
Chane and FratalsRadu V. Craiu and Xiao-Li Meng 1Department of Statistis, The University of ChiagoOtober 18, 20001 What are Fratals?The name fratal, oined in 1975 by the mathematiian Benoit Mandelbrot, known as the godfatherof fratals, omes from the Latin adjetive fratus. The orresponding Latin verb frangere means \tobreak" or \to reate irregular fragments," as Mandelbrot put it. To our best knowledge, there is nounitary mathematial de�nition of a fratal, although many attempts have been made. In layman'sterms, a fratal is a \piture" with an inredible level of detail. No matter how deep one zooms into it, one will �nd irregular details as well as miniatures of parts of the original piture. Sine 1975,the subjet has reeived a great deal of researh as well as publi attention. Many artiles and bookshave been written, for experts as well as for general publi, among whih Mandelbrot's 1977 book,The Fratal Geometry of Nature, is a must for anyone who is interested in the subjet. A seletion offurther reading is given in the sidebar. For general audienes, fratals are often presented as a kindof \omputer art", as they are omputer-generated, olorful, with fasinating geometri shapes. Themost aptivating aspet of a fratal is that, at �rst sight, it may appear to have a highly irregulargeometri shape, but with a loser look one will �nd that it is in fat exeedingly regular in thesense that at any detailed level the same pattern repeats. Perhaps this is best summarized by thetitle of Lauwerier's book, Fratals: Endlessly Repeated Geometrial Figures.1We thank D. Murdoh for inviting us to write this artile for the Statistial & Computing Column of Chane andfor omments, and S. Lalley, M. Stein and J. Servidea for helpful exhanges. The researh is supported in part byNSF grant DMS 96-26691 and in part by NSA grant MDA 904-9610007.
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2 Fratals and Monte CarloThe title of this artile was inspired by a hapter title of the aforementioned Lauwerier's book,\Chane in Fratals", by whih he means that in order to reate fratals that an resemble reality(e.g., the west oastline of Britain), one needs to introdue a random omponent, that is hane,into fratals, and hene stohasti fratals (the term stohasti omes from a Greek verb meaning\guessing"). Or as Mandelbrot wrote in the �rst hapter of his 1977 book, \The most useful fratalsinvolve hane and both their regularities and their irregularities are statistial." (The emphasis ofhane was Mandelbrot's.) The reason is that deterministi fratals are too \regular", and thusannot realistially desribe ertain patterns and shapes reated by nature, whih are at the meryof hane. Instead of requiring that di�erent parts of a fratal have the exat same geometrialshape, we an require them to have the same statistial properties. For example, instead of havinga line segment always oriented to a partiular diretion, we an require its orientation angle (withrespet to a well-de�ned axis) to follow a partiular statistial distribution at any level.The theoretial study of stohasti fratals is typially rather ompliated, as one may expet.However, suh fratals are usually easy to simulate on a omputer using the so-alled Monte Carlomethod. To quote a key inventor of the method, Stanislaw Ulam, \Laplae asserted that the theoryof probability is nothing but alulus applied to ommon sense. Monte Carlo is ommon senseapplied to mathematial formulations of physial laws and proesses." It is ommon sense beauseit allows us to atually follow a mathematially formulated physial proess via omputer simulation.As a result we are able to observe the dynamis and outome of the proess, and therefore to analyzevarious properties of the proess even if we are unable to write down any preise formulae for theseproperties.At the ore of any Monte Carlo method is the generation of random numbers; by that we typiallymean a sequene of independent numbers, eah of them following the uniform distribution on theunit interval (0,1). It is not surprising that fratals are onneted to the generation of suh asequene beause an in�nite set of random numbers is an extreme sort of stohasti fratal: at a2



�rst glane the sequene looks ompletely \haoti" in the sense that there is no apparent patternto speak of, yet it is extremely regular in the statistial sense beause any random subsequene of itfollows the exat same uniform distribution. Suh sequenes are usually generated by a dynamialsystem, whih typially builds upon a single deterministi (or stohasti) map, say f : X ! X (Xis some set, for example the (0,1) interval). We take an element X0 from X and by reursivelyapplying the map f , we will obtain X1 = f(X0); X2 = f(X1) = f(f(X0)); :::; and so on. The setfX0; X1; X2; : : : ; :::g is alled the orbit of X0 under the map f . Many fratals are just graphialrepresentations of orbits and quite a few of the pseudorandom generators in use are based on apartiular dynamial system, that is, the numbers produed by the generator are just elements froman orbit. Note that these generators are alled pseudorandom generators beause their output isnot really random sine the entire orbit is determined by the seed X0. However, with appropriatelyonstruted dynamial systems, the resulting pseudorandom numbers are \random" enough to beuseful in many appliations.3 Antitheti Variates and Latin Hyperube SamplingWe stumbled upon fratals when we were looking for e�etive ways to generate antitheti variates,whih are useful for reduing simulation errors in Monte Carlo estimation. The word antithetirefers to the main objetive of the method, that is, to produe random numbers that are negativelyorrelated; the idea was introdued by Hammersley and Morton in a paper published in 1956. Thereason for us to seek suh negative orrelation is lear from the following simple example. Supposewe have a draw X from a distribution symmetri about zero. Then we know ~X = �X is also adraw from the same distribution beause of the symmetry. Consequently, if we an make sure thatfor every draw X in our Monte Carlo sample there is the \opposite" (and hene antitheti) draw�X in the sample, then the sample average will be a perfet estimate of the atual mean of thedistribution, that is, zero. In other words, in this extreme ase the Monte Carlo mean estimatorwill have no error beause X and ~X are perfetly negatively orrelated, that is, Corr(X; ~X) = �1.3



In reality, we do not have suh perfet estimators when we need Monte Carlo methods (e.g., if weknow a distribution is symmetri about zero, then we know the mean of the distribution has to bezero as long as the distribution has a mean), but the idea of using antitheti variates to \balaneout" noise and thus improve Monte Carlo eÆieny is generally quite useful.Generating a pair of antitheti variates is typially straightforward. For a pair of antithetiuniform variates on the unit interval (0, 1), we only need to take X1 = u and X2 = 1 � u, whereu is uniformly distributed on (0,1) (whih we will denote heneforth by u � U(0; 1)). Clearly, ifu � U(0; 1), then 1� u � U(0; 1). Furthermore, sine mathematially the orrelation is the same asthe osine of the angle between the two diretions de�ned by u and 1�u, whih are opposite to oneanother with respet to the enter of the unit interval (0,1), the orrelation between X1 and X2 isCorr(X1; X2) = os(1800) = �1. Thus the pair fX1; X2g ahieves extreme antithesis (EA), that is,the two omponents are as \opposite" as they an possibly be. However, it is a harder problem togenerate antitheti uniform variates fX1; : : : ; Xkg when k > 2 suh that they ahieve EA, namely,suh that the orrelation between any pair of Xi and Xi0 is �1=(k� 1), where i 6= i0. Note that fork > 2, it is impossible to have all pair-wise orrelations to be �1, beause it is impossible to have,say, three diretions that are pair-wise opposites. The best one an do is to have the three diretionsin the same plane, at a 1200 angle apart from eah other, where the angle between two diretionsis de�ned as the one not exeeding 1800. This gives the pair-wise orrelation os(1200) = �1=2.Note that in order for fX1; : : : ; Xkg to ahieve EA, the sum Sk = X1+ � � �+Xk must be a onstant(whih is its mean, k=2), beause EA is equivalent to the variane of Sk being zero. Reall for k = 2,X1 +X2 = u+ (1� u) = 1.Among the tehniques that we have investigated, we �nd that the Latin hyperube samplingmethod of MKay, Bekman and Conover is quite appealing for a variety of pratial and theoretialreasons. The method has two steps. In the �rst step, we generate k independent random numbers,denoted by u1; : : : ; uk, from U(0; 1). In the seond step, we randomly permute (i.e., \stir") theset f0; 1; :::; k � 1g into fj1; j2; : : : ; jkg and then let Xi = (ui + ji)=k; i = 1; : : : ; k. It is learthat beause 0 � ji � k � 1, all Xi's are in (0,1), and thus fX1; : : : ; Xkg represents a point in the4



k-dimensional hyperube Xk = (0; 1)k. In fat, it an be shown that Xi � U(0; 1) for all i = 1; : : : ; kand Corr(Xi; Xi0) = �(k + 1)=k2 < 0 for any i 6= i0.4 Iterative Latin Hyperube Sampling and FratalsAlthough the Latin hyperube sampling method produes negatively orrelated random variates, itdoes not ahieve EA, namely, Corr(Xi; Xi0) does not ahieve the minimal possible value �1=(k� 1).It turns out that we an get arbitrarily lose to this goal by iterating the Latin hyperube samplingmethod. That is, we an treat the fX1; : : : ; Xkg obtained by the Latin hyperube sampling asthe fu1; : : : ; ukg from its �rst step, and then repeat the seond step. More preisely, we de�ne astohasti map from Xk to Xk viaX(t+1)i = X(t)i + j(t)ik ; i = 1; : : : k;(1)where t indexes the iteration (with t = 1 orresponding to the Latin hyperube sampling method),and fj(t)1 ; : : : ; j(t)k g is a new permutation of f0; 1; :::; k�1g independent of all previous permutations.It an be shown (by indution, for example) that any X(t)i follows the U(0; 1) distribution, and thatfor any i 6= i0;Corr(X(t)i ; X(t)i0 ) = �(1� k�2t)=(k� 1), whih approahes �1=(k� 1) rapidly as t getslarge, i.e., as the iteration goes on.The iterative sheme (1) de�nes a stohasti dynamial system, whose attrator, namely theolletion of all possible limiting points as t approahes 1, is a so-alled self-similar fratal, whoseshape depends on the value of k. We will all suh a fratal the antihype fratal, highlighting itsuse (antitheti oupling) and its origin (hyperube sampling). Figure 1 displays the antihype fratalwith k = 3 on its sitting plane x1 + x2 + x3 = 3=2. Figure 2 plots the projetion of the fratal onto the (X1; X2)-plane, where the e�et of projetion is seen in the elongation at the 1350 diretion.It is also the support of the joint distribution of fX(t)1 ; X(t)2 g as t approahes 1, namely, the set ofpoints with positive probability density. Beause it is impossible to use the ideal t = 1 iterations,the two plots were atually based on t = 10, whih is still too �ne a resolution for visualization as we5



an only see 4 or 5 levels of detail out of the 10 possible. Nevertheless, the self-similarity is evident.The fratal is hexagon-shaped and onsists of six smaller idential shapes, eah of whih onsists ofyet again six smaller but idential shapes, and the pattern repeats an in�nite number of times asthe sale approahes zero (at least in our minds).The reason that the dynamial system (1) ahieves EA at the limit an be understood by ob-serving how at eah iteration it forbids the pair (X1; X2) to take ertain values. In Figure 3 weuse olors to illustrate this proess. Suppose we start by having the entire unit square olored inblak, whih represents that the initial (X(0)1 ; X(0)2 ) is uniformly distributed on the square (0; 1)2.However, after the �rst iteration, (X(1)1 ; X(1)2 ) an only take values outside the three light greensquares along the main diagonal; it is atually uniformly distributed on the region outside the lightgreen squares. This makes sense as the elimination of the light green squares learly does not alterthe marginal uniformity of X(1)1 (and thus any margin given the symmetry) sine for any valueof X(1)1 inside (0,1), the orresponding umulative \height" of the allowable X(1)2 is the same 2/3.However, the elimination of the light green areas makes X(1)1 and X(1)2 negatively orrelated beausethese areas are responsible for the positive orrelation between X(1)1 and X(1)2 . Viewing this way,it is obvious that we an further redue the orrelation by repeating the same elimination proesson the remaining six bloks (whih again will not alter the marginal uniformity). This is ahievedby the seond iteration, whih takes out the 6� 3 = 18 blue bloks. We an ontinue this proessby then taking out the 62 � 3 = 108 green bloks (t = 3), and then the 63 � 3 = 648 red bloks(t = 4), and then the 64 � 3 = 3; 888 yellow bloks (t = 5). In our mind, we an ontinue thiselimination proess inde�nitely, but the graphial resolution does not allow us to go beyond �veiterations. Nevertheless, we an see the blak \dust speks" left in Figure 3 form the same geometrishape as the ones in Figure 2, whih was based on 10 iterations. The term dust is used purposelyhere beause any antihype fratal obtained as above is in fat a ase of the so alled \Cantor dust".
6



5 More Fun Fratals . . .We onlude by mentioning that one we obtain one fratal, a well-known tehnique for reatingmore fasinating looking fratals is to mix various similar transformations, that is, transformationsthat preserve the geometri shape but not neessarily the size or the orientation of a set. Figure 4plots a 2-D fratal, whih is the support of the equal-weight mixture of the uniform distribution onthe 2-D fratal in Figure 2 and its 900 rotation with respet to the enter (0.5, 0.5). The mixturedistribution is the uniform distribution on this new fratal, beause the original fratal (grey) andthe rotated fratal (blak) have no overlap. This is easiest to prove by observing that the twofratals do not overlap at the four orner bloks in Figure 4 and thus, by self-similarity, they do notoverlap anywhere beause the remaining four bloks (exluding the middle empty blok) are justsmaller versions of the same mixture fratal. Consequently, this beautiful table-loth-design lookingfratal has the same \marginal uniformity" property as the one in Figure 2, namely, the uniformdistribution on it has both margins distributed as U(0; 1). We leave it as an exerise to reader to�gure out the new orrelation between X1 and X2 (Hint: no alulation is needed!), and to onsiderwhether it is possible to have a di�erent rotation (i.e., other than 900 and its equivalenes suh as2700) that preserves the marginal uniformity after the same mixture transformation.
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Sidebar { Referenes and Further ReadingsChatterjee, S. and Yilmaz, M. R. (1992), \Chaos, Fratals and Statistis," Statistial Siene, 7,49-121.For statistially oriented readers, this overview artile may be of partiular interest as itdisusses the role of statistis in a wide variety of appliations of dynamial systems indi�erent branhes of sienes.Craiu, R. and Meng, X. L. (2000), \Multi-proess Parallel Antitheti Coupling for Forward andBakward Markov hain Monte Carlo," Tehnial Report, Department of Statistis, The Universityof Chiago.This paper douments the use of antitheti variates, partiularly those generated by theiterative Latin hyperube sampling, in Markov hain Monte Carlo, a very powerful lassof methods for sienti� and statistial omputation.Hammersley, J. M. and Handsomb, D. C. (1965), Monte Carlo methods, London: Methuen & Co.,Ltd; New York: Barnes & Noble, In.A lassi and basi referene book for anyone who wants to learn basi Monte Carlomethods. It also o�ers good desriptions and explanations of the antitheti priniple.Faloner, K. (1990), Fratal Geometry { Mathematial Foundations and Appliations, New York:Wiley. & Faloner, K. (1997), Tehniques in Fratal Geometry, New York: Wiley.This pair of books are for those who want to learn fratal geometry as a researh sub-jet, for they are known for their rigorous treatment of notions like fratal dimensions,attrators and possible appliations of the fratal geometry in other �elds.Lauwerier, H. (1991), Fratals: Endlessly repeated Geometrial Figures. Prineton: Prineton Uni-versity Press.A good book for those who want to experiment with their omputer; the mathematialparts an be skipped and one would still enjoy the thrills of \omputer art".Mandelbrot, B.B. (1977),The Fratal Geometry of Nature, New York: Freeman and Company.The updated and augmented version of Mandelbrot's 1975 book in Frenh (as well as ofits 1977 English translation), the historial essay where the name \fratal" was oined.The author's main proposal is to use fratals as models of many natural objets andsystems. (Exept for its Chapter 39, it is not a good book to read if you have trouble tofall sleep!)MKay, M. D., Bekman, R. J. and Conover, W. J. (1979), \A omparison of three methods forseleting values of input variables in the analysis of output from a omputer ode," Tehnometris,21,239-245.This is the paper that introdued the Latin hyperube sampling method.Palmore, J. (1995), \Chaos, Entropy and Integrals for Disrete Dynamial Systems on Latties,"Chaos, Solitons & Fratals, 8, 1397-1418.A tehnial paper where one an see the onnetions between random number generatorsand fratals via dynamial systems.Ulam, S.M (1991), Adventures of a Mathematiian, Berkeley: University of California Press.An autobiography of one of the great mathematiians of the twentieth entury and akey inventor of the Monte Carlo method. It also ontains interesting portraits of othermathematis \giants", suh as Banah, von Neumann, and Erd�os.8



Figure 1: The 2-D Perspetive View of the Antihype Fratal with k = 3 on Its Sitting PlaneX1+X2+X3�3=2 = 0. (The new oordinates (X 01; X 02) are related to old oordinates (X1; X2; X3)via X 01 = (X1 +X2 � 2X3)=p6 and X 02 = (X1 �X2)=p2 .)
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Figure 2: The 2-D Projetion of the Antihype Fratal with k = 3.
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Figure 3: Sequential Elimination of Regions By the Iterative Latin Hyperube Sampling with k = 3and t = 5.
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Figure 4: A New Fratal Via Rotation and Mixture.
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