can implement Gibbs sampling. To do this directly,
we need an algorithm to generate from the posterior of x given the value of o2, and
an algorithm to generate from the posterior of o2 given u. Unfortunately, neither of
these conditional distributions is amenable to the techniques discussed in Section 2.10,
so we cannot implement Gibbs sampling directly.

Recall, however, that when ¥ ~ y2(1) = Gamma(1/2, 1/2) (see Problem 4.6.13)
independent of ¥ ~ N (u, 02), then (Problem 4.6.14)

Y—pu

L=

~t()).

Therefore, writing

Y —u Y —u

PN N

X=u+oZ=u+o

we have that X | V = o ~ N(u, 021/v).

We now introduce the n latent or hidden variables (Vy, ..., Vy,), which are i.i.d.
x%(2) and suppose X; | V; = v; ~ N(u,c>A/v;). The V; are considered latent be-
cause they are not really part of the problem formulation but have been added here for
convenience (as we shall see). Then, noting that there is a factor z)l.1 /2 associated with
the density of X; | V; = v;, the joint density of the values (X1, V1), ..., (X, Vy) 1s
proportional to

L \A/2 v; 2\ (/2)—(1/2) Vi
(ﬁ) il:[lexp (—m (xi — p) ) v; xPp (_7) '

From the above argument, the marginal joint density of (X1, ..., X;) (after integrating
out the v;’s) is proportional to (7.3.5), namely, a sample of n from the distribution
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specified by X = y + 0 Z, where Z ~ t(4). With the same prior structure as before,
we have that the joint density of

(Xla Vl)a sy (an Vn)y,uy 1/0-2

is proportional to
LY vi 2\, /2=(1/2) Vi
— T (e — ( 1)«
(62) EeXp( 202 w7’) ol ex ( 2)

1 1/2 1 1 ap—1
(;) exp (_21(2)02 (n— ,uo)z) (;) exp (—%) . (7.3.6)

In (7.3.6), treat x1, ..., x, as constants (we observed these values) and consider
the conditional distributions of each of the variables Vi, ..., V,, u, 1/ o2 given all the
other variables. From (7.3.6), we have that the full conditional density of u is propor-

tional to
el DIt G IS

i=1 0

which is proportional to

1 1 [0 1 2 2 z Vj Ho
eXp[—m{(;7)+T—%:|,u +ﬁ{(;7xl)+f_(2) i -

From this, we immediately deduce that

2
ﬂ'-xls---sxnyl)la---9l)n90-

"y
NN(}”(DI,...,D,,) |:( Tlxi)+ﬂ—g:|,r(l)1,...,z)n)o-2)’
i=1 7o
—1
( ) il),‘ +1
r(vg,..., o) = — — .
1 n p /1 ‘[%

From (7.3.6), we have that the conditional density of 1/¢?2 is proportional to

1\ (#/D+a0=(1/2) Y . 1) 1
-y X - PN K
o2 P 21 (1= 10)" +28y ) 202

and we immediately deduce that

where

1
;lxla---sxny Dly--~91)n5,u

n 1 1 (& v; , 1 2
NGamma(E—l—ao—l—E,E(ZT(xi—u) +?(/J—ﬂo) + 28 .

i=1 0
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Finally, the conditional density of ¥} is proportional to

‘ 2
Dl(/l/2) (1/2) e I (xi 2#) Ui] ,

and it is immediate that

2
I/ilxla---sxny Ul oo e Vi—1,Vj41ls---5 Upn, U, O

A1 1= p)?
~Gamma(§+5,§(T+l .

We can now easily generate from all these distributions and implement a Gibbs
sampling algorithm. As we are not interested in the values of V1, ..., V), we simply
discard these as we iterate.

Let us now consider a specific computation using the same data and prior as in
Example 7.3.1. The analysis of Example 7.3.1 assumed that the data were coming from
a normal distribution, but now we are going to assume that the data are a sample from
a u + ot(3) distribution, i.e., A = 3. We again consider approximating the posterior
distribution of the coefficient of variation v = o /u.

We carry out the Gibbs sampling iteration in the order v, ..., v,, i, 1/o>. This
implies that we need starting values only for x and o2 (the full conditionals of the v;
do not depend on the other v ;). We take the starting value of x to be x = 5.2 and the
starting value of o to be s = 3.3. For each generated value of (x, %), we calculate
to obtain the sequence v, ¥y, ..., Wy.

The values v, v, ..., yy are not i.i.d. from the posterior of y. The best we can
say is that

D
W = W ~oC|X1,...,%)
as m — oo, where w (- | xq, ..., x,) is the posterior density of w. Also, values suf-
ficiently far apart in the sequence, will be like i.i.d. values from w(- | x1, ..., x,). Thus,

one approach is to determine an appropriate value m and then extract y,,, Wo,., W3 - - -
as an approximate i.i.d. sequence from the posterior. Often it is difficult to determine
an appropriate value for m, however.

In any case, it is known that, under fairly weak conditions,

_ 1 N a.s.
b= > wlyy) = E@) 3., x0)
i=1

as N — oo. So we can use the whole sequence ¥, ¥, ..., ¥ and record a density
histogram for y, just as we did in Example 7.3.1. The value of the density histogram
between two cut points will converge almost surely to the correct value as N — oo.
However, we will have to take N larger when using the Gibbs sampling algorithm than
with i.i.d. sampling, to achieve the same accuracy. For many examples, the effect of the
deviation of the sequence from being i.i.d. is very small, so N will not have to be much
larger. We always need to be cautious, however, and the general recommendation is to
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compute estimates for successively higher values of N, only stopping when the results
seem to have stabilized.

In Figure 7.3.5, we have plotted the density histogram of the y values that resulted
from 10* iterations of the Gibbs sampler. In this case, plotting the density histogram of
w based upon N = 5 x 10* and N = 8 x 10* resulted in only minor deviations from
this plot. Note that this density looks very similar to that plotted in Example 7.3.1, but
it is not quite so peaked and it has a shorter right tail.

Figure 7.3.5: A density histogram of N = 10* values of w generated sequentially via Gibbs
sampling in Example 7.3.2.

We can also estimate I1(y < 0.5]x1,...,x,), just as we did in Example 7.3.1,
by recording the proportion of values in the sequence that are smaller than 0.5, i.e.,
w(y) = I4(y), where 4 = {6 : w < 0.5}. In this case, we obtained the estimate
0.5441, which is quite different from the value obtained in Example 7.3.1. So using a
t(3) distribution to describe the variation in the response has made a big difference in
the results.

Of course, we must also quantify how accurate we believe our estimate is. Using
a batch size of m = 10, we obtained the standard error of the estimate 0.5441 to be
0.00639. When we took the batch size to be m = 20, the standard error of the mean
is 0.00659; with a batch size of m = 40, the standard error of the mean is 0.00668.
So we feel quite confident that we are assessing the error in the estimate appropriately.
Again, under conditions, we have that w is asymptotically normal so that in this case
we can assert that the interval 0.5441+3(0.0066) = [0.5243, 0.5639] contains the true
value of TI(y < 0.5]|x1, ..., x,) with virtual certainty.

See Appendix B for some code that was used to implement the Gibbs sampling
algorithm described here.

It is fair to say that the introduction of Gibbs sampling has resulted in a revolution
in statistical applications due to the wide variety of previously intractable problems
that it successfully handles. There are a number of modifications and closely related
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algorithms. We refer the interested reader to Chapter 11, where the general theory of
what is called Markov chain Monte Carlo (MCMC) is discussed.

Summary of Section 7.3

e Implementation of Bayesian inference often requires the evaluation of compli-
cated integrals or sums.
e If, however, we can sample from the posterior of the parameter, this will often

lead to sufficiently accurate approximations to these integrals or sums via Monte
Carlo.

e It is often difficult to sample exactly from a posterior distribution of interest.
In such circumstances, Gibbs sampling can prove to be an effective method for
generating an approximate sample from this distribution.

EXERCISES |

7.3.1 Suppose we have the following sample from an N (u, 2) distribution, where u is
unknown.

26 42 31 52 37 38 56 18 53 40
30 40 41 32 22 34 45 29 47 52

If the prior on x is Uniform(2, 6), determine an approximate 0.95-credible interval for
4 based on the large sample results described in Section 7.3.1.

7.3.2 Determine the form of the approximate 0.95-credible interval of Section 7.3.1,
for the Bernoulli model with a Beta(a, ) prior, discussed in Example 7.2.2.

7.3.3 Determine the form of the approximate 0.95-credible intervals of Section 7.3.1,
for the location-normal model with an N (x, r%) prior, discussed in Example 7.2.3.
7.3.4 Suppose that X ~ Uniform[0, 1/0] and § ~ Exponential(1). Derive a crude
Monte Carlo algorithm, based on generating from a gamma distribution, to generate a
value from the conditional distribution § | X = x. Generalize this to a sample of n from
the Uniform[0, 1/0] distribution. When will this algortithm be inefficient in the sense
that we need a lot of computation to generate a single value?

7.3.5 Suppose that X ~ N (0, 1) and @ ~ Uniform[0, 1]. Derive a crude Monte Carlo
algorithm, based on generating from a normal distribution, to generate from the con-
ditional distribution # | X = x. Generalize this to a sample of n from the N(@, 1)
distribution. When will this algortithm be inefficient in the sense that we need a lot of
computation to generate a single value?

7.3.6 Suppose that X ~ 0.5N(0,1) 4+ 0.5N (@, 2) and & ~ Uniform[0, 1]. Derive a
crude Monte Carlo algorithm, based on generating from a mixure of normal distrib-
utions, to generate from the conditional distribution 8 | X = x. Generalize this to a
sample of n = 2 from the 0.5N (4, 1) 4+ 0.5N (0, 2) distribution.
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COMPUTER EXERCISES |

7.3.7 In the context of Example 7.3.1, construct a density histogram of the posterior
distribution of v = u + 0z¢.2s, i.e., the population first quartile, using N = 5 x 103
and N = 10%, and compare the results. Estimate the posterior mean of this distribution
and assess the error in your approximation. (Hint: Modify the program in Appendix
B.)

7.3.8 Suppose that a manufacturer takes a random sample of manufactured items and
tests each item as to whether it is defective or not. The responses are felt to be i.i.d.
Bernoulli(@), where 6 is the probability that the item is defective. The manufacturer
places a Beta(0.5, 10) distribution on . If a sample of # = 100 items is taken and 5
defectives are observed, then, using a Monte Carlo sample with N = 1000, estimate
the posterior probability that & < 0.1 and assess the error in your estimate.

7.3.9 Suppose that lifelengths (in years) of a manufactured item are known to follow
an Exponential(4) distribution, where 4 > 0 is unknown and for the prior we take 4 ~
Gamma(10, 2). Suppose that the lifelengths 4.3, 6.2, 8.4, 3.1, 6.0, 5.5, and 7.8 were
observed.

(a) Using a Monte Carlo sample of size N = 103, approximate the posterior probability
that 1 € [3, 6] and assess the error of your estimate.

(b) Using a Monte Carlo sample of size N = 10°, approximate the posterior probability
function of | 1/4] (|x] equals the greatest integer less than or equal to x).

(c) Using a Monte Carlo sample of size N = 103, approximate the posterior expecta-
tion of [1/1] and assess the error in your approximation.

7.3.10 Generate a sample of » = 10 from a Pareto(2) distribution. Now pretend you
only know that you have a sample from a Pareto(a) distribution, where a > 0 is
unknown, and place a Gamma(2, 1) prior on «. Using a Monte Carlo sample of size
N = 10%, approximate the posterior expectation of 1/ (a + 1) based on the observed
sample, and assess the accuracy of your approximation by quoting an interval that
contains the exact value with virtual certainty. (Hint: Problem 2.10.15.)

PROBLEMS

7.3.11 Suppose X1, ..., X}, is a sample from the model { fy : § € Q} and all the reg-
ularity conditions of Section 6.5 apply. Assume that the prior z (@) is a continuous
function of # and that the posterior mode 9(X1, o Xn) 23 9 when Xi,...,X,isa
sample from fy (the latter assumption holds under very general conditions).

(a) Using the fact that, if ¥, 23 Y and g is a continuous function, then g(Y;) = g(),
prove that

_l@zln(L(G|x1,.2..,x,,)7r(<9)) ‘gl(a)
n 06 0=0

when X1, ..., X, is a sample from fp.

(b) Explain to what extent the large sample approximate methods of Section 7.3.1 de-
pend on the prior if the assumptions just described apply.
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7.3.12 In Exercise 7.3.10, explain why the interval you constructed to contain the pos-
terior mean of 1/ (& + 1) with virtual certainty may or may not contain the true value
of 1/ (a +1).

7.3.13 Suppose that (X, Y) is distributed Bivariate Normal(u 1, 15, 01, 02, p). Deter-
mine a Gibbs sampling algorithm to generate from this distribution. Assume that you
have an algorithm for generating from univariate normal distributions. Is this the best
way to sample from this distribution? (Hint: Problem 2.8.27.)

7.3.14 Suppose that the joint density of (X, Y) is given by fx,y(x,y) = 8xy for
0 < x <y < 1. Fully describe a Gibbs sampling algorithm for this distribution. In
particular, indicate how you would generate all random variables. Can you design an
algorithm to generate exactly from this distribution?

7.3.15 In Example 7.3.1, prove that the posterior mean of v = o /u does not exist.
(Hint: Use Problem 7.2.24 and the theorem of total expectation to split the integral into
two parts, where one part has value co and the other part has value —o0.)

7.3.16 (Importance sampling based on the prior) Suppose we have an algorithm to
generate from the prior.

(a) Indicate how you could use this to approximate a posterior expectation using im-
portance sampling (see Problem 4.5.21).

(b) What do you suppose is the major weakness is of this approach?

COMPUTER PROBLEMS |

7.3.17 In the context of Example 7.3.2, construct a density histogram of the posterior
distribution of y = i 4 62925, i.e., the population first quartile, using N = 10*. Esti-
mate the posterior mean of this distribution and assess the error in your approximation.

7.4 | Choosing Priors

The issue of selecting a prior for a problem is an important one. Of course, the idea is
that we choose a prior to reflect our a priori beliefs about the true value of . Because
this will typically vary from statistician to statistician, this is often criticized as being
too subjective for scientific studies. It should be remembered, however, that the sam-
pling model {f : @ € Q} is also a subjective choice by the statistician. These choices
are guided by the statistician’s judgment. What then justifies one choice of a statistical
model or prior over another?

In effect, when statisticians choose a prior and a model, they are prescribing a joint
distribution for (@, s). The only way to assess whether or not an appropriate choice
was made is to check whether the observed s is reasonable given this choice. If s is
surprising, when compared to the distribution prescribed by the model and prior, then
we have evidence against the statistician’s choices. Methods designed to assess this
are called model-checking procedures, and are discussed in Chapter 9. At this point,
however, we should recognize the subjectivity that enters into statistical analyses, but
take some comfort that we have a methodology for checking whether or not the choices
made by the statistician make sense.
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Often a statistician will consider a particular family {z; : A € A} of priors for a
problem and try to select a suitable prior 7 ;, € {r; : 4 € A}. In such a context the
parameter A is called a hyperparameter. Note that this family could be the set of all
possible priors, so there is no restriction in this formulation. We now discuss some
commonly used families {7 ; : 1 € A} and methods for selecting 49 € A.

7.4.1 | Conjugate Priors

Depending on the sampling model, the family may be conjugate.

Definition 7.4.1 The family of priors {7 ; : A € A} for the parameter 8 of the model
{fo : 0 € Q} is conjugate, if forall datas € Sandall 1 € A the posterior 7 ) (- |s) €
{r):1e A}

Conjugacy is usually a great convenience as we start with some choice 49 € A for
the prior, and then we find the relevant 4, € A for the posterior, often without much
computation. While conjugacy can be criticized as a mere mathematical convenience,
it has to be acknowledged that many conjugate families offer sufficient variety to allow
for the expression of a wide spectrum of prior beliefs.

EXAMPLE 7.4.1 Conjugate Families

In Example 7.1.1, we have effectively shown that the family of all Beta distributions is
conjugate for sampling from the Bernoulli model. In Example 7.1.2, it is shown that
the family of normal priors is conjugate for sampling from the location normal model.
In Example 7.1.3, it is shown that the family of Dirichlet distributions is conjugate for
Multinomial models. In Example 7.1.4, it is shown that the family of priors specified
there is conjugate for sampling from the location-scale normal model. i

Of course, using a conjugate family does not tell us how to select A¢. Perhaps the
most justifiable approach is to use prior elicitation.

7.4.2 | Elicitation

Elicitation involves explicitly using the statistician’s beliefs about the true value of 8
to select a prior in {7 ; : A € A} that reflects these beliefs. Typically, these involve the
statistician asking questions of himself, or of experts in the application area, in such a
way that the answers specify a prior from the family.

EXAMPLE 7.4.2 Location Normal

Suppose we are sampling from an N (u, 0%) distribution with g unknown and 0%
known, and we restrict attention to the family {N (u,, r%) 1o € RY, r% > 0} of
priors for u. So here, A = (uy, r%) and there are two degrees of freedom in this family.
Thus, specifying two independent characteristics specifies a prior.

Accordingly, we could ask an expert to specify two quantiles of his or her prior
distribution for x (see Exercise 7.4.10), as this specifies a prior in the family. For
example, we might ask an expert to specify a number p such that the true value of u
was as likely to be greater than as less than uq, so that u, is the median of the prior.



Chapter 7: Bayesian Inference 423

We might also ask the expert to specify a value v such that there is 99% certainty that
the true value of u is less than vg. This of course is the 0.99-quantile of their prior.

Alternatively, we could ask the expert to specify the center ug of their prior dis-
tribution and for a constant 7 such that uq £ 37¢ contains the true value of x with
virtual certainty. Clearly, in this case, y is the prior mean and 7 is the prior standard
deviation. I

Elicitation is an important part of any Bayesian statistical analysis. If the experts
used are truly knowledgeable about the application, then it seems intuitively clear that
we will improve a statistical analysis by including such prior information.

The process of elicitation can be somewhat involved, however, for complicated
problems. Furthermore, there are various considerations that need to be taken into ac-
count involving, prejudices and flaws in the way we reason about probability outside of
a mathematical formulation. See Garthwaite, Kadane and O’Hagan (2005), “Statisti-
cal methods for eliciting probability distributions”, Journal of the American Statistical
Association (Vol. 100, No. 470, pp. 680—700), for a deeper discussion of these issues.

7.4.3 | Empirical Bayes

When the choice of A¢ is based on the data s, these methods are referred to as empirical
Bayesian methods. Logically, such methods would seem to violate a basic principle
of inference, namely, the principle of conditional probability. For when we compute
the posterior distribution of € using a prior based on s, in general this is no longer
the conditional distribution of € given the data. While this is certainly an important
concern, in many problems the application of empirical Bayes leads to inferences with
satisfying properties.

For example, one empirical Bayesian method is to compute the prior predictive
m(s) for the data s, and then base the choice of 1 on these values. Note that the
prior predictive is like a likelihood function for 4 (as it is the density or probability
function for the observed s), and so the methods of Chapter 6 apply for inference about
A. For example, we could select the value of A; that maximizes m , (s). The required
computations can be extensive, as 4 is typically multidimensional. We illustrate with a
simple example.

EXAMPLE 7.4.3 Bernoulli

Suppose we have a sample x1, .. ., x, from a Bernoulli(#) distribution and we contem-
plate putting a Beta(4, A) prior on 8 for some 4 > 0. So the prior is symmetric about
1/2 and the spread in this distribution is controlled by A. Since the prior mean is 1/2
and the prior variance is 12/[(24 + 1)(21)?] = 1/4(24 + 1) = 0 as A — oo, we see
that choosing 4 large leads to a very precise prior. Then we have that

rey o -
myxg,...,x,) = ]"g(/lg A enx-i-i—l(l _ e)n(l—x)-‘ri—l 40
T(22) T(ni + )T (1 — &) + 2)

T2(1) T(n+27)
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It is difficult to find the value of A that maximizes this, but for real data we can tabulate
and plot m; (x1, ..., x,) to obtain this value. More advanced computational methods
can also be used.

For example, suppose that » = 20 and we obtained nx = 5 as the number of 1’s
observed. In Figure 7.4.1 we have plotted the graph of m; (x1, ..., x,) as a function of
A. We can see from this that the maximum occurs near A = 2. More precisely, from a
tabulation we determine that 1 = 2.3 is close to the maximum. Accordingly, we use
the Beta(5 + 2.3, 15 + 2.3) = Beta(7.3, 17.3) distribution for inferences about 6.

0.000004

0.000003 1

0.000002

prior predictive

0.000001 4

0.000000 1

T
0 5 10 15 20
lambda

Figure 7.4.1: Plotofm,(x1, ..., X;) in Example 7.4.3.

There are many issues concerning empirical Bayes methods. This represents an
active area of statistical research.

7.4.4 | Hierarchical Bayes

An alternative to choosing a prior for § in {z ; : 1 € A} consists of putting yet another
prior distribution w, called a hyperprior, on A. This approach is commonly called 4i-
erarchical Bayes. The prior for 6 basically becomes 7 (6) = |, AT (@)o(A)dA, so we
have in effect integrated out the hyperparameter. The problem then is how to choose
the prior w. In essence, we have simply replaced the problem of choosing the prior
on @ with choosing the hyperprior on A. It is common, in applications using hierarchi-
cal Bayes, that default choices are made for w, although we could also make use of
elicitation techniques. We will discuss this further in Section 7.4.5.
So in this situation, the posterior density of 4 is equal to

o) [y miO0@di [ fpm0) msed)

n@ls)= ) =T me
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where m(s) = [, [o fo()7 (@) (2) dOdA = [, m;(s)w(l)d/ and, for fixed A,
my(s) = [ fo(s)m;(0)dO (assuming 2 is continuous with prior density given by w).
Note that the posterior density of 4 is m ; (s)w(A)/m(s) while fo(s)7 ;,(0)/m(s) is the
posterior density of € given /.

Therefore, we can use x (6 |s) for inferences about the model parameter 0 (e.g.,
estimation, credible regions, and hypothesis assessment) and m  (s)w(4)/m(s) for in-
ferences about 4. Typically, however, we are not interested in 4 and in fact it doesn’t
really make sense to talk about the “true” value of 1. The true value of @ corresponds
to the distribution that actually produced the observed data s, at least when the model
is correct, while we are not thinking of A as being generated from . This also implies
another distinction between @ and A. For @ is part of the likelihood function based on
how the data was generated, while 1 is not.

EXAMPLE 7.4.4 Location-Scale Normal

Suppose the situation is as is discussed in Example 7.1.4. In that case, both x and
o2 are part of the likelihood function and so are model parameters, while z, ‘L'(2), 00,
and f are not, and so they are hyperparameters. To complete this specification as a
hierarchical model, we need to specify a prior w(u, r%, ao, Bo), a task we leave to a

higher-level course. I

7.4.5 | Improper Priors and Noninformativity

One approach to choosing a prior, and to stop the chain of priors in a hierarchical Bayes
approach, is to prescribe a noninformative prior based on ignorance. Such a prior is
also referred to as a default prior or reference prior. The motivation is to specify a
prior that puts as little information into the analysis as possible and in some sense
characterizes ignorance. Surprisingly, in many contexts, statisticians have been led to
choose noninformative priors that are improper, i.e., [o 7 (0) d0 = oo, so they do not
correspond to probability distributions.

The idea here is to give a rule such that, if a statistician has no prior beliefs about
the value of a parameter or hyperparameter, then a prior is prescribed that reflects this.
In the hierarchical Bayes approach, one continues up the chain until the statistician
declares ignorance, and a default prior completes the specification.

Unfortunately, just how ignorance is to be expressed turns out to be a rather subtle
issue. In many cases, the default priors turn out to be improper, i.e., the integral or
sum of the prior over the whole parameter space equals oo, e.g., fg 7 (0)dl = oo, so
the prior is not a probability distribution. The interpretation of an improper prior is not
at all clear, and their use is somewhat controversial. Of course, (s, ) no longer has a
joint probability distribution when we are using improper priors, and we cannot use the
principle of conditional probability to justify basing our inferences on the posterior.

There have been numerous difficulties associated with the use of improper priors,
which is perhaps not surprising. In particular, it is important to note that there is no
reason in general for the posterior of 6 to exist as a proper probability distribution
when 7 is improper. If an improper prior is being used, then we should always check
to make sure the posterior is proper, as inferences will not make sense if we are using
an improper posterior.
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When using an improper prior 7, it is completely equivalent to instead use the prior
crr for any ¢ > 0, for the posterior under z is proper if and only if the posterior under
cr is proper; then the posteriors are identical (see Exercise 7.4.6).

The following example illustrates the use of an improper prior.

EXAMPLE 7.4.5 Location Normal Model with an Improper Prior
Suppose that (x, ..., x,) is a sample from an N (u, a%) distribution, where ¢ € Q =
R! is unknown and 0% is known. Many arguments for default priors in this context lead
to the choice z (¢) = 1, which is clearly improper.

Proceeding as in Example 7.1.2, namely, pretending that this z is a proper proba-
bility density, we get that the posterior density of u is proportional to

exp (—%% & — ﬂ)2)~

This immediately implies that the posterior distribution of u is N(x, 0% /n). Note
that this is the same as the limiting posterior obtained in Example 7.1.2 as 79 — o0,
although the point of view is quite different. i

One commonly used method of selecting a default prior is to use, when it is avail-
able, the prior given by 7!/2 (9) when @ € R! (and by (det 1 (0))'/? in the multidimen-
sional case), where [ is the Fisher information for the statistical model as defined in
Section 6.5. This is referred to as Jeffreys’ prior. Note that Jeffreys’ prior is dependent
on the model.

Jeffreys’ prior has an important invariance property. From Challenge 6.5.19, we
have that, under some regularity conditions, if we make a 1-1 transformation of the
real-valued parameter 6 via yy = W (0), then the Fisher information of y is given by

1 ) ((+) @)

Therefore, the default Jeffreys’ prior for v is

2

12 (w1 () ’(‘I’_l)l (1//)’ . (7.4.1)

Now we see that, if we had started with the default prior 7'/2(9) for # and made the
change of variable to y, then this prior transforms to (7.4.1) by Theorems 2.6.2 and
2.6.3. A similar result can be obtained when 6 is multidimensional.

Jeffreys’ prior often turns out to be improper, as the next example illustrates.

EXAMPLE 7.4.6 Location Normal (Example 7.4.5 continued)

In this case, Jeffreys’ prior is given by 7 (0) = /n /o, which gives the same posterior
as in Example 7.4.5. Note that Jeffreys’ prior is effectively a constant and hence the
prior of Example 7.4.5 is equivalent to Jeffreys’ prior. I

Research into rules for determining noninformative priors and the consequences of
using such priors is an active area in statistics. While the impropriety seems counterin-
tuitive, their usage often produces inferences with good properties.
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Summary of Section 7.4

e To implement Bayesian inference, the statistician must choose a prior as well as
the sampling model for the data.

e These choices must be checked if the inferences obtained are supposed to have
practical validity. This topic is discussed in Chapter 9.

e Various techniques have been devised to allow for automatic selection of a prior.
These include empirical Bayes methods, hierarchical Bayes, and the use of non-
informative priors to express ignorance.

e Noninformative priors are often improper. We must always check that an im-
proper prior leads to a proper posterior.

EXERCISES |

7.4.1 Prove that the family {Gamma(a, f) : @ > 0, f > 0} is a conjugate family of
priors with respect to sampling from the model given by Pareto(A) distributions with
A>0.

7.4.2 Prove that the family {7, 3(0) : « > 1, > 0} of priors given by

(9_a1[ﬁ,oo) @

(o = D)pe!

is a conjugate family of priors with respect to sampling from the model given by the
Uniform[0, #] distributions with 8 > 0.

7.4.3 Suppose that the statistical model is given by

po(1)  po(2) pe(3) pe(4)
6=a| 13 1/6 1/3 1/6
0=b| 172 1/4 1/8 18

na,ﬂ(e) =

and that we consider the family of priors given by

71'1-(61) nr(b)
=1 12 12
c=2| 13 23

and we observe the sample x; = 1,x, =1, xp = 3.

(a) If we use the maximum value of the prior predictive for the data to determine the
value of 7, and hence the prior, which prior is selected here?

(b) Determine the posterior of 8 based on the selected prior.

7.4.4 For the situation described in Exercise 7.4.3, put a uniform prior on the hyperpa-
rameter 7 and determine the posterior of 4. (Hint: Theorem of total probability.)

7.4.5 For the model for proportions described in Example 7.1.1, determine the prior
predictive density. If n = 10 and nx = 7, which of the priors given by (a, ) = (1, 1)
or (a, p) = (5,5) would the prior predictive criterion select for further inferences
about 6?
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7.4.6 Prove that when using an improper prior 7, the posterior under 7 is proper if and
only if the posterior under cz is proper for ¢ > 0, and then the posteriors are identical.

7.4.7 Determine Jeffreys’ prior for the Bernoulli(#) model and determine the posterior
distribution of @ based on this prior.

7.4.8 Suppose we are sampling from a Uniform[0, §],6 > 0 model and we want to
use the improper prior 7 (0) = 1.

(a) Does the posterior exist in this context?

(b) Does Jeffreys’ prior exist in this context?

7.4.9 Suppose a student wants to put a prior on the mean grade out of 100 that their
class will obtain on the next statistics exam. The student feels that a normal prior
centered at 66 is appropriate and that the interval (40, 92) should contain 99% of the
marks. Fully identify the prior.

7.4.10 A lab has conducted many measurements in the past on water samples from
a particular source to determine the existence of a certain contaminant. From their
records, it was determined that 50% of the samples had contamination less than 5.3
parts per million, while 95% had contamination less than 7.3 parts per million. If a
normal prior is going to be used for a future analysis, what prior do these data deter-
mine?

7.4.11 Suppose that a manufacturer wants to construct a 0.95-credible interval for the
mean lifetime 6 of an item sold by the company. A consulting engineer is 99% certain
that the mean lifetime is less than 50 months. If the prior on 8 is an Exponential(1),
then determine A based on this information.

7.4.12 Suppose the prior on a model parameter u is taken to be N (u, 0%), where x
and a% are hyperparameters. The statistician is able to elicit a value for yu but feels
unable to do this for 5(2). Accordingly, the statistician puts a hyperprior on 0(2) given by
l/a% ~ Gamma(ayg, 1) for some value of ag. Determine the prior on x. (Hint: Write
U= o+ ooz, wherez ~ N(0, 1).)

COMPUTER EXERCISES |

7.4.13 Consider the situation discussed in Exercise 7.4.5.

(a) If we observe n = 10, nx = 7, and we are using a symmetric prior, i.e., & = £, plot
the prior predictive as a function of a in the range (0, 20) (you will need a statistical
package that provides evaluations of the gamma function for this). Does this graph
clearly select a value for a?

(b) If we observe n = 10, nx = 9, plot the prior predictive as a function of « in the
range (0, 20). Compare this plot with that in part (a).

7.4.14 Reproduce the plot given in Example 7.4.3 and verify that the maximum occurs
near A = 2.3.

PROBLEMS

7.4.15 Show that a distribution in the family {N (x, r%) : up € RY, r% > 0} is com-
pletely determined once we specify two quantiles of the distribution.
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7.4.16 (Scale normal model) Consider the family of N(u, o ?) distributions, where
1o is known and o2 > 0 is unknown. Determine Jeffreys’ prior for this model.

7.4.17 Suppose that for the location-scale normal model described in Example 7.1.4,
we use the prior formed by the Jeffreys’ prior for the location model (just a constant)
times the Jeffreys’ prior for the scale normal model. Determine the posterior distribu-
tion of (u, o2).

7.4.18 Consider the location normal model described in Example 7.1.2.

(a) Determine the prior predictive density m. (Hint: Write down the joint density of
the sample and x. Use (7.1.2) to integrate out x and do not worry about getting m into
a recognizable form.)

(b) How would you generate a value (X1, ..., X},) from this distribution?

(c) Are X1, ..., X, mutually independent? Justify your answer. (Hint: Write X; =
w+ooZi, = pug+rt0Z,where Z, 71, ..., Z, areiid. N(O, 1).)

7.4.19 Consider Example 7.3.2, but this time use the prior 7 (1, 62) = 1/6%. De-
velop the Gibbs sampling algorithm for this situation. (Hint: Simply adjust each full
conditional in Example 7.3.2 appropriately.)

COMPUTER PROBLEMS |

7.4.20 Use the formulation described in Problem 7.4.17 and the data in the following
table

26 42 31 52 37 38 56 18 53 4.0
30 40 41 32 22 34 45 29 47 52

generate a sample of size N = 10* from the posterior. Plot a density histogram estimate
of the posterior density of ¥ = ¢ /u based on this sample.

CHALLENGES |

7.4.21 When 8 = (01, 02), the Fisher information matrix 7 (01, 67) is defined in Prob-
lem 6.5.15. The Jeffreys’ prior is then defined as (det 7 (61, 65))!/?. Determine Jef-
freys’ prior for the location-scale normal model and compare this with the prior used
in Problem 7.4.17.

DISCUSSION TOPICS |

7.4.22 Using empirical Bayes methods to determine a prior violates the Bayesian prin-
ciple that all unknowns should be assigned probability distributions. Comment on this.
Is the hierarchical Bayesian approach a solution to this problem?
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7.5 | Further Proofs (Advanced)

Derivation of the Posterior Distribution for the Location-Scale
Normal Model

In Example 7.1.4, the likelihood function is given by

-1
LO|x1,...,x) = QRrc>)™"? exp (—22—2 (x — /1)2) exp (_nzaz S2) .
The prior on (u, ¢2) is given by u |6 ~ N(uy, 1302) and 1/¢2 ~ Gamma(ao, ),
where (), r%, oo and f are fixed and known.
The posterior density of (u, o ~2) is then proportional to the likelihood times the

joint prior. Therefore, retaining only those parts of the likelihood and the prior that
depend on x and o2, the joint posterior density is proportional to
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[(;) exp (—22—2 x - /1)2) exp (—nzaz sz)} X
1/2 ap—1
L ey pu— (1 = po)’ i exp (— 22
o? 27302 o? o?
B 1 1 ao+n/2—1/2
R

|
Q
e}
o

T
1\ cotn/212 n, 1 5, n—=1,|1
;) exp| —| Bo+ 5% +2—T(2)/lo+ > 5 52
172 -1 2
1 1 1 Ho —
xpl -5+ u—n+— — T hx X
20 7 0 7

=2 1 2 -1.2
,[))o+%x +2—T(2)ﬂo+nTS

1 ao+n/2—1 1
—2) exp | — -1 2 | =
a Afees) (o) )

I
—~ —~
QN| —_

2
%o 7o

From this, we deduce that the posterior distribution of (x, o2) is given by
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1
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T
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and .

) | x ~ Gamma(ao + n/2, ),
where »

U =(n+ ri%) (/;—%0 +n>€)
and

B

5 -1 2
noo My  on—l, 1 1 Ho | -
po P 5 ) (2 s
Po 2 273 2 2 v? v}

n—1

1 = _ 2
S2+_n(x Ko) '

= Bo+
ho 2 2 1+nr%

Derivation of J(6(y, 1)) for the Location-Scale Normal

_ o 11\ ?
y=y(u,o %) =— =—(—2)
u o

Here we have that

u
and .
A=(u,072) =
We have that
oy _oy
det 7 = |det o 2 o
2 <M> 0 1
o 5L
o2
2912 1,.9-1
yA A
= |det ' 2V = 2212
0 1
and so

JO(yo, 1) = (y22H~L






